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1 | INTRODUCTION

A number of recent publications [2, 3, 9, 11, 12, 18, 34] has given significant spur and impetus toward the generalization
and unification of classical results in the theory of convolution on locally convex distribution spaces. The present study is
concerned with locally convex distribution spaces that are associated with a so-called solid regularization-invariant space,
as defined below. This vastly extends and further unifies several results from the cited works on the structure of locally
convex distribution spaces and their compatibility with convolution.

Motivated by the characterization of convolvability of distributions via regularization [20, 30] and topological char-
acterizations of certain classes of locally convex distribution spaces [2, 3, 9, 11, 12], we consider the convolutor
spaces

(2.E):={f€D; (@ ¢x[)€L(DE} D

on R%, d € N endowed with the topology of uniform convergence on the bounded subsets of the space of test functions
2 = 2(RY). As usual = is convolution and .Z(Z, E) denotes the continuous linear mappings 2 — E. In this work, E is
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a solid regularization-invariant space. This means that E is a locally convex lattice and a solid subspace of the space .#
of Radon measures on R, that continuously includes the space .#” of continuous functions of compact support and on
which regularization mappings f — ¢ * f with ¢ € Z operate continuously (see also Section 3.2). Every solid translation-
invariant Banach space of distributions [9] is a solid regularization-invariant space.

Dividing our presentation into four parts, we prove equivalent, but simpler, characterizations of the locally convex
structure of the spaces &'-(Z, E) via regularization and function-valued seminorms in the first part. In the second part, the
structure of the spaces in Equation (1.1) is investigated more deeply when E is a weighted space, in particularwhen E = L,
generalizing results from [11]. In the third part, identities with several classes of distribution spaces are established, that
were studied previously [9, 16, 28], but introduced in a different way. Finally, it is shown how the introduced distribution
spaces are perfectly adapted to establish continuity for convolution of distributions. An outline of each part is following.

1.1 | Characterizing the locally convex structure of convolutor spaces

Given certain structural assumptions on E, it is a natural question whether classical regularization properties hold for
spaces of the form F = 0'-(Z, E). For example: are bounded sets (respectively relatively compact sets) of distributions
H C F characterized by the property that ¢ * H is bounded (respectively relatively compact) in E for all ¢ € 2? Does a
sequence (f,),en converge in F if and only if ¢ * f,, converges in E for all $ € 2? Schwartz proved results of this kind for
the spaces 25,1 < p < oo [28]. These were extended only recently [2, Prop. 17, 19] to normal complete distribution spaces
E and F when E has a complete web and F is ultrabornological. Similar results were obtained for distribution spaces 2’z
associated with translation-invariant Banach spaces of distributions E [12, Thm. 3, Cor. 4, 5].

In Section 3 we establish several characterizations of the locally convex spaces F = 0'-(2, E) in terms of regularization
under the sole assumption that E is a solid regularization-invariant space. In our Theorem 3.11 (on p. 7), the locally convex
structure of F can be characterized via linear regularization operators and function-valued seminorms that map into E.
For example, F is characterized by the projective spectrum given by the mappings F — E, f — ¢ * f with ¢ € 2. This
characterization of F entails the regularization properties mentioned above. Comparing to the earlier results, a new insight
is that the closed graph theorem plays no role here and that the restriction to sequences can be dropped.

Another characterization of the space F = ¢'-(2, E) uses the generalized absolute values that we introduce as

|flo :=sup{l¢ * f|; ¢ € P} for f € 7', ® € B(2), 1.2)

where B(Z) denotes the bounded subsets of 2. The operators | — | can be interpreted as function-valued seminorms.
The topology of F is proved in Theorem 3.11 to be generated by the seminorms f — p(|f|e), Where p ranges over the
continuous seminorms on E and @ ranges over B(2).

The characterizations are based on Theorem 3.2 (p. 5): given ® € B(Z) one always has an inclusion

PCY%0+ - +Wx0y for suitable ¥ € B(Z) and 64, ...,6, € P. (1.3)

Equation (1.3) is a stronger formulation than the more common weak factorization property ¢ = ¢, %67 + -+ + Pa * Oa
of & that was proved in [13, 25]. For more information on and applications of factorization theorems similar to Equa-
tion (1.3) we also refer to [10], and references therein. Following the terminology in [33], Equation (1.3) may be referred to
as the bounded weak factorization property of the topological algebra (&, *). Equation (1.3) is obtained by reexamining the
proof of Theorem 3 from [13]. In connection with the result (1.3), the operators (1.2) become a useful and intuitive notation.

1.2 | The locally convex structure, duals and preduals of weighted distribution spaces

An important construction to obtain new locally convex spaces from old ones is to introduce weights. In Section 4,
weighted spaces Ey, are studied where E is a solid regularization-invariant space and W is a moderated cone ideal of
the space .#,, of non-negative locally bounded lower semicontinuous functions. The definition of Ey, is analogous to
weighted LP-spaces Lﬁ,. A moderated cone ideal is a lower set (that is W o w > v € ., implies v € W) that obeys

HTCW,W+WCWandTgW C W forallK € & := {K C R?; K compact} where Tx denotes the K-translation shell
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defined as
Tyw :=sup{T,w; x €K} forallwe Lf;’c’"L, KeR. 1.4)

We prove that the space &"-(Z, Ey,) can be described equivalently in terms of &'-(2, E) and smooth weight functions
associated with W via regularization.

In a recent article [11], the spaces 0'-(2, E), as defined in (1.1) with E = L. , were studied in detail. The locally convex
space L%V consists of the measurable functions f on R¢ satisfying ||w - f||; < co and is endowed with the seminorms
f e llw- fll, w € W. The system of weights W was assumed to be a sequence (w,,),en Of positive continuous weights
with the property

wy(x + -
VneNEImeN:supM Toc*
x€Rd W, (X) oc

@.5)
Clearly, the assumption Ty W C W from above generalizes the condition (1.5) and therefore these spaces are a special case
of the spaces Eyy.

The case of general weighted L!-spaces will be studied in Sections 4.2 and 4.3. The description of the dual space and
the predual from [11] is generalized in Theorems 4.10 and 4.15 (p. 13, 15). Instead of the short-time Fourier transform, as in
[11], we use the characterization of ¢'-(2, E) in terms of the generalized absolute values (1.2) for the proof. Further, the
identity of sets ﬁ’C(Q,L%V) ={fe?;Vpe D :pxf€ L%V} was derived from the closed graph theorem in [11], which
applies when L%V is a Fréchet-space. Theorem 3.11 implies this relation for a general moderated cone ideal W and does not
require the closed graph theorem. Normality and completeness of &'-(2, L%V) were also proved in [11, Lem. 4.10, Cor. 4.3]
and we obtain these results from inheritance properties of the mapping E — 0'-(2, E) given in Section 3.

1.3 | Reproducing the classical definitions for (DF)-type convolutor spaces

Because most classical distribution spaces, such as &/, ./, and 2';» with 1 < p < oo, were introduced as the strong dual
of a Fréchet space of smooth functions [28], it is a natural question whether the definition (1.1) can reproduce these spaces
via suitable choices for the space E. Related results were obtained already by Schwartz [28], who proved that 2’ » has the
same bounded sets and convergent sequences as &'-(2, Lp), and Grothendieck [14], the results of whom imply that the
strong topology of 0 is equal to the one induced by the embedding ﬁé Sf (@ (¢=xf)e KL, p. 829].

However, to the best of our knowledge, a positive answer to the above question was obtained for a certain class of
weighted 2'11-spaces just recently in [11, Thm. 1.1, p. 830]. More specifically, it was obtained that the identity of locally
convex spaces

0'c(2,L) =P nw 1.6)

holds if and only if W satisfies the condition (Q) [11, Equation (1.2)]. Here, W is a weight system of the form (1.5) above. The
space 2’11y is defined as the strong dual of the inductive limit of the spaces ‘@vn with v, :=1/w,, n € N and (w,,),en
the same weight system as in Equation (1.5). The space @Un is the space of smooth functions & such that v,, - 0%h vanishes
at infinity, endowed with the seminorms h +— ||v,, - 0%h|| o, @ € Ng.

Another class of spaces of the form @é, will be studied in Section 5. The space ‘@1,3' is defined as the strong dual (QE)L of
the space Zg of smooth functions with all derivatives contained in E, endowed with the topology generated by the semi-
norms h — p(0%h) with a € Ng and p a continuous seminorm on E. Many classical distribution spaces are of this form
[28] and this construction was generalized in [12] from classical function spaces such as E = L? to translation-invariant
Banach spaces of tempered distributions. Generalizing the identity 21, = 0'«(2,L)) in a direction different from [11,
Thm. 1.1] we obtain in Theorem 5.6 (p. 17) that the spaces (@E){) and 0'-(2,E") are equal as locally convex spaces when
E is a solid regularization-invariant Fréchet space continuously included in LllOC and having %" as a dense subset. As a
byproduct, we obtain the identity of locally convex spaces ¢'-(2,L\) = 9’ pw forall1 < p < oo and any positive moder-
ated weight w, complementing the result for p = 1 from [11, Thm. 5.1, p. 853]. Corresponding identities for the spaces &’
and . are given in Examples 5.7 and 5.8.
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The topology of uniform convergence on the compact subsets of the canonical predual space was recently characterized
for the space 2 p with1 < p < o0 using function seminorms [3, Props. 2.5, 3.2]. In order to establish the “dual” results, we
prove the identity of locally convex spaces Z'p . = 0'c(2,(LP),,). Here, the subindex “c” in 2, . indicates, for p # 1,
the topology x(2'.p, Z4) With 1/p +1/q = 1 and, for p = 1, the topology x(Z2'.1, %). Further, (LP)_._ denotes the space
LP with the strict topology given by the weighted seminorms f — || f - wl|, withw € ‘50+.

str

1.4 | Inherited properties of bilinear convolution mappings between convolutor spaces

In the concluding section, we study the convolution of distributions [22, 32] on the spaces &'-(Z, E). Notice the following
corollary of Equation (1.3): given ® € B(Z) one can always find ¥ € B(Z) such that @ is contained in the absolute convex
hull of ¥ * ¥. From this, we will derive the generalized absolute value inequality for convolution of distributions

If*glo < |fly * Igly for all convolvable (f,g) € 2' x 2'. (1.7)

Now, let E,F,G be solid regularization-invariant spaces and assume that convolution is well-defined, continuous,

separately continuous, compactly hypocontinuous or boundedly hypocontinuous as a mapping * : E X F — G. Using

Equation (1.7) and the regularization properties of the spaces ¢'-(Z, E) obtained in Theorem 3.11 we prove that any of

these properties of * : E X F — G implies the corresponding property for convolution of distributions * : ¢'-(Z,E) x
'(2,F) - 0'-(2,G).

2 | SOME NOTATIONS

Some general notations are summarized. Notations for function-valued seminorms and locally convex lattices are found
in Sections 3.1 and 3.2.

Let F, G be a locally convex spaces. The set of continuous seminorms on F is denoted by csn F, as in [9]. The continuous
linear operators F — G are denoted by .Z(F, G). The subindices in .%; and .%;, indicate the topologies of simple conver-
gence and uniform convergence on the bounded sets, respectively. The bounded resp. compact subsets of F are be denoted
by B(F) resp. &(F) and acx A denotes the absolute convex hull of a set A C F.

We will use the usual notations for distribution spaces from [16, p. 440] or [28]. All distribution spaces have the domain
R< if nothing is stated to the contrary. Translation and reflection of a distribution f will be denoted by T, f and f. A
sequence (¢,,),en € Z will be called an approximate unit if ¢,, — 1 within & and {¢,, ; n € N}is a bounded set in Z. Note
that the latter is equivalent to ¢,, — 1 for n — oo within the strict topology of %. This is the finest topology on % that
induces the same topology as & on every bounded subset of # (see [21, p. 11]). The strict topology on % will be indicated
by A..

Let F, G be distribution spaces on R? with the property that the continuous inclusions 2 C F,G C ¢’ hold. Here, we
use the convention that T C S continuously for topological spaces T', S means that T is a subset of S such that the canonical
inclusion T — S is continuous. As usual, the notation ¢"-(F, G) denotes the space of convolutors F — G for normal F.
That is, the space of distributions k € 2’ with the property that the convolution operator ¢ — ¢ * k, 2 — G continuously
extends to F. The space ¢'-(F,G) is endowed with the subspace topology induced by .%4,(F, G) if nothing is stated to
the contrary.

3 | CHARACTERIZATION OF CONVOLUTOR SPACES VIA REGULARIZATION

The purpose of this section is to characterize the locally convex structure of the convolutor spaces &'-(Z, E) introduced
in Equation (1.1) and to prove some inheritance properties for the mapping E = 0'-(2,E).

3.1 | Function-valued seminorms defined by regularization

In the following, generalized absolute values and translation shells are introduced and important properties summarized.
Proposition 3.6 will be fundamental for the characterization in Theorem 3.11.
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Some notations for the concept of function-valued seminorms are required. The symbol .#, will denote the lower
semicontinuous functions f : RY - R, where R, = [0, +o0]. The functions from .7, that are finite-valued and locally
bounded are denoted by .#,,. A non-empty lower set W C .7, (i.e., W D w > v € ., implies v € W) with the prop-
erty W + W C W will be called cone ideal. The set of cone ideals constitutes a closure system on .#,,. That is, a set € of
subsets of .7, that contains .#,,, and is closed with respect to intersection of non-empty families of sets from € (such
set systems € are called “Moore family” in [5, p. 111] or “topped N-structure” in [8, p. 145]). An absolutely homogeneous,
subadditive mapping F — .#,, on a linear space F will be called .#, ,-valued seminorm on F. Two sets P, Q of .7, ,-valued
seminorms on F will be called equivalent if they generate the same cone ideal, that is, if and only if

VpeP,qeQIP' CP,Q CQfinite : g <supP’, p <supQ’. 3.1
Definition 3.1. Let f € 2’ and ® € B(2). The ®-absolute value of f is defined as
|flo :=supflg « f]; ¢ € D}. (32)
Letw € Lf:c’+ and K € K. The K-translation shell of w is defined as
Tyw = sup{T,w; y € K}. (3.3)

The suprema in Equations (3.2) and (3.3) are formed within the order complete vector lattice of real-valued measurable
functions that are essentially locally bounded. The supremum in Equation (3.2) can equivalently be understood as a point-
wise supremum.

Let us summarize some readily verified properties. The ®-absolute value |f |4 of a distribution f, where ® € B(2), is
always a locally Lipschitz continuous function R¢ — R, In particular, one has |f|s € .#,, and |f| is a regular distri-
bution. Due to the relation |(¢ * f)(x)| = |(f, T,$)|, the operators | — | are .7, ,-valued seminorms on Z’. It can also
be proved that they are locally Lipschitz continuous. The K-translation shell operates endomorphically on the spaces
¢*, S, and L1°§C’+ and can be defined point-wise on .7, ,. Note, that Ty can be interpreted as a “supremal convolution
operator” with the indicator function 1x as kernel [17].

The following relations hold:

Vi€EZ KER ®E€BD) : Iflree = Tklfla (3.42)
Vwe L', @€ B(PD) : |wlp < sup{liglli; ¢ € PIT(suppoy - (3.4b)

Moreover, given K € & with non-empty interior, one finds ¢ € Z_g such that
w < |TKw|{¢} forallw € Lf:c’+. (3.4¢)

In connection with these inequalities, we will frequently use that

Tx® ={T,¢p; P € ,x € K} € B(2) forall® € B(2),K € K. (3.5
The operators | — | preserve supports up to compact sets, more precisely
supp |fle C supp f + Ko forall f € 2/, ® € B(2), (3.62)

where Kg = [Jsupp ®@. If h € & is such that {h = 1} D supp f + ({0} U K), then
Iflo =1hl-1flo =1h- flo- (3.6b)
Because integration is a monotone operation, interchanging the order of translation shells and convolutions yields

Tr(w % v) < (Tgw) * v forallK e K&, w e L;*, ve L, 3.7

loc

where L;”Jr denotes the compactly supported elements of Lfg C’+. Equation (3.7) also holds for K € R¢ and w,v € .7,.
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The following semifactorization theorem has important consequences for the introduced function-valued seminorms.
In particular, Corollary 3.3 will be useful to derive the generalized absolute value inequality for convolution of distributions
in the last section of this article.

Theorem 3.2. Let ® € B(D). There exist ¥ € B(Z) and 64, ...,0,4 € Z such that
PCWx0 4+ +P*0y. (3.8)
Corollary 3.3. Let ® € B(2). There exists ¥ € B(Z) such that
® C acx(¥ = ¥). (3.9)
Corollary 3.4. Let ¢ € 9. There exist 1,01, ..., Pad, 054 € P such that
¢ =1y %6 + -+ Poa * 0. (3.10)

A proof for Theorem 3.2 is obtained by examining the proof of Théoréme 3.1 from [13]. For the convenience of the reader,
we present the adapted proof for the case G = R on the following lines. The proof is based on the following lemma which
is contained in [13, Lemme 2.5] and can be reused without change:

Lemma 3.5. Let b, > 0, k € N,. There exist a, > 0, k € N and test functions 6, y € 2(R) such that a;, < by forallk € N,
and

n
' (~1)kax8@) 5 5 + y within &' (R). (3.11)
k=0

Proof of Theorem 3.2. The boundedness of ® guarantees the finiteness of
Mgy :=sup{l|0%0%Plle; ¢ € @} foralla eNd, e=1,..,d, k €N, (3.12)

where J, denotes the partial derivative in the e-the coordinate. From Lemma 3.5, we obtain a; > 0, k €Ny and 6, y €
2(R) such that Equation (3.11) holds and

o0
QMyex <o foralla €N, e=1,...d. (G.13)
k=0
From Equation (3.11), we derive that
n " n—oo
6.+ Y. (-1 a,62"¢ = <Z(—1)kakagkee> ¥ — P+ Yo * P, (3.14)
k=0 k=0

where 8,, y, € &' are the image measures of 8, y under the canonical injection R — R? of the eth coordinate. From
Equations (3.13) and (3.14), we conclude that

O+ p(@)=¢+xexp  with(@) := ) (-Dfqd2‘¢  forall ¢ € @. (3.15)
k=0

The series that defines the function 1(¢) converges within & according to Equations (3.12) and (3.13). Equation (3.15)
yields

O, %P+ x,xPD P with @ := {i(¢); ¢ € D}U —D, (3.16)

Equations (3.12) and (3.13) also imply that the set & is bounded in Z. Any of the functions 7; # -+ %73 =7; ® --- ® 1y
with 5, € {6,, X}, e = 1, ...,d belongs to 2. If we denote these by 64, ...,60,4 and apply Equation (3.16) successively for
each dimension e = 1, ..., d we obtain Equation (3.8) for some ¥ € B(2). O
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We can now use Theorem 3.2 to prove

Proposition 3.6. The following three sets of mappings

{f = l1flo; € B2, (3.17a)
{flg=*|fly; P € Z,Ke R} (3.17b)
{f e TK|f|{¢}; € Y,Ke K}, (3.17¢)

define equivalent sets of .7, y,-valued seminorms on 2’ (in the sense of Equation (3.1)).

Proof. Let ® € B(Z). Choose ¥ € B(Z) and 64, ...,0,4 € Z such that Equation (3.8) of Theorem 3.2 holds. Then, for a
suitable constant C € R, and K € &, one obtains the inequalities

2d 2d 2d
sup|¢ s fl <sup [ D Y6+ f| < Y [ sup 9] )« |flo, <C D Txlflg, forallf €. (3.18)
ped YeY | =1 k=1 \YEY k=1
The proposition follows from Equations (3.18), (3.4), and (3.5). O

Proposition 3.7. Let (6,,) be an approximate unit and ® € B(2). Then
1=6fle — 0,  16uflo — Ifle  inLS forall f € 7, (3.19a)
and there exists ¥ € B(P) such that
1A =6)fle <Iflw,  16nfle <Ifly  foralln €Nandf e 7' (3.19b)

Proof. Let K C RY compact and f € 2. The elements of the set (1 — 8,,)Tx® converge to zero uniformly in & for n — co
due to Equation (3.5) and hypocontinuity of - : & X 2 — % [16, Prop. 3.6.4, p. 360]. Thus, continuity of f : & — Cyields

v n—oo
sup{l(1 = 8,)f10(); x € K} < sup { [(£.(1 —8)T.)|: g € B, x €K | 0. (320)
Applying the inverse triangle inequality for the .#,,-valued seminorm | — | yields that |6, f|¢ — |fle in L} . Because
the set of functions B := {1 — Txén, Txén xeRineN} belongs to B(H), the set of test functions ¥ : = B - ® belongs
to B(2). Now, Equation (3.19b) follows by construction. O
3.2 | Solid regularization-invariant spaces

In order to define solid regularization-invariant spaces, we will use some notations from the theory of ordered vector
spaces as presented in [1, 23] or [27, Chap. V]. A vector lattice (also called Riesz space) is a real vector space E endowed
with a lattice ordering < that is invariant with respect to translations and multiplication with positive scalars [1, Def. 1.1],
[23, p. 4], [27, p. 204]. In particular, absolute values are well-defined by the formula |f| = sup{f, —f} for f € E in any
vector lattice E. A locally convex lattice (also called locally convex-solid Riesz space) is a vector lattice endowed with a locally
convex-solid topology [1, Def. 2.16 and p. 59], [23, Def. 4.6], [27, p. 234]. That is, a locally convex topology with a base at zero
consisting of solid sets. A subset A of a vector lattice E is called solid if f € A,g € E and |g| < |f| imply thatalsog € A [1,
p- 81, [23, p. 35,102], [27, p. 209]. The symbol E* will denote the non-negative elements of a vector lattice E. A seminorm p
is called a lattice-seminorm if | f| < |g| implies p(f) < p(g). The continuous lattice-seminorms on a locally convex lattice
E are denoted by clsn E. The seminorms p € clsn E generate the topology of E [1, Thm. 2.25], [23, p. 105], [27, p. 235].
The space of Radon measures .# on R? will be endowed with the topology generated by the seminorms u ~ |u|(¢),
¢ € 2+, where .# denotes the compactly supported continuous functions on R<. This is the coarsest topology on .#
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that is finer than the weak topology induced by .#” and that turns ./ into a locally convex lattice [1, Def. 2.34, Thm. 2.35],
[27, p. 235].

A locally convex space E will be called solid space of measures over R% if E is a solid linear subspace of .# and a locally
convex lattice such that the canonical inclusions .#° — E — .# are continuous.

Definition 3.8. A solid regularization-invariant space E is a solid space of measures over R¢ with the property that f
¢ = f defines a continuous linear endomorphism of E for all ¢ € 2, that is, E is (continuously) regularization-invariant.

p
loc

with compact support in R%. As a locally convex space, L% is the inductive limit of the spaces Lﬁ :={f €LP;suppf CK}
with K € &, where & denotes the compact subsets of R¢. The norm on L? is denoted by || - || p- The norm on the space of
integrable measures . is also denoted by || - ||;.

Let p € [1,+o0]. The space of locally p-integrable functions is denoted by L; and LIS; denotes the functions from LP

Example 3.9. Let E be a solid space of measures over R%. Then, if the translation group (T),cra defines a locally
equicontinuous %,-group on E and E has the convex compactness property (compare [9, Section 3]), then E is a solid
regularization-invariant space. The converse is false as our definition does not even guarantee translation invariance.
Consider, for example, the linear span of L' and § endowed with the trace topology induced by ..

The first assertion requires a remark. First, note that (T),cra is a locally equicontinuous %,-group on the complete
space 2. The convolution of u € Eor 4 € 2’ and ameasure v € . with supp v compact can be defined as a vector-valued
integral

Vokp U= /Tx,u dv(x), (3.21)

in the space E or 2/, respectively [26, p. 77]. Due to the continuous inclusion E C &', the definitions in both the spaces
E and 2’ coincide if u € E. Due to the equicontinuity of (T,),crs and formula (3.21), one obtains a continuous lin-
ear operator, on E and on 2’, that commutes with translations. On the space 2’ the operator (v *; —) also commutes
with partial derivatives (compare [16, Lem. 3 on p. 397]). This implies [16, Cor. on p. 399] the existence of a unique
7 € &' such that v xp u = 7 % u for all y, with the right-hand defined by convolution of distributions. Testing with
U =¢ € Pyields ¥ = v. Thus, for u € E, the definition (3.21) coincides with convolution of measures and it follows that
E is continuously regularization-invariant.

Proposition 3.10. Let E be a solid regularization-invariant space. Then, the inclusion L%" — E is continuous and convolution
defines a separately continuous mapping LY X E — E.

Proof. LetK € & and k € LY. Itholds |k * u| < ¢  |u| for asuitable ¢ € 2. Thus, solidity and continuous regularization-
invariance of E imply continuity of LY X E — E in the right-hand argument. As L° is metrizable, consider a sequence
(4,) € LY. Then |u,| < 4,¢ for some ¢ € 2 and (1,) C R, with 1,, — 0. It follows |, * v| < 4,¢ * [v| = 0, and thus,
continuity of L’ X E — E in the left-hand argument. The continuity of LY — E is established similarly. Taking the
inductive limit with respect to K € & completes the proof. O
3.3 | Characterization of the locally convex structure

Throughout this section, E will denote a fixed solid regularization-invariant space, as introduced in Definition 3.8.

Theorem 3.11. The following sets of distributions coincide

F,:={fe?2 ;Vpe P :¢xf €E} (3.22a)
Fy := 0'=(2,E), (3.22b)
F.:={fe2';Vpe 2,Ke K : T|p = f| € E}, (3.22¢)
Fy:={fe 2 ,VoeB(D): |fle €E} (3.22d)
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where 0'-(2,E) was defined in Section 2. The following topologies on the space 0'-(2,E) coincide: the initial topologies
Ty b, I induced by each of the following mappings or sets of mappings:

c(2,E) - 4(2,E) @i f), (3.232)
c(2,E) > 4(2,E) @i f), (3.23b)
0'«(92,E) > E fréxf P e 2, (3.23¢)

and the topology .7 generated by the set of seminorms

"(2,E) > R, = p(fle) ® e B(2), p €clsnE. (3.23d)

Proof. Solidity implies F, C F, and from Equation (3.4a) we obtain F4 C F.. Conversely, the inclusion F, C F follows
from Proposition 3.6, solidity and the relation LE * E C E from Proposition 3.10.
Let p € clsn E and ® € B(2). The inclusion %, C 73 follows from the estimate

sup{p(¢ * f); ¢ € ®} < p(supfl¢ = f|; ¢ € ®}) = p(Ifle)  forall f € F,. (3.24)

Because Z is bornological the finiteness of p(|f|e) in Equation (3.24) implies f € &'-(Z2,E), thus F, = F,. Proposi-
tion 3.6, solidity, and the convolution result from Proposition 3.10 imply that for all p € clsn E and ® € B(2) there exist
P15, P2t € Z,K € & and q € clsn E such that

2d 2d 2d

P(fle) < pf D 1k # Iflg, [ < D a(1f1g,) = D alge = f)  forall f €F,. (3.25)
k=1 k=1 k=1

This implies .73 C .7,. The remaining inclusions are obvious, for instance, .7, = 7 is immediate from the definitions. []

Remark 3.12. 1tis clear that 0'-(2,E) = 0':(2,E n €) and that all the statements of Theorem 3.11 hold for E N % as well
when E N ¥ has the subspace topology induced by E. This follows from the fact that the functions ¢ * f, |¢ * f| and | f|e
are continuous forall f € 2, ¢ € 2 and © € B(2).

Example 3.13. It is immediate from the definition that the seminorms f - |f|s(x) with ® € B(2) and x € R¢ define
the strong topology on Z’. In contrast to this, the seminorms f — [(¢ * f)(x)| with ¢ € 2 and x € R? define the weak
topology on 2’. Proposition 3.6 proves that the seminorms f — sup{|(¢ * f)(x)|; x € K} with¢ € P and K € K generate
the strong topology on 2’. The spaces .#, L and LllOc satisfy the assumptions in Theorem 3.11 (when endowed with their

> “loc

usual topology). From Theorem 3.11 and Proposition 3.6 it follows that 2’ = F, = --- = F, and the strong topology on 2’
coincides with .7, = --- = J; for E € {# ,Ll"gc,Llloc}.

Example 3.14. Consider for E the space ¥ endowed with the topology of point-wise convergence. This space is a locally
convex lattice but not continuously included in .#. It holds 2’ = F, = --- = F4 and .7, = .7, coincides with the weak
topology on 2’ while %, = J; coincides with the strong topology on 2’. The latter identity is immediate from the
equalities

|flo(x) = sup |(¢ * f)(x)| = sup [(f, T, )| ~ forall® € B(2),x eRY, f € 7, (3.26)
ped ped

because translation and reflection induce bijections B(2) — B(2). Considering the space & of smooth functions we find
that 2’ = F, = F},, but {0} = F. = F4. On the other hand, for E = 2’, one obtains that ' = F, = F;, = F, = F4 and that
Ty = Gy = I, = 3 due to Corollary 3.4.

Lemma 3.15. Theset{(¢ * f)pes; [ € 9'} is contained and closed in both the product spaces [| se0 9" and ] sco é.

Proof. According to Examples 3.13 and 3.14, the strong topology on 2’ coincides with the initial topology with respect to the
mapping f + (¢ * f)gee With the codomain [ be 2" or [] scp ¢ - This implies the lemma because 2" is complete. []
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Corollary 3.16. The space 0'-(2, E) is isomorphic to a closed subspace ofH¢€@ E via the mapping f — (¢ * [gcqo-

Proof. Theorem 3.11 implies, first, that the space ¢'(Z, E) is isomorphic to the set I := {(¢ * f)yeq ; f € E} endowed
with the subspace topology of H¢e@ E, and, second, that the set I is the intersection of H¢e@ Eand{(¢ * fleeq; f € 7'},
the latter being closed in [] sca 2' by Lemma 3.15. Therefore, I is closed in [] scr B because E C 2’ continuously. []

Remark 3.17. According to Theorem 3.11, and because Z is bornological, the following three locally convex spaces of
distributions coincide:

1. Thespace{f € 2';V¢ € Z : |¢p * f| € E} with the seminorms f — p(|¢ = f|), ¢ € Z, p € clsnE.
2. Thespace{f € 2'; V® € B(2P) : |® = f| € B(E)}with the seminorms f SUPyeq p(|¢ = f]),® € B(Z),p € clsnE.
3. Thespace{f € 2'; V& € B(2) : |flo € E} with the seminorms f  p(|f|e), ® € B(2), p € clsnE.

This captures, in a nutshell, the subtle differences that disappear due to the mild assumptions on E from Definition 3.8
and the factorization property Theorem 3.2.

3.4 | Conclusions from the characterization theorem

As in the previous subsection, let E be a fixed solid regularization-invariant space and let F = ¢'-(2, E) throughout
the section. We will now derive conclusions from the characterizations provided in Theorem 3.11 such as topological
characterizations of subsets via regularization and inheritance properties of the mapping 6'-(Z, —).

Corollary 3.18. Let H be a subset of F.

1. The set H is bounded (relatively compact) in F if and only if ¢ + H is bounded (relatively compact) in E for all ¢ € 2.
2. The set H is bounded in F if and only if |H | is bounded in E for all ® € B(2).

3. If H is relatively compact in F, then |H |4 is relatively compact in E for all ® € B(2).

4. Ifthe solid hull of |H |g is relatively compact in E for all ® € B(Z), then H is relatively compact in F.

Proof. Corollary 3.16 and Tikhonov’s theorem imply Part 1. The continuity of F 3 f — |f|e € E for all ® € B(2) implies
Parts 2 and 3. Part 1 implies Part 4 because the solid hull of |H|4 contains |¢ * H| for all ¢ € ® and | - | is continuous on

E. O
Remark 3.19. The third statement in Corollary 3.18 simplifies if the space E satisfies the following property: a locally convex
lattice is said to satisfy the convex-solid compactness property if and only if the convex-solid hull of every compact subset
is compact as well. The convex-solid hull means the smallest superset that is solid and convex. This is an analogue of the
convex compactness property [35, p. 134], [9, p. 4]. Clearly, convex-solid compactness implies convex compactness. For the
converse implication, a simple counter example is given by the complete space L*. In this space, the solid closure of the
singleton set {1} is absolute convex and bounded, but not compact.

Corollary 3.20. The iteration property 0'-(2, 0'-(2,E)) = 0'-(2, E) holds.

Proof. This is immediate from Theorem 3.11 and Corollary 3.4. O
Corollary 3.21. The space E is continuously included in F.

Proof. This follows from Theorem 3.11 and regularization-invariance of E. O

Corollary 3.22. The continuous inclusion F C 2’ holds.

Proof. Example 3.13yields ' = 0'o(2, #) and 0'-(2, —) preserves continuous inclusions. O
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A proof for the continuous inclusion &’ C F, that is, based on Theorem 5.6, is given in Example 5.7 on p. 18. In Propo-
sition 3.24 below, for a space of distributions G let Gg := G N &’ denote the elements from G with compact support and
let G, denote the topological closure of the set G in G, endowed with the subspace topology induced by G.

Lemma 3.23. Let a sequence (g,) C E be bounded by some g € E, and such that g, — 0in LS . Then g, — 0in E.

Proof. Givenany ¢ > 0and p € clsnE, K can be chosen such that p(1ga\x - 8,) < p(1pa\g - &) < €/2. This is because Eg
is dense in E; and due to the inequality |g — k| < |[1ga\supp - &| for any k € Eg. Further, the assumption implies that
g - 8y — 0in E for any K € & because L is continuously included in E. The triangle inequality implies that p(g,) <€
for n € N large enough, that is, g, — 0. |

Proposition 3.24. The space E is solid and regularization-invariant. The identities of locally convex spaces
'(2,E)) =Fy= & = 9" (3.27)
hold and
0,f = finF  forall f € 0'-(2,E,) and all approximate units (6,,). (3.28)
In particular, if Eg is dense in E then 2 is dense in F.

Proof. Clearly, the set Eg is solid in E and, as E is a locally convex lattice, the closure E, of Eg is solid in E as well [23,
Prop. 4.8]. Further, ¥ « Eq C Eg and therefore & * E, C E, by continuity. With E carrying the subspace topology of E,
it follows that E is solid and regularization-invariant.

For f € E,itisclearthat f € & ifand onlyif ¢ * f € Eg forall ¢ € 2. Theorem 3.11 implies that &'-(2, E,) is a closed
subsetof F = ¢'(2, E) and Proposition 3.10 yields &’ C F.One concludes that ¢/-(Z, Ey) 2 F, = &'F = 9F . For the con-
verse inclusion, one shows that 6, f — f in F for f € ¢'-(2, E,) and any approximate unit (6,,). Indeed, Proposition 3.7
and Lemma 3.23 imply that |(1 — 6,)f|e — 0in E for all ® € B(2). Therefore, 6,,f — f in F by Theorem 3.11. O

Proposition 3.25. IfE is (sequentially, quasi-) complete, or has the convex compactness property, then the same holds for F.

Proof. Let f; be a Cauchy netin F and let ¢ € 2. The net f; hasalimit f in 2’ because F C 2’ continuously. In particular,
it follows from Example 3.13 that ¢ = f; — ¢ * f within .#. According to Theorem 3.11, the net ¢ * f; is Cauchy in E and
therefore ¢ = f; — g within E if E is complete. It holds ¢ * f = g because limits in .# are unique. This implies f; —» f
within F. The same reasoning applies for sequential completeness. Combining this reasoning with Corollary 3.18, one
obtains the inheritance of quasi-completeness and the convex compactness property. O

4 | WEIGHTED CONVOLUTOR SPACES

In this section, we consider distribution spaces of the form ¢'-(2, Ey). For the special case E = L', we characterize the
dual spaces and describe a predual. The weighted space Ey; is defined in terms of a solid regularization-invariant space E
and a moderated cone ideal W as the linear space

Ey :={ue#;,YweW :w-u€E} 4.1)

endowed with the topology generated by the solid seminorms y — p(w - u) with p € clsnE and w € W.

Throughout this section, W denotes a fixed moderated cone ideal, that is, a lower set W C .7, with the properties
AT CW,W+W CWandTgW CW forall K € K. A single weight w € ¢+ will be called moderated if 0 # w and for
all K € R there exists Cx € R, such that Tyw < Ck - w.
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4.1 | Description of weighted spaces by multiplication with smooth weights

In Propositions 4.5 and 4.6, the locally convex structure of the convolutor space &'-(2, Ey,) is described via the basic space
'c(2, E) and multiplication with smooth functions that are associated with the cone ideal W.

Proposition 4.1. The space Eyy is a solid regularization-invariant space.

Proof. 1tis clear that Eyy is solid. Let w € #,p,, u € 4" and K € K. Using x € x + K — K one obtains the estimate

(W - (g * P)(x) = /

x—K

w(x) du(y) < /

< sup w(z)> du(y) = (g * (T_gw) - w)(x) forallx € RL.  (4.2)
x—K

zey+K

In particular, forallw € W, ¢ € 2 and u € Ey, one has |w - (¢ % p)| < C - 1 * (T_gw - |u|) with C = ||$||;, K = supp ¢
and therefore w - (¢ * u) € E due to Proposition 3.10 and because W is moderated. Applying p € clsnE to the last
inequality one concludes that Ey, is continuously regularization-invariant with the same reasoning. |

We will need some notations for spaces of smooth functions. Let u : RY — @Jr be an upper semicontinuous function
that is bounded away from zero, that is, 1/u € .#,,. The symbol %, denotes the space of smooth functions 4 such that
[u-0%h|o < coforalla e Ng. The space 4, is endowed with the topology induced by the seminorms i — ||u - 0%h||,
a e Ng and the symbol %, will denote the closure of 2 N 4, = D<oy iIn %y, In the description of their dual spaces,
the normed spaces L., and ./ arise, also for weights w € .7, that are not everywhere positive. We will always consider
them as Banach spaces by passing to their Hausdorff quotients. These quotients can be interpreted as spaces of measures
on {w > 0}, because the set {w > 0} is open due to the lower semicontinuity of w.

Foranyw € .#, ), and C € R+(Ng) = {Ng — R, } we introduce the notation

Bw;C):={he&;VaeNI : |6°h| < Cy - w}. (4.3)
Then, for any u : R - R, with 1/u € .#,;, one has
%, =|J{BQ/u; 0); C e Ry (ND}. (4.9)
For B € B(%A), ® € B(Z) and w € .7y, it is readily seen, that
B-(®%w)C B(TKw; c) (4.52)

when K is the closure of | supp ® and C € R+(Ng) is defined by

a
Coim T (&) sup (1000l 1070l b e B g0} orac . (450)
BreNg
B+y=a

Conversely, we have the following statement:

Lemma 4.2. LetC € R+(Ng) and let K € & with K° # (. There exist B € B(%) and ¢ € 2 with the following property:
forallw € 7y, there exist wy, ..., Wsa € Sy, such that wy, ..., Wzd < Txw and such that

Bw;C)CB-(*w)+--+B- 1 *wsa). (4.6)

Proof. Without restriction one may assume that 3Q C K with Q :=[—1,1]¢. Choose 7 € 9 such that the series
Y ,cza T2n converges to 1 absolutely in % and let w € .7y, and f € B(w; C). Then, the series Y, _,.(f - T,n)/v(2),
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with the weight v := TQw, is well-defined with the convention 0/0 = 0 and converges in %,. Thus, we can define

b= ) (f-T/u(z) fork €{0,1,2}. (4.7)

zek+374

Now, choose ¥ € Z and plateau functions wy € .#,;, such that
@ * w)(z + x) = v(2) forallx € Q,z € k + 374, k €{0,1, 2}%. (4.8)

Such functions $ and wy can be constructed by taking § € %3 with [ $(x)dx = 1,9 > 0 and defining 6 := ¢ = 1320
and wy 1= Y . .54 0(2) - T;0. The inequalities wy, < Tsz = T3Qw < Tgw hold, in particular, w, € F 1 It follows

3d 3d
f= ( > (- T/u(@) - v(z)) = D b+ (@ * wy). (4.9)
k k=1

=1 \zek+37d

By construction, the convergence of the series in Equation (4.7) is uniform with respect to f € B(w; C) for fixedw € &y,
Hence, the collection B of all possible functions by, is bounded in %. |

Lemma4.3. LetC € R+(Ng) and ® € B(2). Thereexist K € K and ¥ € B(Z) such that
If “hle <|fly -Tgw  forallh € B(w;C), w € Iy, f € D' (4.10)
Proof. Let K be the closure of | Jsupp ®. Let h € B(w; C) and w € .%,y;,. There exist C, € R, such that
sup{||0*(T_sh - P)lleo ; ¢ € P} = sup{|85(h(x — y)$())|; ¢ € ©,y €K} < CL - Trw(x) forallx € RY, a € NJ. (4.11)

Due to Equation (4.11) and because | J supp & is relatively compact one finds ¥ € B(2) such that T_,h - & C W - Tgw(x)
for all x € RY. Then, one estimates

f - Blo() = sup {[(/ - . T.$)|: ¢ €
=sup {|(£. 1Tk $)|: $ € 0}
< sup { ‘<f,TKw(x) . Tx¢>‘ NS ‘P} = | fly(x) - Txw(x) for all x € RY, (4.12)

which is Equation (4.10). O

Lemma 4.4. Let ® € B(2). There exist ¥ € B(7), 0 € Z and K € K with the following property: for allw € Y.y, there
exist Wy, ... , Wad € Iy, With wy, ..., wsa < Trw such that

[flo-w < |f-@*w)ly+ -+ |f-(0*ws)ly forall f € 7'. (4.13)

Proof. Choose suitable C € @+(Ng) such that T,® - w(x) C B (T(U supp )W C) for all x € RY. Lemma 4.2 yieldsK € &,
B € B(#) and 6 € Z with the property that for all w € .#,, one finds wy, ..., wy such that wy, ..., w;« < Txw and

Txé-w(x)gB<T(Usupp¢)w; C) CB-Bxwy)+:-+B-(0*xwsa) for all x € R4, (4.14)
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Then, let y € 2 equal to 1 on the compact set | Jsupp® C R? and define the set ¥ :={y - T_,B; x € R} € B(2).
Multiplying Equation (4.14) with T, y yields

T, wx) ST, ¥ - @sw)+ - +T, ¥ -B*wy) forallx € R (4.15)
Similar to Equation (4.12) one derives Equation (4.13) from this inclusion. O
The following two propositions are now immediate from Theorem 3.11 and the two Lemmas 4.3 and 4.4.
Proposition 4.5. Let H be one of the sets | J{#,/,, ; w € W}or  « W. Then, 0'«(2,Ey) is equal to the linear space
{fe@’;‘v’h €H:h-fel0(Z,E)} (4.16)
endowed with the initial topology with respect to the mappings f — h- f € 0'«(2,E) with h € H.

Proposition 4.6. Let w € € be moderated and let h € B, N (1/ % jw)- The space 0'«(9,E,) is isomorphic to h -
0'c(2, E) where the latter space is endowed with the topology induced by the bijection 0'-(2,E)> f — h - f.

Remark 4.7. Let w € 6" be moderated and 0 # ¢ € Z with ¢ > 0. One readily verifies (¢ * w)™' € B, N (1/ %1 ).

4.2 | Dual spaces of weighted L' convolutor spaces
The convolutor space 0'-(2, L%V) is considered now, where the weighted Lebesgue space L%V isdefined as in Equation (4.1).

According to Proposition 4.1, the space L‘l)[, is a solid regularization-invariant space and Theorem 3.11 can be applied. It
follows that the topology on &"-(2, L%V) is generated by the seminorms

fe / |floCo)w(x) dx withw € W, ® € B(2), (4.17)

and it holds 6'c(2,L},,) ={f € 2';V$ € 7 : ¢ f € L},,}. Because Z is dense in L}, and Lj, is complete, Proposi-

tions 3.24 and 3.25 yield that 2 is dense in 0'c(Z, Ly;,) and that 6'c(Z, L;,,) is complete as well.
In Theorem 4.10, we characterize the dual space of ﬁ'c(@,L%V)- The equicontinuous sets are characterized using the
description of the topology by the seminorms (4.17).

Lemma4.8. LetC € R+(Ng) and K € & with non-empty interior. There exists ® € B(Z) such that
sup{[{f,h)|; h € B(w; C)} < / |f () Txw(x) dx forallf € &, we Sy, (4.18)

Proof. Let B, ¢ and wy, ..., wsq be as in Lemma 4.2. Define the bounded set ® := {39 - $T,b;b € B, x € R}, one obtains
the estimate

(b @) =1 G- Dol < [ 1b- flge- w@dr< 37 [ 1710 wdx @)

forallk =1,...,3%, f € & and b € B. Now, Equation (4.18) follows from Equations (4.19) and (4.6). O

Lemma 4.9. Let ® € B(2). There exists C € R+(Ng) and K € K such that

/|f|¢(x)w(x)dx§sup{|(f,h)|;heB(TKw;C)n@} foral f €&, we L. (4.20)
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Proof. LetQ :=1[0,1]¢,0 := To® and Cl, :=sup{||d?6|| ; 6 € ©}. Define
H = {3,000k T:0:50, €0, 2, € C, || < Tou(2)}.

The set H consists of limits of series that converge absolutely in &. The functions h € H obey |d%h| < C, - Txw for all
a e Ng with K the closure of Q + | Jsupp® and C, := C, - Nwith N := #{z € Z%; (z + K) N K # #}. One estimates

[1flsueas < 3 Tolflo@Toucz)

zezd

= sup Z sup
Fc79 zeF 6,€6
finite

= sup sup ‘<f Z/IZ'Tzéz>

Fcz?  0,€0 zeF
finite 1z€C
[221<Tqu(z)
zeF

(1. Tou@ 1.8,

ssup{l(f,h)l;heB<TKw; C) n@}

forall f € &. Ll
Theorem 4.10. The dual space of 0'-(2, L%V) is the space of smooth functions

UtZijwswewt={he&;dwewvaeN! 3C, € R, : [0%h| < Cy - w}. (4.21)
The duality product satisfies the formula

(f,h) = lm (f - ¢, k) = lim (f,¢,h)  forall f € O6(,Ly), h € Ox(2,L},Y, (4.22)

and any approximate unit (¢,,). The sets B(w; C) with w e W and C € [R+(Ng) define a fundamental system for the
equicontinuous sets on the dual 0'c(2,Ly,) .

Proof. Consider the subspace (&7, ) of 6'c(2,L;,) endowed with the subspace topology 7 induced by 'c(Z, Ly,,).
Proposition 3.24 implies that the continuous linear functionals of 0'-(2, L%V) are the unique extensions of the continuous
linear functionals of (&7, 7). Due to Lemmas 4.8 and 4.9, the topology on &” is the ®-topology with respect to the duality
(—=,=) : & x & — C, where & consists of the sets B(w; C) with w € W and C € R+(Ng). The set B(w; C) is weakly
compact in & by the theorem of Arzela-Ascoli. Thus, B(w; C) is also compact in the weak completion of &. Clearly, the
sets B(w; C) are absolute convex. Thus, Theorem 7 from [15, p. 68] implies that the set in Equation (4.21) is the dual space
of ﬁ'c(@L%V)-

As L% is dense in LIIV, Equation (4.22) follows from Proposition 3.24. N

4.3 | Predual spaces for weighted L' convolutor spaces

Generalizing [11, Thm. 4.6] the spaces ﬁ”c(@,LIlV) can also be represented as the dual of the inductive limit of the
spaces %, w € W as shown in Theorem 4.15. We will require some technical results first that will also be used in
the subsequent section.

We need some lemmas for spaces of smooth functions induced by a locally convex space F. We define . as the linear
space

{he &;VaeN! : 6% € F} (4.23)

5UB01 SUOLIWIOD BANERID) 3|qedtjdde U A peusenob a1 SPIL YO 88N J0 SBINJ 10} ARG I 8UIIUO AB| 1AM UO (SUORIPUOD-PUE-SULBILIOY" A3 1M ARG [BU|UO//STIY) SUORIPUOD PUB SUWLB 1 84} 805 *[£202/G0/2T] U0 AIqIT 8UIIUO 3|1 ‘90UIS BUeILR0D) Ad 0SE00TZ0Z BUBW/Z00T OT/10p/Wi00 A3 | M Aeiq 1eul uo//:Sdny Woij pepeojumoa ‘G ‘€20z ‘9T9ZzZGT



KLEINER AND HILFER &A:ggglhéﬁ'%%ﬁHE 1953

endowed with the topology generated by the seminorms h — p(6“h) with p € csnF and a € Ng. In order to deal with
spaces defined by weight systems that are not generated by a set of everywhere positive weights we use the following
notation: for any locally convex space F in which Z N F is dense we denote the set

P'|F'| :={fe?;3f eF'VpeEPZNF :(f,¢)=f ()} (4.24)

Clearly, 7' [F'| = F' holds if 2 N F = 2, in which case 2 C F is dense.
It is straightforward to prove the following proposition and its corollary:

Proposition 4.11. Let F be a locally convex space continuously included in %' and such that 9 N F is dense in F. Then,
2 N Dy is a dense subset of P and one has the representation formula

7' ((2p)] = span | ] aK(2'[F']). (4.25)
keNy

Corollary 4.12. Forallw € .7, one has the representation formula

9" (%)) = span | | aA¥(2'[.4,)). (4.26)
keNy

The following proposition generalizes the implication “(iii) = (iv)” of Theorem 3 from [12] from Banach spaces to
metrizable spaces. The proof is adapted from [12, 28] to the more general setting.

Proposition 4.13. Let F be a metrizable locally convex space such that F N & is dense in F and let K € & with non-empty
interior. Then, all distributions f € 2’ satisfy the implication

Ve Dy = feD|F = keNy: fea 2 [F))+2'|F]. (4.27)

Proof. Assume that 3  f € 2’ [F'] for all ) € Zx and let BC F N Z be bounded in F. Then, {(¢ = f,); ¢ € B} is
bounded for all ) € Pk because (¢ * f,1) = (¥ = f,¢). It follows that {¢ = f; ¢ € B} is an equicontinuous subset of
(9_g), which means that there exist n € Nand C € R, such that

o= f,P) < C-max{||0%p|le; T < n} forall¢ € B, p € 7. (4.28)
Let np denote the smallest integer such that Equation (4.28) holds for some C € R,. The space F N Z, endowed with the
subspace topology, is metrizable and thus bornological. If the least upper bound of {ng; B € B(F N ¥)} was infinite we
could derive a contraction from the fact that in a metrizable space every sequence of bounded subsets is absorbed by a
single bounded subset from the space. Therefore, n € N can be chosen independently of B in Equation (4.28).

Let p € Zy; be arbitrary. Because F N 2, endowed with the subspace topology induced by F, is a bornological space
Equation (4.28) implies that the functional ¢ — (p * f, ¢) is continuous on F N Z and can be extended in a unique way
to a continuous functional f on F. This means p * f € 2’ [F'| by the definition of 2’ [F’|. The proof is completed via the
parametrix method as in the proof of “(iii) = (iv)” in Theorem 3 from [12]. O

Lemma 4.14. Let w,v € 7, and K € K. The inequality 1_g * w < v implies the inclusion
Dy * D' |(%1),) ] € D' M) (4.29)
Proof. The inclusion 1k * |2’ [.#,]| € 2’ [.#,,] holds. Indeed, transposing the convolution operator (1x * —) yields

/(1K # |u]))w(x)dx = /(1_K * w)(x)d|u|(x) < / v(x)d|u|(x) forallpue # andw € Z,. (4.30)

Due to Corollary 4.12 and because all ¢ € Py satisfy |¢| < C - 1x for some C € R, this inclusion proves the lemma. []
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Theorem 4.15. The convolutor space 0'-(2, L%)V) is the dual space of the inductive limit of the weighted spaces of smooth
functions %, Jw With w € W. The topology on ﬁ’C(Q,L‘lV) coincides with the topology of uniform convergence on those sets
that are contained and bounded in Ql/w forsomew € W.

Proof. Let f € 0'-(2, L%V). Then, by Theorem 3.11,¢ * f € .#} forallw € W, ¢ € Zx and allK € K. According to Propo-
sition 4.13, applied to the Banach space F = ¢ ; /,,, there exists k € N such that f € AP [///ulj]) + 9 [///Lﬂ . According
to Corollary 4.12, this entails f € 2’ [(%, ;,)'] for allw € W and thus

’ ’
fe ﬂ 7' [(@l/w)/] =7 (h_r)n 931/10) = <11_1’)1’1 ggl/w) .
wew wew wew

In the second equality, it was used that .#+ C W. Conversely, it is immediate from Theorem 3.11, Lemma 4.14 and the
relation L;"’Jr * W C W thatevery f € ), ew(ﬁl /w) is contained in 6'c(2,Ly,). Here, L;;”Jr * W C W follows from the

condition TgW C W for all K € K. The characterization of the topology on ﬁ’C(Q,L%V) is just a reformulation of its
description in Theorem 4.10. O

5 | NEW IDENTITIES FOR LOCALLY CONVEX DISTRIBUTION SPACES

In this section, two classes of distribution spaces, given by their classical definitions, will be represented in the form
'0(2, E) with E a solid regularization-invariant space.

5.1 | Duals of solid regularization-invariant Fréchet spaces

Let E be a fixed solid regularization-invariant space that satisfies E C Llloc, has % as a dense subset and is a Fréchet space.

The primary purpose of this section is to prove the identity of locally convex spaces 2’y = 0'-(2,E’). We also prove the
existence of a moderated cone ideal W(E) such that (%)), = 0'-(2, L%V(E))a with o indicating weak topologies.

The space 9’y = (%5)]’3 is the strong dual of the space %, as defined in Equation (4.23), and E’ = (E)}’J is the strong
dual of E. Because E is a solid subspace of .Z, the space & can be represented as the union

I = J{B1jw; we BT} (5.1a)
The topology of Z is generated by the increasing fundamental system of seminorms (p,,),en,» given by

h = p,(h) := ||max{|6*h|; Za < n}llg (5.1b)

where (|| - || E’")neN denotes a fixed increasing fundamental system of seminorms for E and X« := Zil a;. Here, conti-
nuity of binary supremum formation, see Proposition 4.5 from [23, p. 103] (see also [27, p. 234], [1, Thm. 2.17]), allows to
write the maximum inside of the norm.

Let us summarize some facts about the dual space E’. The assumptions on E guarantee that E’ is a (DF)-space that
satisfies the continuous inclusions Lg C E' C ., but L is not necessarily dense in E’. According to Proposition 4.17
from [23, p. 108] (see also [27, p. 237], [1, p. 80]) E’ is a locally convex lattice. Duality implies that 2 operates continuously
and linearly on E. In particular, E’ is a solid regularization-invariant space.

Every positive linear functional on E is continuous because E satisfies the assumptions of Proposition 2.16 from [23,
p. 86] (see also [27, Thm. p. 228], [1, Thm. 5.23]). In particular, one has the equation

E'n Ay, =(EY) (52)
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with the notation
M* :={weﬂ+1b;V/,LeM: /w(x)d,u(x)<oo} forM C .#*. (5.3)
The duality product (—, =) : E' X E — C satisfies
(w,uy = lw-ull; = /w(x) du(x) forallw € E' n #,, u € ET. (5.4)

According to Proposition 4.3 from [23, p. 102] (see also [27, p. 212], [1, p. 80]) the seminorms

g+~ qp(g) = sup{(lgl, |ul); n € B}  with B € B(E) (5.5)

constitute a fundamental system of seminorms for E’.
The set of weights W(E) is defined as the largest moderated cone ideal contained in E¥, that is,

W(E) := (E*)y = {w €7 VKER : Tyw e E+} (5.6)
with the notation
MT:={wef+1b;VKE$§EI,uEM:TKwS/,L} forM C .#*. (5.7)
Before proving the main result, we establish some relations that involve Equations (5.3) and (5.7).
Lemma 5.1. Let M C .#™. The relation (M*)p = (¢t % M)*)7 holds.

Proof. Letw € I, 4 € 4+ and ¢ € ¢ +. Transposing the convolution operator (¢ * —) yields
[ Tewt- @ weodx = [ (64 Tw)oo duce) (58

The functions ¢ * Tyw with w € M, K € K, ¢ € %+ generate the same lower set as the functions C - Tyw with w €
M, K € &, C € R, (compare Equations (3.4b) and (3.4c)). Together with Equation (5.8), this concludes the proof of the
lemma. d
Lemma5.2. I[fM C . #%, then #+t «M C (" % M)r.

Proof. One has the inequality Tg (¢ % u) < (Tg¢p) * uand Txp € # + forallp € ¥+, ue .#*andK € K. O

Lemma 5.3. Let M C .4 besuch that #+ « M C M. Then, (M*)t = ((M1)*).
Proof. Clearly, any function from M is bounded by some measure from M and therefore (M*)r C (M1)*)r. Conversely,
(M5 = (X" = M))r 2 (X = M)r))r 2 (M)r))r (5.9)
follows from Lemma 5.1, Lemma 5.2, and the assumption on M. O
Lemma 5.4. Any lower set M C .#* satisfies
{fe?;VoeB(2): |fleeMl={fe€ D ;YO eB(D): |fleo €M} (5.10)

Proof. This follows from Equations (3.4a) and (3.5). O
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Proposition 5.5. The following sets of .7, ,-valued seminorms on & are equivalent (in the sense of Equation (3.1))
{h — Tx(max{|3%h|; Sa <n}); neN, K € K}, (5.11a)

{h > 1g * (max{|0%h|; Za < n}); n € Ny, K € K}. (5.11b)

Proof. Let f : R — R be continuously differentiable. Integrating f(x) = f(y) — fxy f'(z)dz over [x — 1, x] gives

X y X X X
FGl < / Ol + / f'@)]dzdy < / Ol + / '@ dzdy = / SO+ 1O dy forallx eR. (5.12)
x—1 X x—1 x—1 x-1

For a function h € &, this estimate is now applied successively in each dimension, which gives

ORI < ) Apoape * [0 Ph|,  forallhe 6. (5.13)
pefo,13d

This estimate and Equation (3.7) applied to w = 1 with K € & complete the proof. O
We are now ready to prove

Theorem 5.6. Let E be a solid regularization-invariant space that satisfies E C Lloc, has 2 as a dense subset and is a Fréchet
space. Let W(E) be the set from Equation (5.6). Then, the following identities of locally convex spaces hold:

(Zp), = 0'(2,L]

L) (5.15)

Here, on the left-hand side of Equation (5.15), o indicates the weak topology induced on the dual space and, on the right-hand
side of Equation (5.15), o indicates the weak topology associated with the given topology.

Proof. First, the spaces (Zg), 0'-(2,E") and 0'-(2, L%V(E)) are equal as linear spaces: The inclusion (Zg) 2 0'-(2,E")
follows from Propositions 4.11 and 4.13 and (Zg)’ C 0'-(2, E") follows from Proposition 4.11 and Corollary 3.21. We note
that Theorem 3.11 and Lemma 5.4 imply

(2.E)={f € 7'; V2 € B(D) : |flo € (EN )1}, (5162)
DLy ) ={f €7'; V2 € B(2) : |flo € (WE))r}: (5.16b)

Then, from (i) the inclusion E’ N ., C (E’)* and the definition of Mr, (ii) equation (5.2), (iii) the inclusion .#* %« E* C
E™* and Lemma 5.3, and, (iv) Equation (5.6), we derive
Ny Dy ) gy (D Ty ey V) w
(E)r=E NIy = (ED))r = (EDD)Dr = (WE))r. (5.17)

Finally, Equations (5.16) and (5.17) yield 6'-(2,E") = 0'-(2, L‘l)V(E)).

Second, the identity (Z5). = ,C(@’LII/V(E))C’ from Equation (5.15) holds: the dual spaces of both the spaces in this
identity are given in Equations (5.12) and (4.21) of Theorem 4.10, respectively. Proposition 5.5 in connection with solidity
and regularization-invariance of E implies that the sets in these equations are equal.

Third, the subspace topologies Z; and .7, induced on &’ by 2’y and 0'-(Z, E'), respectively, are equal: let K € & with
non-empty interior. Proposition 5.5 and the regularization-invariance of E imply that B C % is bounded if and only if

sup { ”TK(max{lé“bl ;Za < n})”En; b e B} =C, <00 foralln € N,. (5.18)
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Assume now, that B is bounded. Let 4,, > 0, n € N, such that
Y Cpdy < (5.192)
neN,
and define
max {|0%b|; Za < n} i= wp,, wp = Z ApWp forb € B. (5.19b)
neNg

By construction it holds wy, ,, < (1/4,,) - wy, for all n € Nj. This results in the inclusion
Bc | J{B(wy; C');beB}  withCl :=1/Ag, fora € Ng, (5.20)

where the notation from Equation (4.3) is used. It follows from Equations (5.18) and (5.192) that B := {Txwy; b € B}isa
bounded subset of E. Using Lemma 4.8 and then Equations (5.5) and (5.4), one finds ® € B(2) such that

K0 < [ 11T dx = g, (f1o)  forall f € €', b EB. (521

Taking the supremum over b € B proves .7; C %,.
The estimate ¢ + |f|o < |f|y for ¥ = [|§]l; - Tsypp P, Equation (3.5), Proposition 3.6, and Theorem 3.11 applied to E'
imply that the topology of 0'-(Z, E’) is generated by the seminorms

frqé=|fle) withpe P,¢$>0,&eB(P),qeclsnE. (5.22)

Therefore, for the proof of the converse inequalities, let ¢ € 2 with ¢ > 0, ® € B(Z) and B’ a bounded solid subset of E.
Using Equations (5.4) and (5.5) and then Lemma 4.9 one finds L € & and C" € R+(Ng) such that

Q@ * 1f10) = I1F1o@ * 1Dl < sup { [, D)b € B(Tu@ luh; €”) | forall fe &' ueB.  (523)

The boundedness of B’ in E entails boundedness in &y for the set
B = J{B(Tu@* b c”); we B}, (524)

because Ty (¢ * |u]) < (T, @) * |u| and because L operates continuously and linearly on E by convolution according to
Proposition 3.10. Thus, taking the supremum over x4 € B’ in Equation (5.23) proves 7, 2 2.

Fourth, the inequalities (5.21) and (5.23) hold also for f € 0'-(2, L%)V(E)) = (9g): Let (6,) be an approximate unit.
Because ¢t is dense in L%V(E) Proposition 3.24 and the last statement of Theorem 4.10 imply that (6, f,h) — (f,h)
uniformly on h € B(w; C) with fixed w € W(E) and C € R+(Ng). On the other hand, Proposition 3.7 and Lebesgue’s
theorem of dominated convergence can be applied to Equations (5.21) and (5.23). As a result, these inequalities extend to
distributions f € 0'-(2, L;V(E)). Again, taking suprema over extended estimates (5.21) and (5.23), as done in step three of
the proof, it follows that the strong topology on 9’ is equal to the topology of &"-(2, E’). This completes the proof of the

identity (5.14). Cl

Example 5.7. Recall, that &’ = (& )}’3. The space Ly is the strong dual of Lloc, the largest space E to which Theorem 5.6
applies. From Proposition 5.5, one derives & = .@Lll . Therefore, Theorem 5.6 yields the identity of locally convex spaces

&= 0'c(2,LY). (5.25)

By Proposition 3.10 and monotony of &'-(2,—), all solid regularization-invariant spaces E satisfy the continuous
inclusion

&' C 0(2,E). (5.26)
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Example 5.8. The space of tempered distributions .7’ is defined as the strong dual of the Schwartz-space ., which is
a Fréchet space. Let L}J denote the weighted L!-space, in the sense of Section 4, with the moderated cone ideal P that is
generated by the non-negative polynomials. Then, the identity Z;1 p = . is immediate from the definitions. The dual
space of L}, is the weighted Lebesgue space Ly}, in the sense of Section 4, where P* consists of the rapidly decreasing
functions from .#, j,. Theorem 5.6 implies the identity of locally convex spaces

S = 0c(2,Ly). (5.27)

Example 5.9. The assumptions imposed on E at the beginning of this section cover the distribution spaces _@}’5, associated
with solid translation-invariant Banach spaces of distributions from [9]. Special cases of these are the Lebesgue spaces LP
with 1 < p < 0. Thus, the case p = 1 being covered by Theorem 5.1 from [11], Theorem 5.6 completes the identity of
locally convex spaces

e = 0'%(D,LP) foralll < p < oo. (5.28a)
Let L® denote the closure of L in L. Then, L® N ¢’ = ¢, and Proposition 3.24 yields

B = 0':(2,L%) = 6'(2,,). (5.28b)

Example 5.10. Let w be a moderated weight and 1 < p < c0. Then, Li is a solid regularization-invariant space by
Proposition 4.1. As in Example 5.9, Theorem 5.6 completes the identity of locally convex spaces

Do = O0'c(2,Ly). (5.29)

Further, the space 2’5 ,, is isomorphic to h - 2" via the mapping f + h - f for any fixed h € %, ,, N (1/%,,), according
to Proposition 4.6 and Example 5.9. As a consequence, 2';» ,, inherits the ultrabornologicity of 2, », which is proved in [19,
p. 592] for instance. This extends the statements (i) and (iii) of Theorem 5.1 from [11] to p # 1. According to Theorem 3.11,
the topology on 2, ,, is generated by the set of seminorms f = ||| flq - w|, with ® € B(2).

An important special case are the spaces @ip%k L= glLP,wﬂ;k with 1 < p < o0, u € R and k € Z that arise as maxi-
mal domains for distributional convolution operators with quasi-homogeneous kernels [19, 21, 34]. The corresponding
weighted Lebesgue spaces are denoted by Li K= L‘Z - Here, wk denotes the power-logarithmic weight

-k 2 u/2 2 k d
whr(x) =@+ |x|7)  (log(e + |x]%)) forallxe R, ueR, ke 2, (5.30)

and with the power weights as special case w* := w*°, The weights w*¥* are moderated and satisfy w** € %, Jwkk N
(1/ B ). Note that these space are defined via multiplication f — w** - f in [19, p. 582] and [21, Def. 3.1.1]. Convolution
on these spaces was studied in [19, 21, 34] and will be reconsidered in this work in Examples 6.6 and 6.7 of Section 6.

5.2 | Lebesgue spaces with strict topologies

In the following, let @L’p, . denote the space @ip endowed with the topology of uniform convergence on the compact
subsets of 74 for p > 1where 1/p + 1/q = 1 and of % for p = 1[3]. The locally convex space (LP),,. is the linear space L?
endowed with the topology induced by the seminorms g — |lw - g||, withw € ‘KOJ“. The locally convex space (LP),,, is equal
to the weighted space L ,» as defined in Equation (4.1), where W, is the moderated cone ideal that consists of the lower
semicontinuous functions vanishing at infinity. According to Proposition 4.1, (LP),. is a solid regularization-invariant
space.

Theorem 5.11. The following identity of locally convex spaces holds:
Dipe=0c(2,LP)g,)  foralll < p < co. (5.31)
Proof. We already know from Example 5.9 that Equation (5.31) holds as an identity of linear spaces. Setq :=1/(1 —1/p)

and let K € & be a fixed neighborhood of zero. If p = 1 let H be a bounded subset of A, otherwise let H be a bounded
subset of Z;4.
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For p = 1, we will use the relation ¢'-(2,L") = ©(2,(%,)'): recall that a subset F C % is relatively compact if and
only if sup{|f|; f € F} is vanishing at infinity. Because Ty : .%, — .#, is increasing and Tx |%,| C % it follows that
H C % is relatively compact if and only if there exist g, € %, such that

Txl0%h| < g,  forallh € H, a € N (5.32)

In the case p > 1, where g < co, Propositions 3.10 and 5.5 yield that the set {Tx |3%h| ; h € H} is bounded in L9 for all
ae Ng. Due to the inequality

ITf —fI<r-Tg|Vfl, forallf €%, x€B,, r>0, (5.33)

where B, :={y € R?; |y|, <r}and | — |, is the Euclidean norm on R¢, this implies that the conditions (i) and (iii) of the
criterion for relative compactness in L9, g < oo from [29, Thm. 6.4.12, p. 140] hold. Therefore, the remaining condition (ii)
of [29, Thm. 6.4.12] implies that H is relatively compact if and only if there exist g, € %, and C, € R, such that

<Cq foralla € Ng. (5.34)
q

sup
heH

(Txlo®hl) /g

Giveng, € %, a € Nd onefinds g € ¢, and C}, € R, such thatg, < C}, - gforalla € NZ. Then, for general p, it follows
from Equations (5.32) and (5.34) that H is relatively compact if and only if there exist g € 6, and C);/ € R, such that

<cl foralla € Ng. (5.35)
q

(Txlo=nl) /g

sup
heH

With this result, we can proceed analogously to the proof of Theorem 5.11 and show that for all H C Z;4 (H C %) relatively
compact, g € ‘50+ and ¢ € 2 there exist g’ € CKJ and H' C 9,4 (H' C %) relatively compact such that the inequalities

sup{[(f.m)|; h € H} < ||Iflo- &', (5.36a)
(¢ 1 flo) - gll, < sup {(f.h)|; he H'} (5.36b)
hold for all f € 0'c(2,(LP),). This concludes the proof. O

The following corollary of Theorems 5.11 and 3.11 contains the dual result to Propositions 2.5 and 3.2 from [3]:
Corollary 5.12. The topology of 9&, o 1 < p < oo isinduced by the seminorms
Felg Iflall,  with® e B(2), g €%, (537)

or, equivalently, by the seminorms

frlg-@«NI, withpeP, ges,. (5.38)

6 | CONVOLUTION ON DISTRIBUTION SPACES AND REGULARIZATION

In this section, we study convolution on distribution spaces of the form &'-(Z, E). First, we will characterize convolvability
and describe a useful mapping property of convolution via generalized absolute values in Theorems 6.2 and 6.3. Combining
this with Theorem 3.11 one obtains Theorem 6.4, which allows to transport several continuity properties of bilinear convo-
lution mappings * : E X F — G with solid regularization-invariant spaces E, F, G to the associated convolution mappings
% 1 Oc(9,E)X O'«(2,F) - 0'-(2,G).

Remark 6.1. Convolution products of non-negative lower semicontinuous functions w, v € .#, can be defined point-wise
via upper integrals [7]. Because .#, is closed under supremum formation it follows w * v € .#, . The following inequality
holds:

TK+L(w % 0) < Tgw * Ty foralw,ve #,,K,Le K. (6.1)
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In the following theorem, we will consider Condition (a) as the definition of convolvability for two distributions f, g on
R<. For definitions and fundamental properties of convolution of distributions, we refer to [21, 22, 30, 32].

Theorem 6.2. Let f,g € 9'. The following conditions are equivalent:

(a) The distribution 6* - (f ® g) belongs to the space 2';1(R??) for all 6 € 9 where 82(x,y) 1= 6(x + ).

(b) The function |f ® g|¢ is integrable over K2 forallK € K and ® € B(Z(R*1)) whereK» :={(x,y) € R*; x + y € K}.
(¢) The R, -valued function || * |g|e is locally integrable for all ® € B(2).

(d) The R, -valued function || * |g|e is locally bounded for all ® € B(2).

(e) The @;r—valuedfunction |f g * 181y is finite-valued for all ¢,v € Z.

(f) The tuple (¢ = f,9 * g) is convolvable for all $,1p € 2.

Proof. We prove “(a) = (b) = (c) = (d)”. The remaining implications are either trivial or proved in [30]. According to
Example 5.9, Condition (a) is equivalent to

V6 € 2,® € B(Z(R*)) : |6*-(f ® )|, € L'(R*). (6.2)
Using Equation (3.6), one concludes that Equation (6.2) is equivalent to
Vo€ 2,@ € B(Z(R*)) : 6] 1f ® glo € LH(R™). (6.3)
Clearly, Equation (6.3) is equivalent to Condition (b). According to [31, Theorem 51.7], Equation (6.3) is equivalent to
Vo€ 2,¥e€B(2) : |6% |If ®glygy € LL(R?). (6.4)

Using | f ® glugw = |flv ® |8y, it is seen that Equation (6.4) is equivalent to

Vo e 2,¥YeB(P) : / 16(x + WIIflw(0)gle(y) d(x,y) < co. (6.5)

The integral in Equation (6.5) is rewritten as

/ 10Ce + )I1f lo()lgle() d(x, ) = / 18COI(1f Iy * lglo) () dx (66)

and therefore Equation (6.5) is equivalent to | f |y * |g|y € LllOC for all ¥ € B(2), which is Condition (c). In connection
with Equations (3.4a) and (6.1), Condition (c) implies | f|y * |g]y € Ly, for all ¥ € B(2), which is Condition (d). O

Theorem 6.3. Forall ® € B(D), there exists ¥ € B(2) such that

If *glo < |flw*lgly for all convolvable f,g € 2. (6.7)

Proof. Let ® € B(2) and choose ¥ € B(Z) such that ® C acx(¥ = ¥), which is possible by Corollary 3.3. Using the
associative law [24, Prop. 1], one obtains

If *8lo < |f *8luww = sup (@1 * f)* @y x| < [flw* I8l

P1.9€Y

for all convolvable pairs of distributions f and g. O

In the following theorem, a bilinear mapping is called compactly respectively boundedly hypocontinuous if it is (€, &)-
hypocontinuous, in the sense of [16, p. 358], for (€, §) = (K(E), K(F)) respectively (€, F) = (B(E), B(F)).

Theorem 6.4. Let E,F,G be solid regularization-invariant spaces. If convolution of measures * : EX F — G has the
property (P), where (P) stands for either “well-defined”, “separately continuous”, “compactly hypocontinuous’, “bound-
edly hypocontinuous” or “continuous”. Then, convolution of distributions * : 0'«(2,E) X 0'«(2,F) —» 0'-(2,G) has the

property (P) as well.
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Proof. Let (f,g) € O'-(2,E)x 0'-(2,F).IfE * F is well-defined and E * F C G, then |f|g * |g]e € G for all ® € B(2).

In particular, | f|¢ * |gle € Llloc. Theorem 6.2 implies that f and g are convolvable and Theorem 6.3 implies |f * gl € G

for all ® € B(2). Further, it follows that for all ® € B(2) there exists ¥ € B(Z) such that

p(f *=gle) < p(Ifly+Igly)  forallf €E, g€F, p €clsnG. (6.8)

The theorem is now immediate from this inequality, Theorem 3.11, and Corollary 3.18. O

Corollary 6.5. Convolution of distributions defines a separately continuous bilinear mapping * : &' X 0'«(9,E) -
0'(2,E) for any solid regularization-invariant space E.

Proof. This is immediate from Theorem 6.4, Example 5.7, and Proposition 3.10. O

Example 6.6. Continuity of convolution of distributions between the power weighted spaces 2, , from Example 5.10
was studied in [19, 21, 34]. Proposition 2.5 from [34] states that * : 2’ Loy X D'ray—> 7' Lp . is continuous if

lul d d d }
y>maxy —+ —, U+ —, —u+ , (6.9)
{ q g # pq’ # p'q

where 1,v € R,1 < p,p’,q,p’ <cowith1/p+1/p’ =1=1/q+ 1/q’ and d denotes the dimension.
Examining the proof of Proposition 2.5 from [34], which uses the proof of Proposition 2.1 in [34] and the proof of
Proposition 9 in [19], we notice that the following two claims are established therein along the way:

(1) The convolution f * g exists for all (f,g) € Z'1p , X Z'14 5.
(2) The mapping * : Lﬁ x L — sz is well-defined, bilinear and continuous.

In [34], well-definedness and continuity of * : 2’ P X D'ay,— 9 1» . are then derived from these two claims.

The proof of claim (1), given in Part (a) of the proof of Proposition 2.1, is based on the convolvability condition (¢-CPS)
[20, p. 315] and the multiplication relation Z;p , - Qiq 2 < ‘@L,I,,u+v C @£1 [19, Prop. 9(i)]. The proof of claim (2) is contained
in Parts (a) and (b) of the proof of Proposition 2.5 in [34], while referring to Parts (b)-(e) of the proof of Proposition 2.1 in
[34]. The proof is based on interpolation theorems from [4]. Only the proof for continuity in one variable of this mapping
is explicitly described in [34]. However, continuity follows when taking into account the estimates for the norms of the
functions F), [34, Equation (2.3)] and F, [34, p. 476], that are provided by Theorem 1.1.1 and Corollary 5.5.4 from [4].

After establishing claims (1) and (2), it is proceeded as follows: from a representation formula of the form (4.25) and
claims (1) and (2) it is concluded that * : 2’ o X D'ray—> D p x 1s a well-defined bilinear mapping. The separate con-
tinuity of this mapping is then established using the closed graph theorem and the reasoning from [19, p. 592]. This
reasoning is based on the hypocontinuity of multiplication - : Z;p , X Qiq b 911,’ g+ for1/p+1/q > 1/r[19, Prop. 9(i)]
and on the fact that %', , is ultrabornological. Finally, Proposition 1.4.3 from [21] is applied, according to which separately
continuous bilinear mappings defined on topological products of two barreled (DF)-spaces are continuous.

Using Theorem 6.4 and the description of the spaces %, , from Example 5.10, the proof from [34] can be simplified
drastically. The continuity of % : 9'1p , X Z'14,, = Z'1» , is just a consequence of Theorem 6.4, the identity (5.29) from
Example 5.10 and the continuity of = : Lﬁ x L] - Lf; , given in claim (2) above. In this way, it becomes superfluous to
prove claim (1) above separately, because this is a consequence of Theorem 6.4. Also, it is not necessary to apply the
closed graph theorem and [21, Prop. 1.4.3], which requires to know that QL’I,’M is an ultrabornological (DF)-space. Also,

the representation formula (4.25) is not needed.

Example 6.7. Let1 < p,q,r,t < cosuchthatl/p+1/q=1/r+1/tand1 <t < min{p, q,r} < co.Letp’,q’,r', ¢’ denote
the corresponding conjugate Holder exponents. Let w, v, u € €+ be moderated weights and C € R a constant such that

w xv <cu™ ift < o, u(x) < Cw@)v(x —y)forallx,y e R? ift’ = oo. (6.10a)
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Using a modified convolution :*, the condition (6.10a) can be written in a unified form (by reformulating Equation (4) in

[6])

i oy % < c% with (f %, g)(x) := |If - Tyglly for f,g € .7,,x € R4, (6.10b)
According to Proposition 2.2 from [6] Equation (6.10b) is a sufficient condition for convolution of measures being a well-
defined continuous bilinear mapping * : LY x L] — L!. Theorem 6.4 and Example 5.10 entail then that convolution of
distributions defines a continuous bilinear mapping * : 2'1p ,, X 219, = P'1r 41

In the case of power weights, as in Example 6.6, the condition (6.10b) yields Proposition 3.15 from [6]. From this
proposition, applied with ¢ = 1 and ¢t > 1, one obtains the three sufficient conditions

max{u, v} <d/t', p<Lu+v-—-d/t’, u+v>d/t (6.11a)
max{u, v} =d/t', p<min{u,v}, u+v>d/t (6.11b)
max{u, v} > d/t', p<min{u,v}, u+v>d/t (6.11c)

for the continuity of * : Lﬁ x L] — L7, with the power weighted Lebesgue spaces Lﬁ from Examples 5.10 and 6.6.
In order to compare these conditions to Example 6.6, assume p = u and p = r. This results in the sufficient conditions

1<qg<p, v>d/q, v>u (6.12)

for the continuity of * : Lf; x L] — Lﬁ. Comparing to Example 6.6, note, that max{d/q’, u} is always strictly less than the
right-hand side of Equation (6.9). On the other hand, the criterion (6.9) can always be satisfied by choosing v large enough,
for any givenu € Rand 1 < p,q < .

ACKNOWLEDGMENT
The authors thank the reviewers for several constructive comments.
Open access funding enabled and organized by Projekt DEAL.

REFERENCES

[1] C. Aliprantis and O. Burkinshaw, Locally solid Riesz spaces with applications to economics, American Mathematical Society, Providence,
RI, 2003.
[2] C.Bargetz, E. Nigsch, and N. Ortner, Convolvability and regularization of distributions, Ann. Mat. Pura Appl. 196 (2017), 2239-2251.
[3] C.Bargetz, E. Nigsch, and N. Ortner, A simpler description of the x-topologies on the spaces Z;,, LP, .4*, Math. Nachr. 293 (2020), 1691-1706.
[4] J. Bergh and J. Lofstrom, Interpolation spaces, Springer, Berlin, 1976.
[5] G.Birkhoff, Lattice theory, 3rd ed., American Mathematical Society, Providence, RI, 1973.
[6] A.Biswas and D. Swanson, Navier-Stokes equations and weighted convolution inequalities in groups, Commun. Part. Diff. Equ. 35 (2010),
559-589.
[7] N. Bourbaki, Elements of mathematics: integration I, Springer, Berlin, 2004.
[8] B. Davey and H. Priestley, Introduction to lattices and order, 2nd ed., Cambridge University Press, Cambridge, 2002.
[9] A. Debrouwere, Quasinormable Cy-groups and translation-invariant Fréchet spaces of type Dy, Results Math. 74 (2019), 1-17.
[10] A. Debrouwere, B. Prangoski, and J. Vindas, Factorization in Denjoy-Carleman classes associated to representations of (R4, 4), J. Funct.
Anal. 280 (2021), 108831.
[11] A. Debrouwere and J. Vindas, Topological properties of convolutor spaces via the short-time Fourier transform, Trans. AMS 374 (2021),
829-861.
[12] P. Dimovski, S. Pilipovic, and J. Vindas, New distribution spaces associated to translation-invariant Banach spaces, Monatsh. Math. 177
(2015), 495-515.
[13] J. Dixmier and P. Malliavin, Factorisation de Fonctions et de Vecteurs Indefiniment Differentiables, Bull. Sci. Math. 102 (1978), 305-330.
[14] A. Grothendieck, Produits tensoriels topologiques et espaces nucleaires, American Mathematical Society, Providence, RI, 1966.
[15] A. Grothendieck, Topological Vector Spaces, Gordon and Breach, New York, 1973.
[16] J. Horvath, Topological vector spaces and distributions, Addison-Wesley, Reading, MA, 1966.
[17] T.Kleiner and R. Hilfer, Convolution operators on weighted spaces of continuous functions and supremal convolution, Ann. Mat. Pura Appl.
199 (2020), 1547-1569. https://link.springer.com/article/10.1007/s10231-019-00931-z.
[18] S. Kostadinova, S. Pilipovi¢, K. Saneva, and J. Vindas, The short-time Fourier transform of distributions of exponential type and Tauberian
theorems for shift-asymptotics, Filomat 30 (2016), 3047-3061.
[19] N. Ortner and P. Wagner, Applications of D ,-spaces to the convolution of distributions, Bull. Pol. Acad. Sci. Math. 37 (1989), 579-595.
[20] N. Ortner, On convolvability conditions for distributions, Monatsh. Math. 160 (2010), 313-335.

85U8017 SUOWILIOD BAIIER1D 3edldde au Aq peusenob afe sajolie YO ‘8sN JO Sa|N. 10} Aeuq) 78Ul U AB|1A U (SUOTIPUOD-pUe-swewod A3 1M Areiq 1 Ul [Uo//Sdny) SUORIPUCD pue SWie | 841 885 *[£202/50/LT] Uo ARiqiTauliuo AB|IM ‘80Ul UeIL200 A 0EE00TZOZ BUEW/ZO0T OT/I0p/W0 A8 1M Afeiq 1 jeul|uoy/Sdny oy pepeojumod ‘S ‘€202 ‘9T922ZST


https://link.springer.com/article/10.1007/s10231-019-00931-z

KLEINER AND HILFER &Aﬁgg&%ﬁ’%@ﬁHE 1963

[21] N. Ortner and P. Wagner, Distribution-valued analytic functions—theory and applications, tredition GmbH, Hamburg, 2013.

[22] N. Ortner and P. Wagner, Fundamental solutions of linear partial differential operators, Springer, Cham, 2015.

[23] A. Peressini, Ordered topological vector spaces, Harper & Row, New York, 1967.

[24] B. Roider, Sur la Convolution des Distributions, Bull. Sci. Math. 100 (1976), 193-199.

[25] L. Rubel, W. Squires, and B. Taylor, Irreducibility of certain entire functions with applications to harmonic analysis, Ann. Math. 108 (1978),
553-567.

[26] W. Rudin, Functional analysis, McGraw-Hill, New York, 1973.

[27] H. Schaefer and M. Wolf, Topological vector spaces, Springer, Berlin, 1999.

[28] L. Schwartz, Theorie des distributions, Hermann, Paris, 1966.

[29] L. Schwartz, Analyse IV: applications a la théorie de la mesure, Hermann, Paris, 1993.

[30] R. Shiraishi, On the definition of convolutions for distributions, J. Sci. Hiroshima Univ. A 23 (1959), 19-32.

[31] F. Treves, Topological vector spaces, distributions and kernels, Academic Press, New York, 1967.

[32] V. Vladimirov, Methods of the theory of generalized functions, Taylor and Francis, London, 2002.

[33] J. Voigt, Factorization in some Fréchet algebras of differentiable functions, Studia Math. LXVII (1984), 333-348.

[34] P. Wagner, On convolution in weighted D} ,-spaces, Math. Nachr. 287 (2014), 472-477.

[35] A. Wilansky, Modern methods in topological vector spaces, McGraw Hill, New York, 1978.

How to cite this article: T. Kleiner and R. Hilfer, Convolution on distribution spaces characterized by
regularization, Math. Nachr. 296 (2023), 1938-1963. https://doi.org/10.1002/mana.202100330

85U8017 SUOWIWOD SA[RID 8 [eat[dde au Ag peusenob a.1e sejole YO ‘9SN Jo Sojni o} AkelqT8UIIUQ A8]I/ UO (SUONIPU0D-PUE-SWB Lo A3 1M Alelq Ul uo//SAny) SUORIPUOD Pue SWiS | 81 88S "[£202/S0/LT] uo Akeidiauljuo AB|1IM ‘soueld aueIyd0D A 0EE00TZ0Z BUEW/Z00T OT/I0P/W00 A8 |1 Aleiq 1 jpuluo//Sdny Wwolj pepeojumod ‘G ‘€202 ‘9T9ZZeST


https://doi.org/10.1002/mana.202100330

	Convolution on distribution spaces characterized by regularization
	1 | INTRODUCTION
	1.1 | Characterizing the locally convex structure of convolutor spaces
	1.2 | The locally convex structure, duals and preduals of weighted distribution spaces
	1.3 | Reproducing the classical definitions for (DF)-type convolutor spaces
	1.4 | Inherited properties of bilinear convolution mappings between convolutor spaces

	2 | SOME NOTATIONS
	3 | CHARACTERIZATION OF CONVOLUTOR SPACES VIA REGULARIZATION
	3.1 | Function-valued seminorms defined by regularization
	3.2 | Solid regularization-invariant spaces
	3.3 | Characterization of the locally convex structure
	3.4 | Conclusions from the characterization theorem

	4 | WEIGHTED CONVOLUTOR SPACES
	4.1 | Description of weighted spaces by multiplication with smooth weights
	4.2 | Dual spaces of weighted convolutor spaces
	4.3 | Predual spaces for weighted convolutor spaces

	5 | NEW IDENTITIES FOR LOCALLY CONVEX DISTRIBUTION SPACES
	5.1 | Duals of solid regularization-invariant Fréchet spaces
	5.2 | Lebesgue spaces with strict topologies

	6 | CONVOLUTION ON DISTRIBUTION SPACES AND REGULARIZATION
	ACKNOWLEDGMENT
	REFERENCES


