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Abstract

The convolution of two weighted balls of measures is proved to be contained in a third
weighted ball if and only if the supremal convolution of the corresponding two weights is
less than or equal to the third weight. Here supremal convolution is introduced as a type
of convolution in which integration is replaced with supremum formation. Invoking dual-
ity the equivalence implies a characterization of equicontinuity of weight-bounded sets of
convolution operators having weighted spaces of continuous functions as domain and range.
The overall result is a constructive method to define weighted spaces on which a given set
of convolution operators acts as an equicontinuous family of endomorphisms. The result is
applied to linear combinations of fractional Weyl integrals and derivatives with orders and
coefficients from a given bounded set.
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1 Introduction

Although necessary and sufficient conditions are known, that make fractional integration a
bounded operator between weighted (Lebesgue) spaces, (see [25,28,31-33] and references
therein), applications, extensions and generalizations of weighted convolution inequalities
continue to attract widespread interest in potential analysis and its applications to partial dif-
ferential equations [3,6,13-17,21,27,35,36]. Deviating from the traditional focus on Banach
spaces and fractional Riesz integrals, the present article studies weighted convolution alge-
bras of Radon measures and fractional Weyl integrals operating as equicontinuous families
of linear endomorphisms on weighted locally convex spaces of continuous functions.
Mathematically, the main objective of this article is to introduce and prove certain weighted
norm inequalities for convolution operators given in our Theorems 5 and 6. A known example
and special case of Theorem 5 applies to Radon measures from the set 91(w) of measures
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on a locally compact group G with finite norm |||l = f' w(x)d|u|(x) < oo, where f'
denotes the essential upper integral of w with respect to the absolute value || of . In [8,
Chapter 6] and [10, Section 4], the weighted norm inequality

lee s vlllw < Mllwlliviile  for w, v e M(w), (LD

is shown to be equivalent to “submultiplicativity” of the lower semicontinuous weight
w: G — RT := [0, co™). One calls a weight w submultiplicative, if

w(xy) < wx)w(y) (1.2)

holds for all x, y € G. Recall from [8,10], that (0 (w), ||| - |/|w) becomes a Banach convo-
lution algebra of measures, if inequality (1.1) or equivalently (1.2) holds. Extensions and
generalizations were obtained in [1,9,19] for LP-algebras, 1 < p < oo, instead of measure
algebras.

Define the (multiplicative) supremal convolution of two arbitrary weight functions
w,v: G — RT™® as

(w A v)(z) :=supfwx)v(y) : z,y € G, xy =z} (1.3)
with the convention 0 - oo = 00 - 0 = 0, and let
w Vov:=1/(1/w) A (1/v)) (1.4)

denote their infimal convolution. Expressing the inequality (1.2) equivalently in terms of
infimal convolution

w<wVuw (1.5)

hints at the fundamental role played by supremal and/or infimal convolution for weighted
convolution inequalities. In the literature, the additive variant of infimal convolution has been
studied as “inf-convolution” or “epi-addition” in the context of convex analysis [24,30].

Given the equivalence (1.1) <= (1.2) <= (1.5), it is natural to investigate its extension
to triples of weights (w, v; u) or triples of sets of weights (W, V; U). Let w[1] denote
the subset of measures in 1(w) obeying f'(l/w(x)) d|u|(x) < 1. Our Theorem 5 shows
that the inequality w A v < u is equivalent to w[9N] * v[9N] € u[M] for locally bounded
w,v,u: G — RT. Regarding existence of w[M] * v[9MN], this is shown to be equivalent to
local boundedness of w A v. In Theorem 5, the equivalence

WA v <u < wM*v[M] C u[M] < w[IM]*Cy[u] C Cy[v] (1.6)

is proved, where Cy[w] denotes the space of all continuous functions f: G — C with
w|f] < 1 and such that w|f| vanishes at infinity. Assumptions for (1.6) require that the
weights are upper semicontinuous and locally bounded away from zero. More equivalences
and inclusions are provided in the precise formulation of Theorem 5.

A preliminary formulation of Theorem 6 highlights the role played by (1.3) for the char-
acterization of convolution as a bounded bilinear operation. Let (W, V; U) be a triple of sets,
each consisting of upper semicontinuous functions, that contain all upper semicontinuous
functions u such that ¥ < Amax{w, v} for some A € RT, w,v € W. Convolution is a
well-defined bounded bilinear operation

#: (WEM), Zw) x (VEN), Ay) — (UEN), #y) (1.7a)
if and only if
[WAV]ICU. (1.7b)
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Here W) = (J,yew wIMN] is the space of W-finite measures and .y is the bornology
consisting of the sets of measures M with M C w[9N] for some w € W. The brackets [ - ]
denote upper semicontinuous envelope formation. Assuming xx € W, V, U for all compact
K C G, each of (1.7a) and (1.7b) is equivalent to

w (WO, A5 ) > (CU), To) > CV), T)) (1.7¢)

being a well-defined linear mapping such that bounded sets are mapped to equicontinuous
sets of continuous linear operators (Cy(U), Zy) — (Cy(V), Fy). Here Cy,(W) denotes the
set of continuous functions on G with w| f| vanishing at infinity for all w € W and Jy is
the locally convex topology generated by the weighted supremum norms f — || f|ly =
sup{w(x)| f(x)]| : x € G}, w € W. Reflection is denoted by w(x) := wxH, x € G and
Xk is the characteristic function of K € G.

It is natural to regard (1.7) as a mere consequence of (1.6). But giving a proof of (1.7)
requires to drop the positivity assumption on the weights in (1.6). This forces us to deal with
convolutes (p * f)(x) that can diverge for some or even all x € G, and in turn, to deal with
integrals of C*°-valued measurable functions that are allowed to diverge. A whole section for
notations and results concerning this difficulty has been incorporated to ensure transparency.
A byproduct of these preparations is Theorem 2. It guarantees universal measurability of
the convolute w * f whenever u is a moderated measure and f a universally measurable
C®°-valued function.

The paper is organized as follows. Basic notations and conventions are summarized in
Sect. 2. This includes a discussion of extended arithmetics. Section 3 treats supremal images
as preparation for Sect. 4 where basic properties of supremal convolution on locally compact
groups are summarized. Section 5 discusses deconvolution. Section 6 provides definitions
and results concerning integration of extended K°-valued functions that are needed for
Theorems 5 and 6. Theorem 5 is stated and proved in Sect. 7, where results on images
and tensor products of weighted balls of measures, Theorems 3 and 4, are also included.
Theorem 6 is stated and proved in Sect. 8. Section 9 applies the general results to fractional
Weyl integrals and derivatives as linear endomorphisms on weighted function spaces.

2 Notations and conventions

Let K be R or C throughout. Define K® := K U {co}, RT := [0, 00") and RT*® :=
R* U {co™}. The symbol oo stands for “divergent,” “undefined” or “infinite” in a generic
unsigned sense. The symbol co™ stands for “positive divergent.” The extension K® 2 K is
considered as an Alexandrov compactification, where oo is adjoined as the point at infinity.
The extension RT™>° D R is understood as an ordering theoretic extension, where oo™ is
adjoined as the greatest element.

Addition, subtraction, multiplication and division are extended to K* according to

if 0,
00+ X =x 4+ 00 = 00, 00X =X-+00= o0 %x;é (2.1a)
0 ifx=0,
x—y:=x+(-y), x/y=x-y! (2.1b)
for all x, y € K* combined with —o0 := o0, oo ! := 0, and 07! := o0o. Note that

associativity and commutativity hold for addition and multiplication, but the distributive law
can fail, because (1 — 1) - 00 # 1-00 — 1-00. Real and imaginary parts of oo are Jico := oo
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and Joo := o0o. The absolute value of oo is defined as |oo| := co™. The complex conjugate
of 0o is 50 := oo.

The operations -+, - and (-)~! are extended to R by replacing oo with cot in (2.1) and
setting (co™)~! := 0, and 0~! := co™. The extended multiplication is also denoted as * and
referred to as supremal multiplication. Subtraction and inverse elements for addition are not
defined, but the distributive law holds in RT*°,

For any set S, the set of functions § — K is denoted by F(S). To denote functions with
values in K, R* or R™ instead of K, we replace F by F>°, F*+ or FT®,

Let S be atopological space. The topological space S is called locally compact if every of its
points has a compact neighborhood. All locally compact spaces are assumed to be Hausdorff.
The set of K-valued continuous functions on S is denoted by C(S). A function f € FT%°(S)
is called upper (resp. lower) semicontinuous if {f > a} (resp. { f < a}) is closed for every
a € R, The sets of R™™-valued lower, respectively, upper semicontinuous functions
are denoted by £7°°(S), respectively, UT°(S). The upper semicontinuous envelope of w €
FT(S) is denoted by

[w] :=inf{u € UT0S) : w < u}. (2.2)

The setZ/+2°(S) is known to be a closure system [7, Definition 2.33]in F7°°(S),i.e.,L{T>°(S)
is closed with respect to pointwise formation of suprema of arbitrary subsets.

Restrictions to functions that are locally bounded, uniformly bounded, vanishing at infinity
or compactly supported, are denoted using a subscript Fip, Fp, Fy, respectively, . A function
f: S — K is said to “vanish at infinity” if and only if for every ¢ > 0 there is a compact
set K, C S such that | f(x)| < ¢ forall x € S\K..

3 Supremal image functions and upper semicontinuity

Let ®: S — T be a mapping between sets and w: T — RT an arbitrary function.
The pullback or inverse image function @ 'w of w under & can always be defined as
@& lw:=wod:§ — RT™ using the composition of mappings.

Unless @ is bijective and thus invertible, there is no general or natural notion for a “push-
forward” or an “image function” of a function w € F¥T(S) under ®@. However, a useful
construction resembling the “pushforward” of a function w: S — R under an arbitrary
mapping @ : S — T arises from considering R* as an ordered set (RY*°, <), where < is
the canonical ordering.

Definition 1 The supremal image function @ w of w under @ is defined as
(Dw)(t) == sup{w(s) : s € @1 (1)}, 3.1

for t € T. A supremal image function @ w is called exact if the supremum in (3.1) is a
maximum for all r € @(S).

Supremal image formation is analogous to “epi-composition” in [30, Eq. 1(17)]. Note, that
@w coincides with the pullback under the inverse mapping @1, i.e., dw = (<D’1)71w,
whenever @ is bijective.

Supremal image functions can be characterized in two ways. Firstly, one associates the
strict hypograph Hy, := {(s, @) € S x (0,00") : a0 < w(s)} € S x (0, 0c0™) to a function
w € FT°(S). The image of the hypograph H,, under the product mapping @ x id: S x
(0,00") — T x (0,00™) results in a set Hp ,, C T x (0, co™) that is precisely the strict
hypograph associated with dw.
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Secondly, the mapping @ : F+(S) — FTo(T) associated with any mapping @: S —
T by Definition 1 can be seen as the (lower) adjoint to the inverse image operator
o1 FTO(T) — FT(S) in the sense of ordering theory [7, Definition 7.23], where
FT(S) and FT°°(T) are endowed with the canonical pointwise ordering. This fact is
formulated as

Proposition 1 The mappings ® : F+°° (S) > FHAT) and @~ 1: FTO(T) — FTO(S)
are isotone. The pair of mappings (<D @~ 1Y is a Galois connection (or adjoint pair) in the
sense that the two statements

dw<v e w<o v forall w e FT(S), v e FH(T) (3.2a)
and
w < @ N (Pw) for w e FTo(S), @ (@ 'v) < vforve FHT) (3.2b)
hold true.

Proof Tsotony and the statement (3.2a) are proved by pointwise evaluation. This shows that
(@, @) is a Galois connection. The statement (3.2b) is a general property of Galois con-
nections [7, Lemma 7.26, p. 159]. O

The following two results on upper semicontinuity and supremal image functions will
be useful. For the remainder of the section, @: § — T is a continuous mapping between
topological spaces. The brackets [ - | will denote upper semicontinuous envelopes.

Corollary 1 Proposition 1 holds also when FT°(T) is replaced by U (T) and @ is
replaced by the assignment w +—> (tbw —‘

Proof f Isotony of @ and -] imply isotony of w — |_ dw -| The equivalence of |_<Dw -| <v
and w < v for w € FT°(S) and v € U (T) concludes the proof. O

Lemma 1 The following relations hold:
Pw<dlwl<[dw]=[dTw]] forall w € FF(S). (3.3)

Proof The relations @ w < ) [w] and |'<’5 w-| < (5 [w] —| follow from the definitions.
Further, assume dw < v with v € UT®(T). Proposition 1 yields w < @~y and further
Pw < ®(P'v) < v where &~'v € UT°(S). This implies @ [w] < [ w ], and thus,
[@Tw]] < [®w] yields the equality. |

Proposition 2 Assume that T is locally compact. If w: § — RT is upper semicontinuous
and the restriction of w to the preimage ®~'(C) is vanishing at infinity for any compact
C CT,then®w: T — RY® s upper semicontinuous as well. Further, the supremal image
function Dw is exact.

Proof The proof is analogous to [30, Proposition 1.32]. O

4 Supremal convolution on locally compact groups

Let G be a locally compact group and let I": G x G — G be its continuous multiplication
written as xy = I'(x, y) forx, y € G.
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Definition2 Let w, v € FT°°(G). The (multiplicative) supremal convolution of w and v,
denoted as w A v, is defined by

(w A v)(2) :=sup{wx) *v(y):x,y € G, xy =z}, z€G. 4.1)

Supremal convolutes w A v are called exact, if the supremum in (4.1) is a maximum for all
z€G.

Supremal convolution is an associative binary operation A on FT°(G) [24,30] that is
analogous to inf-convolution in [30, 1.H.]. The law x4 A xp = xap holds for subsets
A,B € G.Forx € G,one has xy A w = Lywand w A xy = Ryw where Lyw(y) :=
w(x~'y) and Ryw(y) = w(yx~") denote left and right translation. Supremal convolution
respects translation in the sense that Ly (w A v) = (Lyw) A vand Ry (w A v) = w A (Ryv).
Supremal convolution is homogeneous in the sense that (A * w) A v = w A (A *v) =
(wA (A?v)) = A2 w A v) for A € RT, For infimal multiplication, one obtains only
AY(wAv)>GYw)A v, wA (LYv)for A € RT, Thus, supremal convolution shares
many properties with convolution.
Supremal convolution can be decomposed as

A1 FIRG) x FY(G) -5 F*(G x 6) > FH(G) (“42)

into the supremal tensor product ® and the supremal image I under the group multiplication
I'. The supremal tensor product is defined as

(w R v)(s, 1) = w(s)  v(r) 4.3)

whenevers € S,t € T, w € FT®(S), v € FT®(T) and S, T are sets. It coincides with the
usual tensor product ® of functions whenever the functions are finite valued.

The adjective “supremal” refers to the fact that supremal operations (convolution, mul-
tiplication or tensor product) are characterized as the unique extensions of the finite-valued
case that preserve suprema of arbitrary subsets in each argument. This means that

sup(A O B) =supAOsupB 4.4)

holds for O = »,®,A. Here A,B € RT™™ or A, B C F™®°(G) for O = *, while
A, BC Ft®G)for O = ®, A.

Proposition3 Let w, v € FT°(G). If w or v is lower semicontinuous, then w A v is lower
semicontinuous as well.

Proof The proposition is an analogue of [24, 4.c. Proposition]. O

Proposition 4 Let w,v € UT(G) such that w ® v is vanishing at infinity on r-c) =
{(x,y) € G x G :xy e C}forall compact C C G. Then, w A v is upper semicontinuous
and the supremal convolute w A v is exact.

Proof This follows from Proposition 2 and the fact that tensor products of R*-valued upper
semicontinuous functions are upper semicontinuous. O

Corollary 2 The following inclusions hold:
U (G) A U (G) U (G, (4.5)
Ut(G) A UF(G) CUT(G). (4.5b)
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Proof This is merely checking the assumption of Proposition 4. O

Remark 1 By means of the exponential transformation R**® := [co™, cot] <> R with
exp(—x) < y,where oo™ := —oo' and —co™ := oo™, Proposition 4 is seen to be equivalent
to Proposition 1.27 from [30]. Proposition 1.27 from [30] was proved for R?, but the proof
in [30] extends to locally compact groups without complications. The special case (4.5a) can
also be found in [24, Section 4].

Lemma2 Let S and T be topological spaces. Upper semicontinuous envelopes [ -1, and
tensor products @ are compatible in the following sense:

lwevl=Tw]®[v] forall (w, v) € Ff (S) x Fi (1), (4.6)
where }'115 denotes locally bounded functions.

Proof Upper semicontinuous envelopes of locally bounded functions are finite valued, and
tensor products of finite-valued upper semicontinuous functions are upper semicontinuous.
Therefore, [w®v] < [w] ® [v] € UT®(S x T). On the other hand, if w ® v <
u e UT®(S x T), then wv(t) = (w @ v)(-, 1) < u(-,t) € UT®(S) forallt € T, and
thus, [w] ® v < u. With the same argument, one obtains [w] ® [v] < u, and thus,
[wl@vI<Tw®v]. a

Proposition 5 Let w, v, u € U (G) such that w A v and v A u are locally bounded. Then,
the following associative law holds:

[TwAVIAul=TwAvAul=TwA[vAul] 4.7
Proof Use the definition of A , then the upper semicontinuity of # and then Lemma 2 to get:
fwAavliau=T(wavi®@w=TTwav]I®@u)=T(wWA )Ou)
This, together with Lemma 1 and the definition of A in reverse, gives
Mwaviaul=[TTwav)Qul)]
=[T(wAVWRW]|=T(wAv)Aul.
Now, use the associative law for A and do similar steps in reverse. O

Remark 2 Proposition 5 implies that the assignment (w, v) — [w A v ] defines an associa-
tive internal binary operation Z/lgr (G) x le+ (G) —> Z/lb+ (G). Setting w = x4 and v = x3,
where x4 denotes the characteristic function of a subset A € G, shows that the assignment
(A, B) — AB with A, B C G defines an associative internal binary operation on the closed
subsets of G. Here A denotes the topological closure of A in G.

5 Supremal deconvolution
Supremal deconvolution is an operation similar to taking the inverse of supremal convolution

(see Proposition 6). It is related to infimal convolution ¥V, the dual operation to A , defined
asw Vou=1/(1/w) A (1/v)) for w,v € FF°(G).

Definition 3 Multiplicative supremal left/right deconvolution is defined as

(WA u)(z) :=inf {(L/w&x) Yu(y):x,yeG.xy=z}, z€G, (5.1a)
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(u A v)(z) :=inf {u(x) Y (1/v(y71)) x,yeG,xy= z} , z€G, (5.1b)

for w,v,u € FT°(G). Here “Y” is infimal multiplication defined such that 0 Y oo™ =
oot ¥ 0 = oot The definition is analogous to the deconvolution from [22, Introduction].

Remark 3 Note that X\ preserves suprema in its left argument and infima in its right argument.
Left deconvolution can be written as w X v = (1/w) V v.

Proposition 6 Let w, v, u € F®(G).
(a) The following equivalences hold:
wAv<u — v<wdu — w<ulpv 5.2)

(b) The following inequalities hold:

v<wdA (wA ), wA (wA u) <u, (5.3a)
w<(wAv)A v, (upv)yAv<u, (5.3b)
w<up (wA u), v<(ufv)A u. (5.3¢)

(¢) Ifu is upper semicontinuous, then w X u and u /A v are upper semicontinuous as well.

Proof Part (a) and (b) of Proposition 6 are analogues of Lemma I-1 and Proposition I-4 in
[22] carefully extended to the non-commutative case.
Part (c) follows from Proposition 3 by duality. O

6 Integration of K*°-valued measurable functions

This section summarizes notations and results for measures and integration on locally com-
pact spaces [4,5]. A slight modification of essential integration is introduced [Eq. (6.2) and
(6.4)] to allow integration of arbitrary K°°-valued measurable functions with respect to any
K-valued Radon measure consistent with the extended arithmetic from Sect. 2. This allows
to state and prove that the class of universal measurable K -valued functions on G is pre-
served under left convolution with moderated Radon measures on G (Theorem 2). The result
is derived from Theorem 1 that concerns integration of universally measurable functions with
respect to factors of a product measure.

In the remaining text of the article, the “Radon” in Radon measure is dropped, because
solely this kind of measure is used.

Let S be alocally compact space. The set of K-valued continuous functions with compact
support is denoted by /C(S). The set of K-valued measures on S is denoted by M (S), the set of
positive measures by 9T (S). The symbols Ry, S and |u| denote the real part, imaginary
part and absolute value of 1 € IM(S), respectively. The positive/negative part of a real-
valued measure p is denoted by ,ui (See [4, Ch.III,§1,Nos.3,5,6]). The upper integral,
respectively, the essential upper integral of f € FT°(S) with respect to u € IMMT(S) is
denoted by
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w*(f) :f f(s)du(s), respectively, ;L’(f):/ f(s)du(s) 6.1)

(See [4, Ch.1V,§1,No. 1, Def. 1], respectively, [4, Ch.V, §1,No. 1, Def. 1]).

Fix ameasure . The following definition of essentially p-integrable K°°-valued functions
is a useful extension of the essentially p-integrable functions from [4, Ch.V, §1, No. 3, Def. 3]
to K. The set of essentially ji-integrable K -valued functions is denoted by Z°°(u) and
defined as the set of all functions f from F°°(S) such that Iy := {s € S : f(s) = oo} isa
locally u-negligible set and f coincides on S\ 1y with some K-valued p-integrable function
f' [4,Ch.1V, §4,No. 1, Def. 1]. The essential integral of f € I°° (i) with respect to u is then
defined as

u(f) = f F(5)dus) = u(f) 62)

where 1 (f”) is the integral of f” as defined in [4, Ch.IV, §4,No. 1, Def. 1]. This definition of
the essential integral 1 ( f) is analogous to that in [4, Ch.V, §1, No. 3, Def. 3].

The set of w-measurable K*-valued functions is denoted as M°(u) and is defined
as in [4, Ch.1V, §5,No. 1, Def. 1] where K* is endowed with the topology it obtains when
considered as an Alexandroff compactification of K. The set of universally measurable K*°-
valued functions on S is defined as the intersection of the spaces M (u) with u running
over all positive measures on S [4, Ch.V, §3,No. 4, Def.2].

Proposition 7 The sets M () with p € 9M(S) and M°(S) are closed under the extended
addition, multiplication and K*°-scalar multiplication. Further, they are closed under addi-
tive and multiplicative inverses, the formation of real/imaginary parts, positive/negative parts
(if K = R) and the absolute value.

Proof To prove the closedness with respect to extended addition and multiplication, one
uses [4, Ch.1V, §5,No. 10, Prop. 16] and the following three observations: 1. The statement
of the proposition is known for K-valued functions. 2. A K*-valued function f is u-
measurable if and only if the set Iy := {s € § : f(s) = oo} is u-measurable and the
restriction of f to Fy := S\ Iy is a i-measurable K-valued function on Fy in the sense of [4,
Ch.1V,§5,No.10,Def. 8]. 3. The relations Iy, = Iy U, and Ir.o = (Iy N Py) U(PyN 1)
hold for arbitrary f, g € F*°(S) where Py :={s € §: f(s) # 0}.

The remaining statements can be proved in a similar vein. O

Applying [4,Ch. V, §1,No. 3, Prop. 9] to the definition of the essential ;-integral, as defined
in (6.2), one obtains the following characterization:

feT®w = [ul*(f) <oco”and f e M*(w). (6.3)

The extended essential p-integral u(f) of f € M (1) with respectto u € 9(S) is defined
by extending the essential p-integral as follows:

w(f) =00 whenever  |u|®(|f]) =oco™. (6.4)

This extension is motivated by the equivalence (6.3). Due to (6.3), one obtains a well-defined
mapping p: M>®(u) - K.

Proposition 8 The extended essential integral obeys

waf +ag) =au(f)+ Bu(g) (6.5a)
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Jor f,g € M®(w), a, B € K, u € M(S) if and only if

[l (1) < 00™ or |ul(lgl) < oo™ or |ul(lef + Bgl) = oo™ (6.5b)
Similarly,
(ap + B)(f) = an(f) + Bv(f) (6.6a)
holds for f € M™ () N M®W), a, B € K, u, v € M(S) if and only if
Il (1 f1) < oo™ or wI(gh < oo™ or |ap+ Bvl(If]) = oo™ (6.6b)
But,
00 - w(f) =p(oo- f) (6.7a)
for f € M (), u € M(p) if and only if
n(f) #0 or |ul(1f)=0. (6.7b)

The standard estimate

e (HOI < Il (1fD (6.8)

holds for all f € M®(u), u € M(S). When oo and oo™ are identified with each other, one
has

w(f) =u*(f) (6.9)
forall f € M¥(S), u e MT(S).
Proof Oneusesthat u: Z%°(u) — Krespects extended addition and K-scalar multiplication,

the equivalence in Eq. (6.3) and distinguishes the different cases that appear according to the
definition in Eq. (6.4). O

Corollary 3 The following decomposition formula holds:

3
p(f) =Y i@ @ f) (6.10)

k,1=0
forall f € M>®(u) and p € M(S), where Py := (KT, Py := (3)F, P := W)~ and
P; =)
Proof The estimates

3

3 3 3
\%ZPkaIfISZPkf IS S
k=0 =0

k=0 k=0
hold for f € F°°(S) and u € M(S) [4, Ch.1IL, §1,No.5 & 6]. This yields that

Il (1 f1) = oo™ = 3k, 1€(0,1,2,3} :© (Pru)(Prf) = oo™

This means that the conditions (6.5b), respectively, (6.6b) can be verified for the linear
combinations f = Zizo *Py f and p = 22:0 i*Py 1. Using (6.5a), (6.6a) and (6.9), one
obtains (6.10). m]
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Recall the definition of products of measures: For any two measure . € 9(S), v € (T
and f € K(S x T), let

fe 1)) = / FEL DA, s v()s) = / Fe.)du(@).  (6.11a)

Then p(f) and v( f) define continuous functions of compact support. The product measure
1 ® v of wand v is defined for f € (S x T) by [4, Ch.III, §4, No. 1]:

(M®V)(f)=/</ f(s,t)dM(S)) du(z):/(/ f(s,t)dV(t)> du(s).  (6.11b)

A K-valued measure p on S is called moderated whenever S is a countable union of -
integrable sets [4, Ch. V,§1,No. 2, Def. 2]. In this case, the support supp p of 1 is a countable
union of compact subsets of S [2, Lemma 1]. The set of moderated measures on S will be
denoted by 9, (S).

Theorem 1 Let 1 € M, (S), v € My (T) and f € M*(S x T). Then the functions ju(f)
and v(f) in (6.11a) are well defined, in a pointwise sense, as extended essential integrals of
K®°-valued measurable functions and they fulfill u(f) € M (T) and v(f) € M*>(S). In
addition, if |u ® v|(| f]) < oo™ or u, v and f are positive, then the formula (6.11b) holds.

Proof According to [4, Ch.V, §8,No.2,Prop.2], one has s’ — f(s',1) € M®>(S) and
t'+— f(s,t') € M®(T) whenever f € M®(S x T),t € T,s € S and this guarantees
that ;(f) and v(f) are pointwise well defined in the sense of the conventions for extended
essential integration from (6.2) and (6.4). Using the decomposition formula (6.10) yields

3 3
w(H@ =Y @@ H@O, v =Y T E@HE) 6.12)
k,1=0 k,1=0

forallt € T and s € S. According to (6.9) and [4, Ch.V,§8,No.3,Prop.7], the func-
tions (Pru)(P; f) and (Pxv)(P; f) are universally measurable for all k, ! € {0, 1, 2, 3}. From
Proposition 7 and Eq. (6.12), one concludes that . ( f), respectively, v( f) are from M>°(S),
respectively, M (T).

The additional statements follow from [4, Ch.V, §8,No. 2, Prop.2] and [4, Ch. V, §8, No.
4, Th. 1]. O

Convolution is now defined as the image of a product: For any continuous mapping
@: S — T between locally compact spaces and i € 91(S), the image of . under @ is defined
by (@) (f) := u(f o @), f € K(T) whenever it exists, i.e., whenever |u|(f o I') < oo™
for all f € KKT(S) [4, Ch.V, §6,No.4,Def.2]. For two measures i, v € 9(G) on a locally
compact group G, one defines the convolution

wxv:=Iu®v] (6.13)

of ;1 and v whenever p and v are convolvable, i.e., whenever the image of © ® v under I”
exists [4, Ch. VIII, §3, No. 1]. The left convolution of a function f € M (G) with a measure
€ M(G) is defined as

(s f)(x) :=/f<y‘1x)du(y>, xeG. (6.14)
This defines a binary operation *: 2(G) x M*(G) — F°°(G). Linearity holds with

restrictions similar to those for the binary operation of extended essential integration 9(G) x
M (G) — K as seen in Proposition 8.
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Theorem 2 Left convolution (6.14) is well defined as a binary operation
#: My (G) x M®(G) > M™(G). (6.15)
The transposition law

(mx)(f) =v(u=f) (6.162)

holds for f € M®(G) and ., v € M;(G) whenever | and v are convolvable and one of
the following two expressions is finite:

(el =D fD, Il =1 f1)- (6.16b)

Proof Both statements follow from Theorem 1 and the fact that (x, y) — f(y~'x) defines
an element of M*°(G x G) whenever f € M*®(G). O

For a sequence of positive numbers x, € Rt n e N, their series is declared to be

D = supixn (6.17)

neN n=1
while for a sequence with x,, € K*
m
lim Xp, A Y o lxn| < 00T
> dn = mﬁoo; ’ nel ’ (6.18)
neN 00, if >, oy x| = oo

With this definition, linearity , .y (@x,+Byn) = o Y, cnXn+B ey Yn holds always for
positive sequences (x;)neN, (Vn)neN in RT and o, B € RT®. For a, B € K and (x;,),en,
(¥n)nen from K> linearity holds if and only if Y, .x[xx| < co™, or Y, ylyal < cot, or
Y enlaxy + Bya| = oo™ The relation ), .y 00 - X4 = 00 = Y,y X, holds if and only if
D nenXn # 0,0rx, = 0foralln € N. The standard estimate |}, . xn| < Y, el | holds
for all sequences (xp,)en in K.

Remark 4 With these specifications, Theorem 1 can be applied to the situation where 7 = N
and v € M, (N) = M(N) is given by the counting measure

v(g) =) g (6.19)

neN

for g € M®[N) = F*(N). The function set M*>(S x N) is identified with the set of
sequences (f;)nen With f, € M®(S). For F = (fy)nen € M(S x N), the pointwise
defined function s — v(F)(s) obeys

V(F) =" fu € M(S). (6.20)

neN

7 Operations on weighted balls characterized by weights

This section characterizes the action of image, product and convolution operations on
weighted balls of measures and functions in terms of supremal operations on the weight func-
tions. The symbols S and 7 will denote locally compact spaces, @ : S — T is a continuous
mapping, and G is a locally compact group with multiplication mapping I': G x G — G.
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Definition 4 For w € F1°°(S), the w-ball of measures is defined as
w[I] = {n € M(S) : |ul*(1/w) < 1}. (7.1a)
The strict w-ball of Dirac measures w[®s] is defined as
w[Ds] :={ads :5 €S, x ek, |a| < w(s)}, (7.1b)
where §;(f) := f(s), f € K(S) is the Dirac measure associated with s € S.

Remark 5 Let w, v € FT(S).

(a) The set w[9N] is vaguely bounded iff w is locally bounded.

(b) The set w[9N] is vaguely closed iff w is upper semicontinuous.

(c) If w is locally bounded, then the ball w[91] consists of moderated measures (see
Lemma 3) and the inequality |1|*(1/w) < 1in(7.1a) may be replaced by |u|*(1/w) < 1.

(d) The inclusion v[®Ds] € w[M] holds iff v < w.

Lemma3 Let ju be a measure on S and h: S — RY® a function that is bounded away
from zero on each compact subset of S and assume |1|®*(h) < 1. Then, there exist measures
n € M(S) with compact support and numbers o,, € R, such that |u,|*(h) < 1,n € N,
Zzozl ap < landpu = fo;l Ay g inthe sense of a vaguely converging series. The following
estimate holds:

Z (793"

As a consequence [ is moderated.

(h) < Z o foralln € N. (7.2)
k=n+1

Proof The assumptions on & guarantee that the lower semicontinuous envelope |4 ] of & is
strictly positive everywhere. The sets H,, := {|h] > 1/n}, n € N are u-integrable, because
they are open and

|il* (Hy) = nlpel* (/) xm,) < nlpl®(Lh]) = nlul®(h) <n < oo™ (7.3)

Their union is S. Thus, x is moderated. By [2, Lemma 1], its support is the union of a
sequence of compact subsets of S. Therefore, there exist functions f, € X (S), n € N such
that f - © = u, where f := Z;’loz] fn- Define the measures v, := f; - u and the numbers

= |vu|°(h) = |u|*(fuh) € R, Then, let u,, := (1/a,) - v, if &, # 0 and w,, = 0
otherwise. The numbers «;, and the measures u, fulfill the statements in the theorem. Using
[4, Ch.V, §1, No.1, Prop.1 d)& e)] and [4, Ch.III, §1, No.4], one estimates

= k| () = f-M—ka-u (h) = ‘(f ka) (h)
k=1
= ( > fk) (h) = |u|'< > fkh>
k=n+1 k=n+1

D7 lul (k)
k=n+1

D

k=n+1

which concludes the proof. O
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Definition 5 Let w € FT°°(S). The w-weighted ball of K*-valued universally measurable
functions is defined as

MZw] = {f € MZ(S) : I fllw = 1} (7.42)

where the w-supremum norm is
FXWS) 3 f > | fllw :=sup{w(s)|f(s)| : s € S} e RT™, (7.4b)

The w-weighted ball of w-continuous functions is defined as

Cw] = Me[wln i) !, (7.4¢)

where the formula for C;"[w] means the closure of M*[w] N K(S) in M*°[w] with respect
to the pseudo-metric (f, g) — || f — gllw on M*[w]. Let

Xs[w] :={ayxs :s €S, a €K, |a] < 1/w(s)} (7.4d)
denote the strict w-weighted ball of functions supported on a single point.

Remark6 Let w, v € FT°(S).

(a) Forany f e K(S), one finds ¢ > 0 with ¢ f € C;"[w] iff w is locally bounded.

(b) ThesetC, [w] consists of K°°-valued universally measurable functions that are K-valued
on the set {w > 0}, such that its restrictions to the sets {w > A}, A > 0 are continuous
and w| f| is vanishing at infinity on the subspace {w > 0}.

(¢) The inclusion X [v] € M*>[w] holds iff w < v.

Lemma4 The following equations hold:

@ (w[Ds]) = (Pw)[Ds] forw e FT(S), (7.5a)
w[Ds] ® v[Ds] = (w Q v)[Ds] forw € FF®(S), v e Fr(T), (7.5b)
w[Ds] * v[Ds] = (w A v)[Ds] forw,v e FY®(G), (7.5¢)
W[Ds] * Xs[u] = Xs[w A u] forw,u € FT(G). (7.5d)

Proof The results follow from the definitions by straightforward calculation. O

Theorems 3, 4 are now stated and proved in preparation for the main results stated in
Theorem 5.

Theorem3 Let w € .7-'173'(5), v € .ﬁg(T). The images @, n € w[IMN] exist if and only if
Qw is locally bounded. The following are equivalent:

(a) The inequality Dw < v holds.
(b) The inclusion @ (w[IMN]) < v[IMN] holds.

Proof Characterization of existence: If ®w is not locally bounded, then, by local com-
pactness of S, there exists a sequence (s;),en € S and a compact subset C € T such
that 2" < w(s,) and @(s,) € C for all n € N. Define the positive measure p by
w(f) = Z;’;l 27"w(sy) f (sy) for f € K(S). Because w is locally bounded, {s,, : n € N}is
necessarily a discrete subset of S. This guarantees that u is a well-defined positive measure,
because it renders the sum finite. Then

pt (U fw) =Y 27" wisn) - (1w(sn)) < Y 27" =1

n=1 n=1
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thus, © € w[9], but

pogo @) = 27" w(s,)g(P(s)) = Y (P (sn)) (7.6)

n=1 n=1

forg € K (T).If g = 1 on C, then the expression on the right in (7.6) must be infinite. Thus,
the image of © under @ does not exist. The reverse implication follows from the estimate
(7.8).

For the converse, assume that v := @w is locally bounded and let u € w[9]. Then
1/(v o @) < 1/w holds by Proposition 1. For f € K*(T), one finds ¢ > 0 such that
ef < 1/v because v is locally bounded. Then, one obtains

l*(fo®) < e Hul*(1/(vo @) < e ! ul*(1/w) < oo™ (7.7)

proving the existence of @ . R
“(a) <= (b)”: Let u € w[M] and assume Pw < v. Using properties of image measures [4,
Ch.V, §6,No.4,(8) & No.2,Prop. 2] and (3.2a), one obtains

|Dul® (1/v) < (@|u)® (1/v) = |pl*(1/(vo @) = |ul*(1/w) < L. (7.8)
The converse follows from Remark 5(d) and Eq. (7.5a). O

Theorem4 Letw € ]:lg (S),ve fng(T) andu € Fﬂ;(S x T). The following are equivalent:

(a) The inequality w ® v < u holds.
(b) The inclusion w[ON] @ v[M] C u[IMN] holds.

Proof If (w,v) € w[M] x v[9M] and w ® v < u, then, by properties of product measures
[4, Ch.1II, §4, No.2,Prop.3 & Ch. V, §8, No. 3, Prop. 8]:

ln@v|* (1/u) < (Inl @ [v)* (1/(w @ v)) = [u|*(1/w) - [v[*(1/v) < L.
The converse follows from Remark 5(d) and Eq. (7.5b). O

Lemma5 Let w € UT(S), (an)nen a sequence of numbers o, € K such that Y golog| < 1
and (fn)nen a sequence of functions f, € C; [w]. Then the function f = Z,fil o fx, that
is defined pointwise by this series (in the sense of Sect. 2), fulfills f € CJ [w].

Proof First note that f € M®(S) because of Remark 4 and because M*°(S) is closed under
pointwise formation of arbitrary series of sequences. One has

> fi

k=1

Ifllw =

o o0
<Y el fillw <Y lol <1, (7.9)

w k=l k=1
and thus, f € M*>[w].Foreachfixedn € N, choose asequence g, ,, € K(S)NM>[w]such
thatg, » — fu withrespectto ||-||,, whenm — oco.Clearly, ZZZI ak8ik.m € K(S) NM>®[w]
for each n € N and the limit for m — o0 coincides with 22:1 o fr on each point s € S
where w(s) > 0. (This follows from the fact that «;,, f,(s) € Kforalln € Nands € §
with w(s) > 0.) Therefore, ZZ:l ar fr € CJ[w]. As (7.9) implies the convergence of
ZZ=1 ai fi = f in M®°[w] with respect to ||-||,, for n — oo and C;"[w] is, by definition,
a closed subset of M*°[w] with respect to |||, one can finally conclude f € C; [w]. ]

Theorem5 Let w, v, u € }'lt(G). All pairs (i, v) € w[ON] x v[IMN] are convolvable if and
only if w A v is locally bounded. The following statements are equivalent:
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(a) The inequality w A v < u holds.
(b) The inclusion w[9N] = v[M] C u[IN] holds.
(¢) The inclusion W[N] * M>®[u] € M[v] holds.

In addition, the following statements are equivalent to (a)—(c) if u is upper semicontinuous:

(@’) The inequality [w A v < u holds.
(c’) The inclusion W[N] * C; [u] € C [v] holds.

Proof Characterization of existence: Assume that w A v is not locally bounded. One finds a
sequence (Z,)neN in G and a compact subset C of G such that (w A v)(z,) > 5" and such
that C is a neighborhood of the set {z,, : n € N}. One finds sequences (x,),eN and (yn)neN
in G such that w(x,)v(y,) > 4" and x,y, = z, for all n € N. Passing to a subsequence and
using symmetry, if necessary, one may assume that w(x,) > 2". Then, the set {x, : n € N}
is discrete because w is locally bounded, and therefore, one may assume that the sets x,, ' C,
n € N are disjoint (again, by passing to a subsequence if necessary). By construction,
X, IC is a neighborhood of y, for all n € N. Thus, the set {y, : n € N} is discrete as well.
Now the formulas () := > po | 27" w(x,) f(x,) and v(f) := Y 00| 27" v(yn) f (yn) With
f € K(G) define positive measures u and v, and one calculates that © € w[9] and
v e v[IMN].
On the other hand, the estimate

(L@ (gol) =Y 4" wx)v(y)gn) = Y g(zn) (7.10)

n=1 n=1

holds for any g € KK (G). Choosing g = 1 on C, one obtains an infinite expression, and thus,
the image of « ® v under I" does not exist. The reverse implication follows from Theorems 3
and 4.

“(a) <= (b)”: This follows from Theorems 3 and 4, Remark 5(d) and Eq. (7.5¢).

“(a) = (¢)”: From (a), one needs to show

frx f e M>(G)and [ * flly < || flly forall € w9, f € M™(G). (7.11)

The first statement follows from Remark 5(c) and Theorem 2. For the second statement, let
y' € G and set v := v(y")8,, € v[M]. One estimates

v(y’)l(ﬁ*f)(y’)lff (/ |f<xy>ldIMI<X>)dV<y)
=/ o d(l] @ ), )

° 1
=/ WS (il @ V. )

° 1
<11l - f e i @ vy

= 11l - Iel* (1 /w) - v (1 /v) < (1 llu

and this proves (7.11). The standard estimate in the first step is valid because f € M*°(G),
and therefore, (6.8) can be applied. Resolving the double integral in the second step is
justified by Theorem 1 because |f| o I' € MT®(G x G) and |u|, v are positive and
moderated by Remark 5(c). The insertion of “1” in the third step is valid because u is
finite valued and the zero set of u o I" is locally || ® v-negligible. This follows because
Il ®@v e wN] @ v[IMN] € (w ® v)[9N] by Theorem4 and w Q v <uo I'.
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“(c) = (a)”: This follows from (7.5d), Remark 6(c) and Proposition 6.
“(a) = (c’)”’: The estimate (7.11) implies

WM N Me(G)) x (MT[u] N K(G)) € MZ[v] NK(G) (7.12)

where 1. (G) denotes the set of all measures on G with compact support. Equation (7.11)
implies that the inclusion in Eq. (7.12) holds also after the right factor on the left-hand side
is replaced by its closure in M®°(G) with respect to ||-||,, and likewise for the term on the
right-hand side:

WM NM(G)) * Cy [u] < Cy [v]. (7.13)
By Lemma 3, every element i € w[9)1] can be represented by a vaguely convergent series

n = Z =1 % Mn

where o, € RT, ju,, € WO NIM(G) forn € Nand ) 2 | o, = 1. It will be shown in the
following paragraph that

(n=* fHx) = Zak(ﬂk * f)(x) forall f € C,'[u], x € G with v(x) > 0. (7.14)
keN

Then Eq. (7.13) implies that u, * f € C;'[v] foralln € N. Thus, the inclusion in (c’) follows
from Lemma 5.

Finally, to prove (7.14), let x € G such that v(x) > Oand f € C_[u]. Using (6.6) and the
premise w A v < u reformulated as

NaE 1
vy e Grvor <Rx—1u(y>> =00’

one obtains, for n € N, that

()0 = Yo £)(x)

k=1

= (ﬁ(Rxlf)—Zoekﬁk(Rxlf)> V()| =

k=1

~u(x)

(ﬁ -y akﬁk> (VR f)‘

1
< |- Zakuk V)R- f]) < Zakuk <v()C)A u)
k=1 Ryt
< |- Zakuk ( ) Z ok
k=n+1

which proves (7.14) because > -, 41 —> Oforn — oo. The lastinequality uses Lemma 3,
Eq. (7.2).
“(c’) = (a)”: Let f € KT(G) with f < 1/u and x € G. By assumption,

W) ©Gx # f) = W)Ly f € CJ[v].

This statement is equivalent to w(x)L,-1v < 1/f and, in turn, to w(x)Lyv < 1/f. Taking
the infimum over f, one obtains w(x)L,v < u by the upper semicontinuity of . Taking the
supremum over x € G, one obtains w A v < u. ]
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8 Convolution as a bounded bilinear operation

With the results of Sect. 7, the main objective of this work can now be achieved. First
some notations are introduced, and some basic facts on the weighted spaces of measures or
continuous functions are summarized. Throughout the section, S is a locally compact space
and G is a locally compact group. The elements of &/ (S) will be called weights on S.

Definition 6 Let W be a set of weights on S. The linear space of W-vanishing-at-infinity
continuous functions [26, Section 22] is

Co(W) = {feC(S) ‘Vwe W w|f] efj(S)}. (8.12)
The space of W-vanishing-at-infinity W -continuous functions is introduced as
ey wy = () ¢ w), 5 (w) == Mo (w) N K(S) ™ (8.1b)
weW

where MPw) = {f € M®(S) : |fllw < oot}, w € UT(S) and the formula for
Cy (w) means the closure of M (w) N KC(S) in M (w) with respect to the pseudo-metric
(f, &) = I f—gllwon M (w). The W-weighted topology Fw on Cy(W) or Jy; on C" (W)
is generated by the pseudo-metric

(e, )= lle— fllw, weW. (8.1c)

Introducing the set C;" (W) allows a more elegant formulation of Theorem 6. The relation
Cy(W) = C; (W) N C(S) holds. The topology 7 is the subspace topology induced on
Cy(W) by 7, . Remark 6(b) implies that Cy (W) = C;"(W) whenever xx € W forall compact
K C G.The functions ||-||,,, w € W are seminorms on Cy (W) making (Cy (W), Zw) alocally
convex space. In general, C; (W) is not even linear, but the natural Hausdorff quotients of
(Cv(W), Fw) and (C; (W), F})) are isomorphic as locally convex spaces.

Definition 7 Those sets W of weights on S such that
u < isup{w,v} = wueWw (8.2a)

forallu e Ut (S), w,v e W, A € RT are called cone ideals of weights on S (or cone ideals
on S for short). The cone ideal generated by a set V of weights on S is denoted by (V') and
given by

(Vy={ueut®)|IneN, A eR " v,...,v, € V:u < Asup{vr,...,v,}} (8:2b)
for non-empty V, while (#) = {0}.

For any set W of weights on S, the cone ideal (W) is the largest set V of weights on §
such that 7y = Jy. It follows that the assignment W +— (Cy (W), J) defines a bijection
between cone ideals W and the locally convex spaces of W-vanishing continuous functions
(Cy(W), Zw). Working with cone ideals instead of general Nachbin families allows a con-
venient formulation of Theorem 6.

Definition 8 Let W be a cone ideal of weights on S. The linear space of measures with
W -finite measure is defined as

W) = {M € M(S) ‘ Jw e W : u|*(1/w) < oo*} . (8.32)
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The bornology %y is defined as
Sy = [M c W ‘ JweW:MC w[i)m}. (8.3b)

It was shown in [29, p. 152] (see also [34, Theorem 3.1]) that W (91) is the topological dual
of (Cy(W), Zw) where the pairing (-, -)w : Cy(W) x W () — Kis given by the integration

(Fom) > (o hw = () = / F()dus). (8.4)

It is immediate from the definitions that w[91] is the polar set of Cy (W) N Cy[w] whenever
w € W. The latter is the unit ball of ||-||,, in Cy (W). Conversely, Cy (W) N Cy[w] is the polar
set of w[9N]. Therefore, J#jy is the equicontinuous compactology on W (9J1) associated with
Jw [12,18] (see also [34, Section 4]). The space (W (9N), #w) by itself is a linear space
with convex vector bornology [12, Def. 1.1].

Theorem 6 Let W, V, U be cone ideals of weights on G. The following statements are equiv-
alent:

(a) The following inclusion holds:

[WAV]CU. (8.5)

(b) The following two conditions hold:
x: WEN) x VM) — UEM) is well defined, (8.6a)
Ty x Ky S Hy. (8.6b)

(c) The mapping

L: W@ — () (U) - ¢ (V) (8.7a)
pwi Ly Cy(U) — ¢ (V) (8.7b)
feLuf=uxf (8.7¢)

is well defined. Here L, f = p * f denotes the left convolution of f with u as given

in Eq. (6.14). Images of bounded subsets of (VT/(DJ?), Jw) under L are equicontinuous
sets of continuous mappings

€ W), 7)) — (€ V), ). (8.7d)
Proof Equation (8.5) is equivalent to
YweW,veV,duelU: wAv=<u. (8.8a)
Equations (8.6a) and (8.6b) are equivalent to the following statement:

YweW,veV,ueU: wM=v[M] exists and
w[9M] = v[M] C u[IN]. (8.8b)

The statement in part (c) means that
W) =7 (U) € ¢ (V) (8.8¢)

and thatforalle > 0, w € W, v € Vthereexistd > 0,u € U suchthatforall f, g € C,/(U)
the following implication holds

If —gllu <dand u € wM] = s f—p=glly <e. (8.8d)
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Whenever the conditions

+

s flly <00 and | glly < oo™ (8.8¢)

hold, the distributive law can be applied inside the norm on the right-hand side in (8.8d).
[Using Eq. (6.5) in Proposition 8 and 0 - co™ = 0.] In this case, Eq. (8.8d) turns into

If —gllu <dand u € w] = e *(f = &llv <. (8.8f)

The condition (8.8e) for this replacement is fulfilled if (8.8c) holds. Statements (8.8c) and
(8.8f) in turn are equivalent to the more concise formula

VweW,veV,uelU : w[I]*C[u] Clvl. (8.82)

This statement, in turn, implies (8.8c). Thus, the statement in part (c) is equivalent the
statement (8.8g).

By Theorem 5 the statements (8.8a), (8.8b) and (8.8g) are equivalent which concludes the
proof. O

The sets C;”(U) and C. (V) in statement (c) of Theorem 6 can be replaced by the sets
Cy(U) and Cy(V), if the assumption xx € V for all compact K € G is added. Then the
mapping L with domain W () is a linear mapping with continuous linear operators between
locally convex spaces as co-domain.

The implication “(b) = (a)” in Theorem 6 fails if the condition (8.6b) is dropped. The
reason is that the assignment W +— 7y, with W a cone ideal, is injective, but the assignment
W +— W(N) is not. For example, one obtains W) = V(ON) = UON) = M (G) for
W=V= Z/IJ(G), U = Ll{,"(G), but W # U if G is non-compact. This shows that (8.6a)
by itself does not imply (8.5), because (Z/{Q'(G) A Z/IJ'(G)—| Q L{;"(G) contradicts (8.5), but
convolution * is known to be a well-defined internal operation on 91 (G) in agreement with
(8.6a).

9 Application to fractional Weyl integrals

Following [23], the space £ := [f € C*(R) ’ Vm,neN:" f0 () - 0fort — oo+]
denotes complex valued smooth functions that vanish rapidly at co*. Such functions are

called “good” in [23]. The generalized fractional Weyl integral of order « € C for a function
f € & is defined as [11,20,23]

oot (t — s)ozfl
o f)(1) == / (=)™ f™(s)ds fort € R, 9.1)

t I'(a)

where m € Ny is such that o +m € Hwith H := {z € C : iz > 0}. It is known that (9.1) is
well defined and the I, are linear endomorphisms, even automorphisms, on £. Further, the
index law

Ipolg =144 foralla, g eC, 9.2)

holds. An alternative proof for these facts based on Theorem 6 is given below. Using our
theorem, continuity of the fractional integrals with respect to a suitable weighted topology
is obtained in addition. Furthermore, sets of linear combinations of generalized fractional
integrals are seen to be equicontinuous whenever coefficients and orders are bounded.
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Let P denote the set of upper semicontinuous functions #: R — R™ with the property
that u(t) < A(1 + |t|?), t € R for some A € R*. Let Z/{+ (R) denote the set of upper
semicontinuous functions u: R — R¥ such that suppu C [¢, +00) for some ¢ € R. Then
define Py := PN L{i (R). The sets Z/{jf (R), P and P, are cone ideals. Define the weights
wy p,p=>0as

(t/p)P fort >0, p>0,

wy p(t) =11 fort >0, p=0, 9.3)
0 fort < 0.
It is calculated that
W+ p A Wi g = W+, pt+gq (94)

for all p, g > 0. The elements of P are characterized as being less or equal than a translate
of wy , for some p > 0 large enough. Together with Proposition 4 and (9.4), this implies
that the inclusion

[PL A PLT=PL AP CPy 9.5)

holds and that Py is invariant under translations. Observe that Cy (P4 ) is a continuous variant
for the space £.
For o € H, let i1 denote the measure on R with Lebesgue density

1“1/ @) fort >0,
Ao (t) = 9.6
«(t) iO forr <0, -6)
and let ug = §p be the Dirac measure at the origin. Note that
Mo * g = otp foralla, B € HU {0}, 9.7)

corresponding to the index law for the operators I, « € HU{0}. Using (1+¢)? > max{l, ¢”},
the following uniform estimate can be proved

dlpel@® oo el g <L P -c
- < Chge O8)
Wi p(t + H |F(a)| @+ 1P Il ()] Ra(p — Ra)

for all « € H with e < B and |arga| < ¢ where 8 < p, ¢ < /2 and ¢ > 0 are fixed and
Cg.¢,¢ < 00. This translates to the fact that the set {fio, : @ € HN{0}, R < B, |argr| < ¢}
is contained in a scalar multiple of a translate of the weighted ball w, ,[91] for p > B.

Using Theorem 6 and the above remarks, one arrives at the following conclusion. For
C <o00,¢ <m/2andd € N, the set

Mlay + -+ Aalo, s e HU{O}, 4 € C, |Ail, lei] = C, Jarga;| < ¢} 9.9

is an equicontinuous set of continuous linear endomorphisms of Cy (P4.). For d = 1, this is
referred to as I, « € HU {0} being an equicontinuously parameterized family of continuous
linear convolution endomorphisms of Cy (P4 ). The result is readily extended to general orders
from C using the following construction.

For any set of weights W on R, the space of smooth functions with W -vanishing-at-infinity
derivatives is defined as

CO(W) = {f € C®(R) ’Vm eN: fm eCV(W)} (9.10)
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and endowed with the weighted topology Z7° that is generated by the seminorms f +
max{|| f®|l, : m > k € No} with w € W, m € Ny. Clearly, classical derivatives define
continuous linear endomorphisms of C°(W).

The linear space C¢°(P4) coincides with the space £. Note that I, o € Cis defined as the
composition of a classical derivative of order m, a multiplication with the constant (—1)"
and a convolution with the measure fty,. The index law for «, 8 € C is obtained from the
case «, B € H U {0} by interchanging derivatives and integration. This is permitted due to
the properties of functions in £. Therefore, the results above carry over to the case o € C.
For C < oo and d € N, the set

Ailey + -+ Aaley T iy 2i € C, 2], o] < C} 9.11)

is an equicontinuous set of continuous linear endomorphisms of CJ°(P). Using the index
law for B = —a € C and the fact that Iy is the identity operator, it follows that the operators
Iy, @ € C are also automorphisms.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International
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