DYNAMICAL PROCESSES
IN
CONDENSED MOLECULAR SYSTEMS

Proceedings of the Emil-Warburg Symposium

23 — 24 April 1990
Thumau, FR Germany

Edited by A. Blumen
J. Klafter
D. Haarer

’ - e
\\e World Scientific

Singapore ® New Jersey ® London ® Hong Kong



Published by

World Scientific Publishing Co. Pte. Ltd.

P O Box 128, Farrer Road, Singapore 9128

USA office: 687 Hartwell Street, Teaneck, NJ 07666

UK office: 73 Lynton Mead, Totteridge, London N20 8DH

Library of Congress Cataloging-in-Publication data is available.

DYNAMICAL PROCESSES IN CONDENSED MOLECULAR SYSTEMS

Copyright ® 1990 by Wosld Scientific Publishing Co. Pte. Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced
in any form or by any means, electronic or mechanical, including photo-
copying, recording or any information storage and retrieval system now
known or to be invented, without written permission from the Publisher.

ISBN 981-02-0277-6

Printed in Singapore by JBW Printers & Binders Pte. Ltd.



302

Correlation Effects on Hopping Transport
in a Disordered Medium

R. HILFER
Institut fiir Physik, Universitit Mainz
6500 Mainz, Germany
and
Fysisk Institutt, Universitetet 1 Oslo
0316 Oslo, Norway

ABSTRACT

Correlated hopping transport through a disordered system is discussed in terms
of a random walk model with memory correlations on a bond disordered lattice.
Correlations will in general result in a difference between the transition rate
to the previously occupied site and the rate for transitions to any other near-
est neighbour site. Such a correlated process corresponds exactly to Fiirth’s
model for a random walk with a finite memory. This paper establishes a first
order master equation for Fiirth’s random walk on a bond disordered lattice.
The equation is found to be equivalent to a symmetrized second order equa-
tion which was used previously as the starting point for an effective medium
treatment.

Atomic diffusion processes in condensed systems are often described by lat-
tice gas models. The dynamics in such systems is given by many particle master
equations in which the transition rates depend on the local field of the instanta-

neous configuration. In the simplest case one allows only hard core repulsions for
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the interactions between particles. The system can then be described as a gas of

mutually selfavoiding random walkers on a lattice.

Many studies have investigated the dynamic properties of such lattice gases.
For the case of hard core repulsions (i.e. the "noninteracting lattice gas”) detailed
information on the tracer diffusion constant has been obtained both analytically!—*

%, Recently® it was observed that the problem can also be ap-

and by simulation
proached via dynamic disorder theory®”. This approach® is based on the idea that
the tracer particle moves in a disordered background which changes its configuration

as a function of time.

Dynamic and static correlations between the particles play an important
role in actual materials. In superionic conductors, for example, such correlations
arise from non-hard-core interactions (e.g. Coulomb forces) between particles, from

lattice relaxation effects, or from cooperative motion of groups of particles®:?.

Given the importance of such correlation effects in real materials it is of inter-
est to incorporate them into the dynamic disorder approach to lattice gas models.
This requires as a first step to study the effect of correlations in the presence of
frozen disorder, i.e. when the disordered geometry does not change with time.
Such a study has been carried out’®, and the results have been utilized in the
dynamic disorder approach®. These investigations were based on the correlated
random walk model of Fiirth'*'2, However in Ref. 10 the disorder was introduced
into a symmetrized second order equation for Fiirth’s random walk and not directly
into the first order formulation of the problem. This deficiency will be remedied in

the present paper in order to make the model more transparent.

1,12 Ip

Let me begin by recalling Fiirth’s model for correlated random walks
this model the random walker has a finite memory. Instead of choosing between all
possible directions for a jump with equal probabilities the walker chooses the new

direction with a probability which depends on the direction of the previous hop.
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In the simplest case, called the backward jump model, the walker has a transition
rate w;, for returning to its previously visited site, and a transition rate w for
transitions to all other nearest neighbour sites. In general correlations will give rise
to a difference, w # wyp, between them. For example for Coulomb interactions one
expects®1* wy, > w, because each transition disturbs the previous local equilibrium
configuration. Thus the particle has a higher than average probability to return to

its previous site at the next jump attempt.

To formulate the model mathematically it is convenient to choose a marko-

vian description by suitably enlarging the state space!®.

In the present case the
state of a particle is given by its "history” (i,5) which consists of the currently
occupied site ¢ and the previously occupied site j. The quantity of interest is then
P(i,j,t) the probability density to find the particle at site ¢ at time ¢ if it arrived

at i via a transition from site j and if it started from some origin at time 0. On a

regular lattice P(, j,t) obeys the following master equation!?:

L p(i,j,0) = P 0) = Pl ) + 0 PGk = P0L ()
kA

The summation runs over all nearest neighbour sites k of site j except t.

Consider now the case of bond disorder on the same underlying regular lattice
as before. Bach bond has probablity p of being present, and probability 1 — p of
being absent. The particle can only jump across those bonds which are present.

Transitions across absent bonds have transition rate 0.

It is not straightforward to generalize Eq. (1) to this case. The reason is that
in the formulation of Eq. (1) it is implicitly assumed that the length of memory is
given by the length of the history, and thus the walker has a memory of roughly
length 1 in units of L. For the disordered lattice difficulties arise from the presence
of dangling ends containing sites with coordination number z; = 1. In the limit

wy — 0 the particle will be trapped at such sites. Thus the particle acquires a
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site dependent infinite memory contrary to the model assumption. In Ref. 10 this
problem was circumvented by introducing the disorder only after symmetrizing Eq.
(1). Here it will be shown that the same results can be obtained by establishing
directly the analogue of Eq. (1) for the disordered case.

The generalization of Eq. (1) to the case of a bond disordered lattice is
obtained by introducing the memory length explicitly. To do this it is necessary to
allow transitions from a site to itself (i.e. 7 = j in Eq. (1) is now allowed). Then

the equivalent of Eq. (1) for the disordered case can be written as
d_ .. . .
ap(lﬂat) = Xk: Aijwiir AP (5, k,t) — zz: Aywiz;Ai P, 5,) (2a)

The first summation runs over all k that are nearest neighbours of j and over k = j.
Similarly the second sum runs over [ = 7 as well as all [ that are nearest neighbours
of i. The disorder is represented by the quantities A;; defined as A;; = 1 for all 4,

and

o= A — 1 if bond (l]) is present,
Aij = 44i = {0 if bond (37) is absent. (2b)

The transition rates w;j; depend on the history of traversed bonds and are defined

as
w fori£j#k
wy fori=k,i#]
o) we fori=j=¢% 9
Wiik w forj=k,i#7j (2¢)
(M+z—2z)w fori=j1#k
0 otherwise .

Here wy, is the transition rate for transitions to the previously visited site, w is the
transition rate to all other nearest neighbour sites, z is the coordination number

of the underlying regular lattice, and z; is the coordination number of site ¢. The
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constant M is related to the memory length. It regulates the transitions from a sjte
to itself, i.e. from state (z,7) with i 5 j to state (i,7). Such a transition corresponds
to a loss of memory of site j while waiting at site 7. The memory length in units of
% is given by —137 In the limit M = 0 the walker forgets the previously visited site
only by jumping to a nearest neighbour. For M = 0 and no disorder, i.e. if A =
for all 7,7 and z; = z, Eq.(2) reduces to Eq. (1).

Equation (2) can be symmetrized by introducing the probability density
P(i,t) to find the walker at site ¢ at time ¢ if it started from the origin at time 0. It
is defined as

P(i7t) = ZP(i,j,t)

where the sum runs over j = i and all nearest neighbours j of site 7. One finds the
result
d? _ . d . ,
Eﬁp(l’t) + (v +wp + w(z; — 1))EP(t,t) + ywz; P(i,t)

d_ . .
=w)_ Aij - P(j,t) +wy > A P3G t).
i} i{i}
Here v = wp + w(M + z — 1) and the summations run only over nearest neighbour

sites of site 7. Note that the equation is of second order in the time variable. The

equation can be rewritten as

dzP't dP't— AdP't P(i,t
L P60+ (- w) GRG0 =0 Y s (GO - P60

i{i}

+ wyj{%Aij <P(j,t) - P(i,t)).
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This symmetrized form is analogous to the master equation for an uncorrelated
random walk in a disordered system, and it has been used as the starting point for

an effective medium treatment'?.

Combining the effects of correlations and disorder as in Eq. (3) has several
interesting effects on the frequency dependent conductivity o(w) as discussed in
Ref. 10. For example there exists the possibility of a maximum in Reo(w) for certain
values of the parameters p and wy, < w. For wy > w it is possible to find crossover
behaviour in Re o(w) which resembles the power law behaviour Re o(w) of universal
dielectric response over almost two decades in frequency. This is very reminiscent of
experimental results'® on Na-3-alumina where correlations and disorder are known

to be important.

In summary this paper has reconsidered Fiirth’s correlated random walk for
a bond disordered lattice. It was shown that the problem can be formulated using
a first order master equation if the memory length is introduced explicitly into the
equations. The first order formulation and a previously used second order equation

for the symmetrized quantities P(,¢) were found to be equivalent.
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