;

Fractional Calculus and Applied Analysis qractional Caleulus

(3 . .
https://doi.org/10.1007/513540-024-00306-z & Applied Clnalysis

n

Check for
updates

REVIEW

Fractional calculus for distributions

R. Hilfer! . T. Kleiner!

Received: 29 March 2024 / Accepted: 9 June 2024
© The Author(s) 2024

Abstract

Fractional derivatives and integrals for measures and distributions are reviewed. The
focus is on domains and co-domains for translation invariant fractional operators. Frac-
tional derivatives and integrals interpreted as &’-convolution operators with power
law kernels are found to have the largest domains of definition. As a result, extending
domains from functions to distributions via convolution operators contributes to far
reaching unifications of many previously existing definitions of fractional integrals
and derivatives. Weyl fractional operators are thereby extended to distributions using
the method of adjoints. In addition, discretized fractional calculus and fractional cal-
culus of periodic distributions can both be formulated and understood in terms of
9'-convolution.
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1 Introduction

A central motivation behind the development of fractional calculus has been the orig-
inal idea of Leibniz to treat integrals symbolically as negative powers of differentials
[1, p. 105], [2] (and [3] for more). Distribution theory [4, 5], as well as operational
calculus [6-8], originated from that very same idea [6, p. 574] [5, p. 174] [8, p. 121]
of justifying the “symbolic integrations” of physicists and engineers [6, 9-11], so
that fractional calculus is closely related to both, operational calculus and distribution
theory.

Most mathematical implementations, interpretations and investigations of frac-
tional calculus are concerned with ordinary functions as witnessed by recent reviews
[3, 12—14] and numerous articles in this journal. A fractional calculus for certain gen-
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eralized functions (distributions) appeared already with the concept of distributions
itself in Schwartz’ monograph [5, p. 174]. It was later discussed in [15, Sec. 1.5.5]
and briefly in [16, Sec. 8.3] and [17, Sec. 2.9], but the “Schwartz fractional calculus”
continues to receive little or no attention in most old and new books on fractional cal-
culus and its applications [18-24]. Our objective in this review is to draw attention to
Schwartz’ fractional calculus of distributions as an ideal framework for extending and
unifying theory and applications of fractional calculus. Recall that fractional deriva-
tives for functions are usually discussed only for sufficiently “good”, meaning smooth
and integrable, functions [19, p. 237]. Extending the domain of definition from “good”
functions to less good generalized functions (distributions), however, can make an oth-
erwise unsolvable (fractional) equation solvable. More precisely, extending domains
and co-domains can lead to an extended concept of solution by the following general
mechanism [25].

Define a mapping A : X — Y between two non-empty sets and consider the
problem of solving the equation

Af =g (1.1)

for given g € Y. Equation (1.1) cannot have a solution f € X, unless g € Y lies in
the range of A. If, however, the domains X, Y can be extended to larger sets X , Y into
which f, g are suitably embedded, and if A can be extended to a surjective mapping
A: X — Y such that

Af=Af (1.2)

holds for the embedding f — f, then, if g is the right hand side in eq. (1.1), the
extended equation

~

u=g (1.3)

has at least one (generalized or weak) solution u € X, even when g € Y is not in the

range of A.
Generalized or weak formulations in this sense sometimes lead to unification of
operators whereby previously different operators Aj, A», ... become restrictions to

subdomains of one and the same extended operator A. Let f : [a,b] — R be a
real-valued function on an interval [a, b] € R. Operators of interest in this review
are fractional derivatives and integrals xD* f, xI* f of order @ and type X for which
numerous different mathematical interpretations have been proposed in the literature
[3, 18-21, 25-32]. Riemann-Liouville fractional integrals of order o > 0 [33, 34] for
real valued functions f : [a, b)] — R on a closed interval [a, b] C R are a popular
example of fractional integrals, and usually defined as [35, p. 566], [36, p. 181], [16,
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p. 331, [37, p. 6]

o — L A a1
(redgq () = o) /(X V() dy (1.4a)
] b
(lp ) = @ /(y—x)“ilf(y) dy. (1.4b)

It is common to choose
dom (RLIg+) — dom (RLIZL) = L'(la, b]) (1.5)
as the domain for these operators [16, 17, 19, 20, 37, 38] with Ll([a, b]) the set of

integrable functions f : [a, b] — R. An example for fractional derivatives are the
closely related Riemann-Liouville fractional derivatives of order a > 0 defined as

d [a] [a]—a
(RLD‘;qf)(x):(a) (el F) @ (1.62)
D{ (-4 (e 1.6b
Gt ,,f)(x)—(—a) (B F) (1.6b)

where [¢] = min{m € Z : m > «}. Many domains dom (RLDZ +) have been used in
the literature [18, 19], a frequent, but by no means maximal, example being [16, p.
37]

dom (RLDg +) = dom (RLD‘;_) = AE" " ([a, b)), (1.7)

the space of functions such that f el §s absolutely continuous (see [12, 20, 21, 38]).

Riemann-Liouville fractional derivatives depend on the lower, resp. upper, limit
of integration a, resp. b. Integer order derivatives, however, do not depend on such
a parameter. This difference is fundamental. Integer order derivatives are translation
invariant, meaning that they commute with translations, while Riemann-Liouville
fractional derivatives are not.

Translation symmetry, i.e. invariance under translations in space and time, is a basic
symmetry of nature [39, 40]. In theoretical physics it is closely related by Noethers
theorem with the laws of energy and momentum conservation [41]. With respect
to applications in physics it is therefore of interest to consider translation invariant
fractional derivatives. From a purely mathematical point of view translation invariance
is interesting, because it reduces the number of parameters.

Fractional calculus for distributions was introduced in a translation invariant formu-
lation already in [5, p. 174], but has subsequently received little attention. Exceptions
are [42], [15, Sec. 1.5.5], [43], [29, p. 151] and [16, Sec.8.3]. Possible reasons for
this negligence might be that multiplication of distributions is not defined in general
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[44], and that spaces of distributions tend to be locally convex while the focus was on
fractional powers of operators on normed spaces [27, 45-48]. Later, in [27], fractional
powers were extended abstractly to non-negative operators on Frechet spaces, but
without providing concrete spaces of distributions for applications. In recent years the
extension of fractional calculus from functions to measures [49, 50] and distributions
[51-53], [54], [55] has found renewed interest.

A significant number of common interpretations and definitions for translation
invariant fractional integrals and derivatives are unified in this review by defining
them as convolution operators with power law monomials on spaces of distributions.
Thus, the convolution interpretation turns out to be the most general approach to
fractional calculus at present.

The present review is concerned mainly with asymmetric convolution kernels.
Symmetric kernels, arising e.g. in Riesz-Feller operators or fractional powers of the
Laplacian, can often be reduced to linear combinations of asymmetric kernels [16,
Sec. 12.1]. Such kernels are mentioned briefly in Section 7.6.

To help readers navigating and finding quickly material of their interest we povide
a structured overview of subsequent contents:

Section 2 Translation invariant Fractional Calculus for functions (R!)

2.1 Liouville-Weyl

2.2 Weyl

2.3 Marchaud

2.4 Griinwald-Letnikov
2.5 Liouville-Griinwald

Section 3 Translation invariant Fractional Calculus for measures (]Rd )

3.1 Radon measures

3.2 Integration with respect to Radon measures

3.3 Convolution of Radon measures

3.4 Convolution duals and extremal domains

3.5 Fractional derivatives and integrals for Radon measures

Section 4 Operational Calculus (R
Section 5 Schwartz Fractional Calculus for distributions (R!)
Section 6 Other approaches for distributions

6.1 Method of adjoints

6.2 Lizorkin and Rubin (R!)
6.2 Erdelyi-McBride (R!)

6.4 Braaksma-Schuitman (R')
6.5 Lamb (R')

6.6 Khan-Lamb-McBride (R!)

Section 7 Generalized Schwartz Fractional Calculus for distributions

7.1 9’-convolution
7.2 Associativity of 2’-convolution
7.3 Generalized Schwartz Fractional Derivative
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7.4 Discrete Griinwald-Letnikov calculus and the continuum limit
7.5 Periodic distributions
7.5.1 Induced kernels for convolution with periodic distributions
7.5.2 Continuous case
7.5.3 Discrete case
7.6 Extensions to higher dimension

Section 8 Laplace multiplier approach for distributions
Section 9 Towards unification of Fractional Calculus

9.1 INlustrative examples
9.2 Unification theorem
9.3 Weak Weyl-, Marchaud- and Griinwald-Letnikov derivatives

Section 10 Appendix

10.1 General notation

10.2 Locally convex spaces
10.3 Function spaces

10.4 Spaces of Radon measures
10.5 Distribution spaces

As seen above the review begins with operators for functions in Section 2, proceeds
to measures in Section 3, then to generalized functions or “hyperfunctions” [56] in
Section 4, and discusses fractional calculus for distributions in Sections 5, 6, 7, and 8.
Section 7 is the centerpiece of this work. It reviews the generalization of Schwartz’s
fractional calculus in [53-55] and provides new results for discrete distributional
Griinwald-Letnikov fractional derivatives, for their continuum limit and for periodic
distributions. Also, the fractional derivative and integral operators for Radon measures
in Section 3, the Weyl fractional calculus extended to distributions in Section 6.1 and
the Laplace multiplier approach in Section 8, apparently, have not been defined or
discussed previously in the literature.

It seems appropriate to conclude this introduction with some remarks concerning
applications, even if applications are decidedly outside the scope of this review. Dis-
tributional fractional calculus, as presented here, has recently been applied in studies
of sequential generalized Riemann-Liouville fractional derivatives [57]. Generalized
Riemann-Liouville fractional derivatives [58] are becoming increasingly popular for
applications, not only in mathematics [59-64], but also in physics [65, 66], engineer-
ing [67] and beyond [68, 69], because their “type” parameter is crucial for formulating
well-posed initial and boundary value problems. In another recent application of dis-
tributional fractional calculus to the linear response theory of dielectric relaxation in
glasses [54] this “type” parameter was conjectured to cause the universal observation
of nearly constant loss and high frequency excess wings in glasses [70-72]. The con-
jecture is relevant for the question what is the physical origin of the fractional order
a. For applications in physics the interpretation and independent measurability of «
is of crucial importance [38, 73]. Spatial fractional derivatives, such as powers of the
Laplacian, are plagued with unphysical predictions emerging already within fractional
potential theory [74]. Until recently there were, to the best of our knowledge, only two
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interpretations of «, that are compatible with the fundamental laws (in particular the
law of locality) in physics. Firstly, o has been linked rigorously to critical exponents
and the Ehrenfest order of phase transitions in [75, 76], where locality in space and
time plays no role. Secondly, fractional time derivatives of order o were related with
anomalous diffusion and long time tails in continuous time random walks in [77-
79] (semi-Markov processes) and with fractional time evolutions in [58, 80, 81]. The
generalizations, unifications and simplifications in this review are hoped to directly
generalize, unify and simplify such applications of fractional calculus.

2 Translation invariant fractional calculus for functions (R')
2.1 Liouville-Weyl

The earliest translation invariant formulation of fractional derivatives can be traced
back to Liouville’s fractional derivative formula [33, p. 3,(1)]

daf o kx
T = Arke (2.1)
. k
for functions representable as
fO) =) A, 2.2)
k

a series of exponentials. Liouville’s formula was used by Weyl [82, Satz 2] to define
what could be called Liouville-Weyl fractional derivatives and integrals of trigono-
metric series [82, 83] as

DL = D (@FHik)* fre™ (2.3)
k=—00
WL @) = D (k)™ fre® (2.4)
k=—0o0
where o > 0 and
! 2
fi = — / e k¥ £(x)dx (2.5)
27
0

withk = 1, £2, ... and fy = 0 is the Fourier series of f. The operators wI%, wD%
are defined for functions f : R/2x7Z — Contheunitcircle G = R/27wZ (27 -periodic
functions on the real line) for which fy = 0, i.e. for functions whose mean or integral
over a period vanishes. Contrary to Riemann-Liouville integrals these definitions do
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not depend on an extra parameter such as a lower or upper limit of integration. A
possible domain of definition is

dom (LWI‘;) = L) =LPG) = { f is 2-periodic on R and || £ ;< oo} (2.6)

of periodic Lebesgue integrable functions with norms

. l/p
1
Iy, = | 52 / |/ (01Pd @7)
0
where 1 < p < oo. The domain
0
dom (LWDi) {f €L3,: Y KAl <o (2.8)
k=—o00

can be used for Liouville-Weyl derivatives.

2.2 Weyl

Recall the formula for convolution of two 2m -periodic functions [83, p. 36]

2 o0

1 .
(Fr00 =5 [ fa-ygmay= 3 foe 2.9)

0 k=—o00

which gives rise to the Weyl fractional integral for periodic functions

2
|
WIS = (o x ) = 5 [ al = 3) )y 2.10)
0
on Lgn with p € [1, oo[ where
W, () = Y k) eeikr = 2§ LA COS(kx — “”/2) 2.11)

k0 k=1

is Weyl’s kernel function from [82, p. 300]. The series is convergent for all x € (0, 2x),
a > 0, and uniformly convergent for ¢ < x < 2w — ¢, ¢ > 0, so that it represents the
Fourier series of ¥,,.

It can be shown [83] that eq. (2.10) coincides with the Riemann-Liouville definition
(1.4) for a = —oo resp. b = oo. For this reason! the Riemann-Liouville fractional

1 and because Weyl is credited for being the first to define fractional integrals for functions on the whole
real axis [84].
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integral RLI‘E‘_ o)t = wlf resp. p I, = wI% with infinite limits £o0 is traditionally

called a Weyl fractional integral [82, p. 300], [35, p. 567], [85], [36], [16, p. 353], [37,
p- 7]. For @ > 0 and non-periodic functions f : R — C the Weyl fractional integral
is defined as

safl

I'a)

wld f(x) =/f(x F ) ds (2.12)
0

where x € R and I is the Gamma function. The Weyl integral is translation invariant.
Interpreting the Weyl integral (2.12) as an absolutely convergent Lebesgue integral,
the maximal domain of locally integrable functions is given by

Sa—l

')

dom (Wli) =lreLl (®): / f(=)e—ds <oco}.  (2.13)
0

In the context of Weyl’s considerations the integral (2.12) is considered as an improper
integral in the upper limit, resulting in the maximal domain

a—1

=
IN'a)

dom (WI?;) =1/ €Lie®: lim / f(=s)——ds < oo}, (2.14)
0

which contains periodic functions for 0 < o < 1. This domain was explicitly consid-
ered in [86, p. 116].

Let DF = d¥/dx* denote the derivative of integer order k € N. The Weyl fractional
derivative of order o > 0 is defined by

WD £ () = DIl 117 £ (x) (2.15)

where [8] = min{m € Z : B < m} is the smallest integer above § € R. Choosing
the set of absolutely continuous functions & € (R) as the domain of definition for the
derivative d/dx, the domain

dom (WDi) - { f € dom (WIE”‘“) W17 £ € dom (D“ﬂ)} (2.16)

is obtained by [«]-fold iteration as the domain for partially defined operators.> Note
that for @ ¢ Ny the constant function x + c¢ is not contained in the domain of the
Weyl fractional derivative wD¢ .

Weyl fractional derivatives and integrals have also been studied on the Holder spaces
A (2) [16, Sec. 19.6]. Essentially, fractional integrals, resp. derivatives, of order
a > 0 increase, resp. decrease, the Holder order 8 by «.

2 For operators A and B whose domain and range is contained within a common space X the domain of
their composition is dom (A o B) = {f € dom(B) : Bf € dom (A)}.
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2.3 Marchaud

A larger domain of definition than for Weyl fractional derivatives is obtained for
Marchaud fractional derivatives [87]. Let 0 < o < oo, @ ¢ N, and introduce the
notation [x] := min{m € Z : x < m} for x € R. The Marchaud fractional derivative
is defined as

A r @)
WDENO = )/ s @.17)
for all t € R, where
(L—el
Cla )—f e 2.18)

and the right differences of order m € N and step size s > 0 are
(A} (1) = Z( 1>k( >f(t — ks) (2.19)

forallt € R.
A possible choice for the domain is

dom (MD(-):_) = {f egll: /1 |fsf;j)|ds < oo} (2.20)

and it depends explicitly on «. This domain contains the constant function.

2.4 Griinwald-Letnikov

For o > 0 the Griinwald-Letnikov fractional derivative [88, 89] of a function f :
R — Ris defined as

(GLD HE) = 11

hh];(t) lim o Z( 1)"( >f(t—kh) (2.21)

by generalizing the integer order difference quotients from eq. (2.19) to fractional
orders. A suitable domain is [16, p. 382]

dom (GLD‘j_) — LP(R) (2.22)

forany 1 < p < oo. For 0 < o < 1 it was shown in [16, Thm. 20.4] that on
this domain the Griinwald-Letnikov fractional derivative 5 D% coincides with the

@ Springer



R. Hilfer, T. Kleiner

Marchaud derivative yD%. An analogous result is obtained in [90] for the Holder
spaces €% (R).

Here, in Section 7.4 below, these results for functions are extended and generalized
to distributions. It is found that the maximal domains of Marchaud derivatives and
Griinwald-Letnikov derivatives for distributions nearly coincide. As shown in Section
9.3, where a weak formulation for fractional derivatives of distributions is introduced,
differences may only arise from the fact that o DY is defined as a pointwise limit,
while yD? is defined by a Lebesgue integral.

Similar to the Marchaud case dom (GLDi) contains the constant function, but does
not contain the Heaviside step function or the Dirac distribution.

2.5 Liouville-Griinwald
The Weyl calculus for periodic functions has been related rigorously in [37, 91] to

the Griinwald-Letnikov approach [88, 89] on the Lebesgue spaces Lgn of periodic
functions defined above. These Banach spaces, as well as the space

@ar = { f is 27 -periodic on R and | f[lg,, < oo} (2.23)
of continuous 2 -periodic functions with norm

I fll,, == sup [f (D)l (2.24)
t€[0,27]

were used in [37, 91] to characterize the strong Liouville-Griinwald fractional deri-
vatives. Let | < p < oo and @ > 0. The strong Liouville-Griinwald fractional
derivative of order o with domain

dom <LGD‘,",) =LY . (2.25)
resp.
dom (LGD“> — Gon (2.26)
is defined as that function
=Dy f  resp. =:,cD*f (2.27)
for which the limit
AY AY
m 2 - =0 resp. lim nf — =0 (2.28)
h—0+ || h* L? h—0+ || h® =
2 2
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exists. Because W, € Léﬂ it can be used to define the Liouville-Griinwald fractional
integral

2
1
(el ) (x) = (Yo * f)(x) = 7 /‘Pa(x — . f(dy (2.29)
0

on dom (LGI‘I",> = Lgﬂ with p € [1, oo[ such that

ol flle < Mallpy 10z (2.30)

forall f € Lgn. Note that LGI‘; has a convolution kernel ¥,,.

14
2’

Theorem 1 (Thm 3.4, [37]) The following three assertions are equivalent for f € L
l<p<ooanda > 0:

a) D% f €LY .
b) There exists g € Lgn such that (ik)* fy = g, k € Z.
c) There exists g € Lgn such that f — fo = LGI%g almost everywhere.

Here fy, gk are the Fourier coefficients of f, g as defined in (2.5). The following three
p

properties hold for f € Ly, a, B > 0:
A) (Monotonicity)
If 16D} f € Lgﬂ, then LGij,f € Lgn forany0 < B8 < a.
B) (Additivity)
LGD% LGD[e f= LGD%+'§ f whenever one of the two sides is meaningful.

C) (Fundamental theorem of fractional calculus)
LGD‘[",(LGI‘[",f) = f—-fo= LGI‘;‘,(LGD‘I",f) where the second equality holds if
DY f e Ly .

The Liouville-Griinwald fractional calculus and its applications are further developed
in [37, 92-94] (see [37] and references therein).

3 Translation invariant fractional calculus for measures (R9)

Common domains of definition for translation invariant fractional integrals and
derivatives of functions are often small and their intersection may be too small for
applications. For this reason an extension of translation invariant fractional calculus
from functions to measures was initiated in [49, 50] for the case of Weyl fractional
integrals. It was later superseded and unified with the distributional fractional calculus
of Section 7 below. The present section reviews some results and ideas from this initial
approach in [49, 50] by placing them into the distributional context.
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3.1 Radon measures

Let 1 < p < oo and let K denote the family of compact subsets of RY. The indicator
function 1g : Q@ — R of a set © € RY is defined by

1 forx € Q,
1 = 3.1
2(x) {0 for x ¢ Q. @1

The notation R is used for the set of real (or sometimes complex) valued functions
f : Q2 — R. The Lebesgue space of locally p-integrable functions L{;C(Rd) consists
of the measurable functions f : R — R such that f - 1x € LP(RY) forall K € f.
It is endowed with the topology generated by the seminorms f +— || f - 1|, with
K € 8. The space €(R?) of continuous functions is endowed with the subspace

topology inherited from Lf;c (RY). The spaces of continuous functions with compact
support are defined by
G.R) = H R = | H xR (3.2a)
Kef
G xR = H g (RY) = {(p € €R?) : supp ¢ C K} (3.2b)

for any compact set K € R?. The topology onevery # g (R¥) is the subspace topology
induced from & (R¥). The locally convex topology on the union % (R?) is generated
by all seminorms on % (R?) that have a continuous restriction to ¥ g (R?).

The spaces G ([RY), F (R?) and Lf;c (RY) are vector lattices (or Riesz spaces) with
respect to pointwise (almost everywhere) ordering [95, 96]. Lattice orderings < are
characterized by the existence of supremum and infimum for any two of its elements.
For any x in a vector lattice its absolute value is defined as |x| := sup{x, —x}.

The locally convex space of Radon measures is defined as the topological dual
space

MR = H'(RY) = (%(Rd))/ (3.3)

endowed with the B(#’, Z)-topology (see Section 10.2). Because the dual of a
locally convex vector lattice is again a vector lattice (see Proposition 4.17 in [95, p.
108]) the space . of Radon measures is again a locally convex vector lattice under
the dual ordering, i.e. u, v € 4 satisfy u < v iff u(p) < v(p) for all ¢ > 0. Thus,
|| exists for all u € . and the topology on ./ is generated by the seminorms
uw = |u(p)| with & > ¢ > 0. The set of real valued Radon measures is a real vector
lattice. From this one obtains the Riesz decomposition theorem # = M — M+
where M = {u € M : n > 0}.
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3.2 Integration with respect to Radon measures

The evaluation of a Radon measure 1 € . (R?) on a function ¢ € K (R?) is written
as integration of ¢ with respect to i

/<p(x)du(X) =mlu, @)k = u(p) (3.4)

and this continuous linear functional can be extended uniquely to more general real
valued functions using the “upper” and “lower” integrals from [97], [98], [99, Ch.XI],
[100, Sec. 3.2]. Recall, that a function f : RY — [0, +00] is lower semicontinuous,
if the set { f > a} is closed for every a € [0, oo]. The set of lower semicontinuous
functions is denoted as 7 (R?). Let

TR + H R = {sup.ng o CHRY), o £ @} (3.52)
=] lim @100 e XRD, 01 =@uirneN}  (33b)
n—o0
denote the set of upper envelopes, where “sup” is the pointwise supremum of

[—o0, +00]-valued functions. The last equality then allows to extend u from %
to upper envelopes by

u(f) = sup {utg) 1 9 € KR with ¢ < 1| (3.6)

forall f € 7 (RY) 4+ F (RY). The upper p-integral *(f) and the lower pu-integral
us«(f) of a function f : R4 — [—o00, +00] are defined as

W) =inf {u(e) g € SL®D + X @R with f g} 37w
s (f) = —p (= f) (3.7b)

and f is called w-integrable or integrable with respect to w if

w(f) = w*(f) = u (), (.79

that is, the upper and lower integrals agree.
Accordingly, the domain for integration with respect to w is the space of u-
integrable real valued functions, defined as

PR, ) = {f RIS R —00 < pu(f) = p*(f) < oo}. (3.8)
Let

MR = | RS Rt 1) =0} (3.9)
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be the space of functions that vanish p-almost everywhere. Equipped with the norm
f = (| f]) the quotient space

L'RY p) = LR /N R, ) (3.10)
becomes a Banach space. The definition can be extended to signed Radon measures
and complex functions.

The space L] _(R?) can be identified with a closed subspace of .# (R?) by associ-
ating to every f € Ll (R?) the measure f defined by

loc

mylp) = /w(X)f(X)dx (3.11)

R4

for all ¢ € H (R?). It is equipped with the subspace topology inherited from . (R¥)
via the map f +— . The introduced spaces are then related by a chain

CR) < Lin.R) < L, R) € L R) € Lj, RY) R (3.12)
of continuous inclusions where 1 < p < ¢ < oo.

3.3 Convolution of Radon measures

The convolution of two locally integrable functions f, g € Llloc(Rd) is commonly
defined pointwise in the almost everywhere sense as

(f % )00 = / £ — »gdy (3.13)
]Rd

for x € R, if it exists. This is guaranteed in the most common case f, g € L'(R?).
Reformulated weakly for the corresponding measures ¢, ity from eq. (3.11) and
peX (Rd) this becomes with Fubini’s theorem

(f * pg) (@) = //f(x —»g(Me(x)dydx

R4 R4

= | fx—»eMe@)d(x, y) = (ur @ 1g)(@™) (3.14)
RZd

where s ® pg is the product measure, o> e H (R*) is the codiagonal function
defined as

PR (x,y) = o(x +y) = p(A(x, ) = (9 o A)(x, y), (3.15)

@ Springer



Fractional calculus for distributions

and the mapping A : R? x R? — R? with
Ax,y)i=x+y (3.16)

denotes addition in RY.
The  -convolution of two Radon measures i, v € A (R?) is defined as the image
of their product measure under A,

wxv:=Alu®v] (3.17a)

whenever u, v are convolvable or, equivalently, whenever

v, @)y = / P+ A @ v)(x, y) = (L @ v)(p") (3.17b)
R2d

foro e I (R9). Two measures w,v e M (R9) are called convolvable if and only if
(n ® vV)p? € M (R?) or, equivalently,

/ p(x + y)d(lul @ vD(x, y) < o0 (3.18)
R2d

for all ¢ € H (R?) with ¢ > 0. The image of a measure under a continuous mapping
is defined generally in [97, Ch. V, §6, No. 4, Def. 2]. Here, for u € M« (Rm) and
a continuous mapping m : R — R itis (mp)(p) = u(p om), ¢ € F(RY)
whenever |u|(¢ o m) < oo for all ¢ > 0.

Proposition1 Let f, g € LllOc (RY). Then Wy and g are M -convolvable if and only
if

1) (f % g)(x) is well defined by equation (3.13) for almost all x € R in terms of a
Lebesgue integral and
2) fxgelLl RY.

loc

If iy and g are M-convolvable, then one has Ly * g = [ fg.

Proof Follows from eq. (3.14).

3.4 Convolution duals and extremal domains

In [49, 50] a constructive method was introduced to define weighted measure spaces
on which a given set of convolution operators acts as an equicontinuous family of
endomorphisms. The constructive method was later extended to distributions. For
d = 1 this method was applied in [50, Sec. 9] to linear combinations of fractional
Weyl integrals and derivatives with orders and coefficients from a bounded set.
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The constructive method is based on the convolution dual (F)*, of a set F < M
of measures defined as [49, 101, 102]

(F)*, == {g e MRY) : g is M-convolvable with all f € F} . (3.19)

By construction (F)*, is a polarity in the sense of [103, V. 7, p. 122]. Thus the
convolution perfection operator

F > (P = (%), (3.20)

is a closure operator [103, p. 105, p. 116—120]. The corresponding closures are called
convolution perfect. It follows from the definitions that

w1 (F)5 x (F)Y — (P« (F)%,)", (3.21)

is a well defined bilinear mapping. Within the class of convolution perfect spaces, con-
volution operators with kernels from F* have maximal domain (F)*, and are embedded
in the minimal space (F)*;.

The construction (3.21) does not necessarily give domains on which the convolu-
tion operators with kernels from F map dom ((-) * (F )2) = (F)*, into itself. To
construct endomorphic domains the concepts of simultaneous convolution of p-tuples
and maximal convolution modules were introduced.

Definition 1 For F C . (R%) the maximal convolution module associated with F is
defined as

(Fy'Y:={gel: fi-xf,xgexistsforall f e F,peN}. (322

Systematic investigation of (F)*, and (F )j% was carried out in [55] for the more
general case of distributions. It resulted in a calculus for convolution perfect spaces
as extremal domains of definition (or operation) for convolution operators. The main
problem solved by the calculus for convolution perfect spaces is to find extremal
and convolution perfect domains F| = (F1)*,, F2 = (F2)%,, and F3 = (F3)%;, for
inclusion relations such as

Fix F>, C F3. (3.23)
A detailed description in this review would lead too far afield. Instead we mention
only Theorem 5 from [49, p. 1561] in the next paragraph.

Let u, v, w : R? — R, be three upper semicontinuous and positive weight func-
tions. Given a weight w define two weighted balls

wl ] = {/L € MR : (|ul/w) < 1} (3.24)

@, [w] = {f e GRY : | fwlleo < 1, fF(X)w(x) — O for x| — oo} (3.25)
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Fractional calculus for distributions

of measures, respectively for functions. Let ® denote supremal convolution defined
for0 < f € L (R%) and 0 < g € L (R?) pointwise as

loc loc

(f®e)@) =" Tx&lloo (3.26)

with (T, f)(y) = f(y — x) defining translation by x. Theorem 5 in [49, p. 1561]
characterizes inclusion relations

W]« v[M] CulM] — w[H]+C,[v] CEC,lu]l < wdv<u (3.27)

between weighted balls in terms of an inequality between the weight functions, that is
important for the investigations described in Section 6.1. The proof uses the triangle
inequality for Radon measures: Two Radon measures u, v are . -convolvable if and
only if their absolute values are convolvable. And in that case | * v| < |u|*|v| holds
true.

3.5 Fractional derivatives and integrals for Radon measures

For o € H let v, € 4 (R) denote the monomial measure with Lebesgue density

a—1

f 0
={T@ *° (3.28)
0

forx <0

dv,
dx

Let u € MRY) and « = (a1, ...,aq) € C. The fractional integral of a Radon
measure |4 is defined as the convolution

Wl = (T ® -+ ® Vo) % 4t (3.29)

where the [i(x) := t(—x) denotes the reflected measure. Thus

dom (mli) = (V)% (3.30)

fora € C.

4 Operational Calculus (R1)

Operational calculus was initiated by Leibniz [6] and investigated in the 18th and
19th century by Lagrange, Bernoulli, Laplace, Lorgna, Gruson, Arbogast, Francais,
Servois, Oltramare, Liouville, Cauchy, Boole and many others (see [104] for a his-
torical account). Symbolic computation with operational symbols was also practiced
by physicists and engineers in the early 20th century [6, 9-11, 105] and this moti-
vated Mikusinski [7] and Schwartz [4]. For reviews of operational calculus see [8, 56,
106-110].
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Operational calculus is usually formulated for continuous real- or complex-valued
continuous functions f € € (Rg4) on the half-axis Rg;. = [0, 00[. Let a € C,
t € Roy and f, g € € (Rpy). Then (€ (Rpy), +, *) becomes a commutative ring
with the operations

(af)(®) =af@®) (O=r<o00) (4.1a)

(f+o@O =70 +g@) O=1<o00) (4.1b)
1

(f*g)) = / ft—s)g(s)ds (0 =1 <00 (4.10)
0

of scalar multiplication, addition, and convolution x : € (Ro+) X € (Ro+) = € (Ro4)
of f and g.

The ring € (Ro+) has no divisors of zero due to a theorem by Titchmarsh [111,
Thm 152, p.325] : If f, g are locally integrable and f % g = 0, then either f = 0
or g = 0. As a consequence, € (Ro.) is an integral domain [112, p. 115] and can be
extended to a field (Q[€ (Ro+)], +, x) of quotients in the same way as integers are
extended to rationals [113, p. 110].

The elements of the quotient field Q[ (Ro4 )] are equivalence classes of ordered
pairs, denoted as (f i g), representing a convolution numerator f over a convolution
denominator g # 0. Two convolution quotients ( f1 y g1) and (f» # g2) are equivalent
if the relation

fixgr = frxg 4.2)

holds for all g1, g» # 0. The multiplication of a pair with numbers a € C is defined
such that

a(f 8 =(af {8 (4.3a)

holds for all pairs (f # g) € Q[€ (Ro4+)]. The addition and multiplication of pairs is
defined such that

(f£8)+ (hifk)y=((f*k+gxh) i (gxk) (4.3b)
(f # &) x (hif k)= ((fx*h)(gxk)) (4.30)

holds for all f, g, h,k € €(Ro+), g # 0,k # 0. The neutral element for the multi-
plication x of pairs is the pair (1 3 1) € Q[ (Ro4+)]. It is not a continuous function
and resembles the generalized d-function. Because the elements in Q[€ (Rg4)] are
sets, they are usually called “operators” [108] and sometimes “hyperfunctions” [56].
The two mappings

Csars (al #1) € Q[E[Roy)] (4.42)
ERov) > f > ((1xf) 1) € Q[E€[Ro4)] (4.4b)
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are embeddings of C, resp. € (Ro.t), into Q[ (Rg+)]. Obviously, scalar multiplication
a(f )i g) Fax(f )i g) =al x(f /1 g) =a(lx f :/ g)isnotthe same as
multiplication with a constant function.

The relevance of the ring € (Rg4+) and its quotient field Q[6 (Rg..)] for fractional
calculus emerges from choosing for f and g in (4.1c) the constant function f = 1,
defined by f(r) = 1forallt € [0, oo[. One has 1 % 1 = ¢ and

tn—l
1" =1%-%1=—, neN,t>0 4.5)
— TI'(n)
n-times
by iteration. Choosing f = 1 in (4.1c) shows
t
(Ixg)(1) = /g(S)ds (4.6)

0

which identifies convolution with f = 1 as the operator of integration.
The operator of fractional integration in operational calculus is then defined by
extending iterated convolution with 1 to noninteger n as

t
1
(ocI* f)(1) = (1™ f)(1) = ) / ft—s)s*ds 4.7
0
with domain
dom <OCI°‘) — (Roy) (4.8)

for Rea > 0.
The definition of fractional integration can be extended to all @ € C as convolution
with the convolution quotient

1 — (1*(a+n) / l*n) (49)

where n = (|Rea] — 1) is the smallest positive integer such that Rea + n > 1. For
o = —1 one finds

D=1"CD = (14#1%? (4.10)

and this is interpreted as the operator of differentiation. The fractional derivative
operators are

ocD? = 1¥(-%) 4.11)
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with domain
dom (OCDO‘) — G (Roy) (4.12)

by virtue of the embedding (4.4a).

The construction of the quotient field (Q[€ (Ro+)], 4, X) is quite general. It can be
carried out for other spaces such as the space of locally integrable functions LllOC Ro+)
or distributions 2’(Rg,) on the half axis. One has the algebra isomorphism [114]

Q[% (Ro1)] = QlLjo.(Ro)] = Q[P (Ro)] (4.13)

relating operational calculus with Schwartz distributional calculus. On the other hand,
the construction of (Q[€ (Ro+)], +, x) has also a few disadvantages:

(i) Although every function in the ring € (Ro4.) also represents an operator (because
it can be represented as (f xb j b) with b # 0) not every operator in the quotient
field corresponds to a function.

(i1) Generalization of the fundamental equation (4.1c) fromd = 1 to higher dimension
is not straightforward, because of the difficulty to specify what happens at the
boundary.

5 Schwartz fractional calculus for distributions (R1)

The first fractional calculus for distributions was introduced together with the theory of
distributions [5, 15, 115] as an application of defining the convolution of distributions
[5,p.174] . Leta € C, x € R and

1, x>0
Ox) = Ir, (x) = (5.1
0, x <0

be the Heaviside step function. For x € R define

a—1

Y, (x) = @(x)%, Rea > 0 (5.2)

and its reflection Sv(a (x) = Yq(—x). This definition is extended as

Yo = DRIy L Reattas Rea <0 (5.3)
to @ € C. Here D¥ is the distributional derivative of order k. Note that Y| = O, that
Yo = DO = § is the Dirac distribution, and that Y_; = D!**@ = §®) their k-th
derivative for k € N. The abbreviation Y = Y will also be employed. The symbol

Y, is the notation from [5, p. 43] while it is denoted as ®,, in [15, p. 48]. The notation
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x§ isusedin [116, p. 73] and the authors used p% for Y, and q% for Y_ in Definition
1in [54].

The idea is now to define fractional derivatives as convolution with the mono-
mial distribution Y, as kernel in analogy with operational calculus. Let « € C. The
Schwartz fractional derivative is defined as [5, p. 172]

DL fi=f*xY_4 (5.4)
for distributions f in the set
dom (SD1> =9, ={fePD :—oo0 <infsuppf} (5.5)

of distributions bounded on the left, also called “causal distributions”. Note that the
domain is independent of «. Analogously, a reflected operator D* f = f x Y _ois
defined for anticausal distributions.

The convolution of two locally integrable functions f, g € LllOC (R) is given by eq.
(3.13) with d = 1. This definition can be extended to distributions along the same
lines as the extension to measures discussed above in Section 3.3.

Given two test functions ¢, ¥ € D(R) their tensor product is the bilinear mapping
PRV : DR) x DR) — D(R?) that assigns to every pair of functions (¢, ) the
function (x, y) = @(x)¥ (y). The tensor product of two distributions f, g € &'(R)
is the unique distribution f ® g € @’ (R?) which satisfies

(fR®geRY)={(f,0) (g ¥) (5.6)

forall ¢, ¥ € D(R). The problem with using eq. (3.14) as a definition for convolution
of distributions is that (pA is smooth, but in general not a test function, i.e. (,0A ¢ D (IR{Z),
because it does not have compact support. Figure 1 illustrates suppg” for a test
function with suppg = [a, b].

The problem is circumvented by using a cutoff function x, € 9 to cut off the
integrand. In other words, given ¢ a cutoff function x, is chosen such that {x, = 1} 2
supp((f®g) -p®). Note, that such a cutoff cannot be found for all pairs of distributions
f,g € . If a cutoff function can be found, then f, g are called convolvable by
support. If f, g € P’ are convolvable by support, then their convolution is defined by

(frg0)=((f®8 9> xp) (5.7)

for ¢ € 9. Two distributions f, g € D’ are convolvable by support if and only if
(f®8) 9" &R (5.8)
for ¢ € 9. This is the most common definition of convolution of distributions, which

can be found up to details in [116, 117]. For example, convolvability by support is
guaranteed,
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Fig. 1 Tllustration of supp(,z)A for suppg = [a, b] and of convolvability by support (condition (2) below)
for distributions f, g € 94_. The set suppgz;A is textured by north east lines, supp f is textured by
horizontal lines, and suppg is textured by vertical lines

() if fe& orge&,or
2 if f,g €D, ={f €D :—oco<infsuppf}.

The set 9; with the operations of addition and convolution (2, , +.%) becomes a
convolution algebra without divisors of zero [5, Thm. XIV, p. 173]. Thus, the algebra
(9;, +, %) in distribution theory resembles the algebra (€ (Ro+.), +, *) in operational
calculus.

While dom (SDi) = @/ contains the d-distribution, Y, and the Heaviside func-
tion, it does not contain the constant function or the trigonometric functions. Some
authors maintain that fractional derivatives of integer powers x — x”*, n € N cannot
exist [118, p. 24, Sec. 3.5.2], [119, Sec. 2.3].

Schwartz calculus on the half axis, i.e. on &' (Rg4), was applied to a convolution
operator with nonsingular kernel in [120], and has been extended to the cone Rg 4 in
[52]. The well known results from [15] were recently repeated in [121].

6 Other approaches for distributions
6.1 Method of adjoints
A useful method to define fractional derivatives for distributions is the method of

adjoints or transposition [42, 122, 123]. Let (X, tx), (Y, Ty) be two locally convex
Hausdorff spaces endowed with topologies Ty, Ty and let X', Y’ be their topological
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duals. Let A : X — Y be a linear operator. Its adjoint or transpose A : Y’ — X' is
the operator defined by the relation

(Af,9) = (f, Ap). 6.1)

The vector A f is defined as that linear functional on X, which assigns to each ¢ € X
the same number, that the functional f € Y’ assignsto Ap.If A : (X, 1x) — (Y, Ty)
is continuous, then also A : (X, o (X, X)) — (¥, o (Y, Y")) is continuous, i.e when
the spaces are endowed with the weak topologies o (X, X") and o (Y, Y'). Morover,
if A is continuous, then the adjoint operator is continuous A:X,oY,Y) —
(X', o (X', X)) in the weak and the strong topology, i.e.asamap4 : (Y', B(Y',Y)) —
(X', B(X', X)) [117,p.256] [124, eq.(3.23)][25, p. 7]. When A is a fractional operator
and X, Y are space of test functions, then 'A is a fractional operator for distributions.

The method of adjoints (6.1) can be used to extend Weyl fractional integrals I
witha € H and derivatives wD% witha € C to certain weighted space of distributions.
This will now be illustrated in this section.

In [49, 50, 125] the Weyl operators wI5 and wD¢ were discussed as continuous
endomorphisms of certain weighted spaces of continuous or smooth functions. The
results were characterized using the equivalence (3.27). For k € Ng U {oco} and a set
W of weights with W € €1 (R) :={f € (R) : f > 0} define

&k (R) = {f cG*R):Vwe W,meNog,m<k: fMy e %V(R)} (6.2)

with €, (R) := %8, (R) and Ew (R) := €} (R). These spaces are endowed with
the locally convex topology generated by the seminorms f — || f™ w||o with w €
W, m € Ny. Let the supremal convolution dual for a set W € € (R) of weights be
denoted as (see (3.26) for the definition of ®)

(W)%+ ={veG L) :Ywe W :weveLL®]. (6.3)

In the notation of [50, egs. (2.3), (4.1), (9.1)] the set (W)%+ corresponds to the intersec-

tion of €4 with the expression “UT(-, W; UT)”in[50, p. 1246]. With notations similar

to [50, pp. 1245] one denotes P := <(1 +x2)" in € N> and P := PN,
tici

c1
(compare also (7.25a) below for d = 1). Then (P)%+ = ¢+(R) N €p(R) and
(Po)g, = (P)g, +[E+(R) N DL(R)].

Retracing the steps in [50, Sec. 11] it can be shown that P_ ® W C W for all
W e {P_, (P_)g+ ,P_+ (p)% ,(e7"*),;.;}. # > 0. From Theorem 8.1 in [50, p.
1240] (see Theorem 6 in [49, p. 1565] for its proof) and Proposition 10.2 in [50, p.
1243] follows that Weyl fractional integrals wI§ with o € H define continuous endo-
morphisms of G (R). Except for W = <e_‘“‘ ) tic; this follows also from Korollar
3.7 in [125, p. 63]. Thus Weyl fractional derivatives WD‘_’f_ with o € C are continuous
endomorphisms of & (R).

It was mentioned in Section 8.1 of [54, p. 130] that the locally convex space
&p.(R) = SR) + (E(R) N 2’ (R)) can be understood as a translation invariant
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reflected version of the “space of good functions £’ from [126], which consists of
rapidly decreasing smooth functions on [0, oo[. In Chapter VII of [19, p. 236] this
space is denoted as S and in [16, p. 155] it is written as S (Rﬂr). The set of weights
W=P_+ (P)g+ fulfills the identity &w (R) = S(R) + [Oy(R) N D/ (R)] = &4
where G is the space from [16, p. 146]. In [16, p. 147] it is claimed misleadingly that
the “topology in G is easily defined by means of a countable set of norms” although
this does not hold true for the topology of & w (R).

Consider now the set W = (P_)g% of weights. In this case, as mentioned in [125,

p. 67], the dual space of &w (R) = Oy (R) + 2. (R) N &(R) is the space
@&w) =0y R)+(2'" (R) N2, ®R)] (6.4)

where 2’ (R) is the space of distributions with finite order [117, p. 339]. This permits
to define adjoint Weyl fractional integrals .w1% for a € H by

(wIi f o) = (f, wlie) (6.5)
and adjoint Weyl fractional derivatives D% with o € C by
wD$ f, @) == (f, wDie) (6.6)
for all ¢ € &w (R). Their domains are
dom (awDi) — (&w(R)) = dom (aWI‘_’,‘_) (6.7)
with W = (P_)S:-;?+ and o € C resp. « € H. It is known from [5, p. 245] that
exp(ix?) € O \ 0, and thus that exp(ix?) (Op + D)\ (Ew)'. Comparing this

with dom (I‘i) in (7.26) below shows that the adjoint extended Weyl operators can be
extended further using Schwarz’ approach.

6.2 Lizorkin and Rubin (R")
Interpreting fractional derivatives and integrals as Fourier multiplication operators is

a common approach, which will be discussed below in Section 8. It led Lizorkin [42,
43] already in the early 1960’s to introduce the space

Stz =1peSM): /xkgo(x)dx =0,k e Ny (6.8)
R

named after him. The Lizorkin space &1 ; contains those (rapidly decreasing) Schwartz
test functions, that are orthogonal to all polynomials. It carries the subspace topology
inherited from the Schwartz space & (R).
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The Lizorkin fractional derivative (,D% of order « € R is then defined by the
method of adjoints for f € ($.,) as

(LDLf. ) = (f, wD%o) (6.9)

for all ¢ € &,. The domain is
dom (1DY) = (1) = &' R)/P(R) (6.10)

where §”(R) is the space of tempered distributions and 9 (R) the space of polyno-
mials [16, Sec. 8.2]. The operators |, DY obey the general semigroup or index law

D% LZDi = LZD‘fﬁ for all orders «, 8 € R.

Lizorkin fractional operators have not found much attention or application, because
multiplication of ¢ € &1,(R) with a power functions leads out of Lizorkin space.
This circumstance renders &1 , virtually useless as a domain for fractional differential
equations.

Lizorkin’s approach for fractional integration was considered in [127] for the half-
axis R4, and with Fourier transformation replaced by Mellin transformation. Let
& (Rp4+) be the space consisting of restrictions of Schwartz functions from the line to
the half-line and define

Sy (Roy) := {q) e S(Roy) : lin})x_k(p(m)(x) =0,Vk,m € No} (6.11)
x—
o0
DL (Rop) =9 e St (Roy) : /xkgo(x)dx =0, Vk € Ny (6.12)
0

o0
Oy (Roy) := {9 € Sy (Rop) : /x“*hp(x)dx =0,VkeNgy, acH (6.13)
0

with topology generated by the seminorms

qi(¢) == sup sup(1 + x)¥|p™ (x)| (6.14)

m<k x>0

with k € Ny. The Rubin fractional integrals of order o € H are defined implicitly by
demanding that

(w2 F.0) = (. lto) (6.15)
(slf £ 0) = (7. w1%0) (6.16)
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holds for all ¢ € @ (Rg4) in the first, resp. ¢ € @, (Ro4+) in the second relation. The
domains are

dom (g% ) = (@4 (Ro))’ (6.17)

dom (sl ) = (P—a(Ro4)Y (6.18)
the topological duals of the test function spaces @ (Roy) and ®_y (Roy).

6.3 Erdelyi-McBride (R")

Let v € C, Rea > 0, m > 0. The Erdelyi-Kober operators are defined for functions
f : 10, oo[— R by [85]

—mn—mao
e fHx) = meT/ (xm — ym) Tyt p(y)dy (6.19)
0
m¢
(K590 = e [ (37— xm) T ymmemetn=t £y (6.20)

I'a)

o

-1
and they are studied in [122, 123] with ¢ = n+1—m~asIL%, K2 % withm >
0, complex  and y withRear > 0,Ren > m~!—1andRe(n+a) > m~' —1. Although
Erdelyi-Kober operators are related to Riemann-Liouville and Weyl operators as [85]

(KY* f)(x) = W1 (79 f) (6.21)
AT H) = 27 Gl () (6.22)

they are not identical with them. The extension to spaces of distributions via the method
of adjoints is based on “fractional integration by parts” [128]

b b
/(RLIZ+f)(X)g(X)dx = / FOGIp_g)(x)dx (6.23)

which is written in [122, eq. (1.10)] as

(a5 1 8) = (£.01%8) (6.24)

for a = 0 and b = oo. The idea is to define the Erdelyi-McBride fractional integral
eml(y, f of adistribution f € 9/, by the right hand side of this relation, which remains
well defined although in general wI* g ¢ 9.
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A suitable space of test functions for the Erdelyi-Kober operators is constructed in
[123]. Let a € R. The set of test functions

S = COJ T4 (6.25a)
=1
Fae={f€&U0,00]) : f(x)=0forx > ¢, par(f) <00,k € Ng},¢>0
(6.25b)
is equipped with seminorms
Pai(f) i=sup {x! = F O} ke (6.26)

x>0

determining the topology on %, ¢. The space & (]0, co[) is dense in .#,. Similar
but somwhat larger spaces were proposed in [122] and [129]. The Erdelyi-McBride
pseudo-fractional integral gyl of order a € C is defined by demanding that

(sl S+ 8) =T =) (£ WI%(Yia - ) (6.27)
holds true for all g € .#,. Its domain is the dual space
dom (EMIg +) =7 (6.28)

with @ < 1. It contains distributions of order zero having limited growth at 0+ but
arbitrary growth at +o0. For fixed o the operator gy, is bounded on I

The Erdelyi-McBride calculus of distributions is restricted to the half axis. Hence
it is not translation invariant and cannot be applied e.g. to the constant function on R.
Erdelyi-McBride operators for distributions combine convolution with multiplication.
Because they differ in this respect from ordinary fractional integrals operators we have
called them pseudo-fractional integral operators.

6.4 Braaksma-Schuitman (R")

In [130] multiplicative convolution and Mellin transformation are employed to study
the Erdelyi-Kober operators I and K,;»% . Let A, € RU{£o0}, A < . Let (kn)i’,io
and (1,);2 , be sequences of real numbers with A, | A and , 1 pand A, < u, for
all n € N. The space T (A, i) is defined as the space of all functions ¢ € &(0, 00)
with the property

)= sup 1T FP0)] < o0 (6.29)

t>0
p=0,1,....n
An=c=pn
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foralln € N. T (A, u) is alocally convex space with topology generated by the norms
pn. The Erdelyi-Kober operators are written multiplicatively as Mellin convolutions

" m a—1 —m(a+1n) d
I ) = / {(f) —1} (f) F= (6.30)
(Ot)0 y y y

forall f € T(A, u), m(Ren+ 1) > A and

o0 mya—1 mn d
(K )00 = i/{l - (f) } (f) M= 630
I'a) J y y y

forall f € T(A, u), Ree > 0 and mRen 4+ u > 0.

Given a positive number a > 0, let 7 ([0, a], A) denote the subspace of T (A, c0)
of functions with support contained in [0, a]. Similarly, let T ([a, 00), i) denote the
subspace of T'(—oo, ) of functions with support contained in [a, co). It is shown in
[130] that I,;* is a continuous operator of T ([a, 00), i) into itself, if © < m (1 +Ren),
and it is an automorphism, if £ < m(1 +Rea +Ren) . Similarly, K % is a continuous
operator of T ([0, a], ») into itself, if A > —mRen and it is an automorphism if
A > —mRe(a + n).

The operators I};“ and K,»* are then extended by transposition to distributions as
continuous operators with domains

dom (I%) = T'([0,al, 1 — ), < m(l + Ren) (6.32)
dom (K1¥) =T'(la,00),1—2), 1> —mRen (6.33)

where a > 0. Setting n = 0 and m = 1 leads to the definition of the Braaksma-
Schuitman pseudo-fractional integral of order a € C via the relation

(sl5i s 8) = (£, KD8) (6.34)

forallg € T([a,00), 1 —X),A >0,a > 0.

As in the Erdelyi-McBride case also the Braaksma-Schuitmann approach is not
translation invariant. Braaksma-Schuitmann operators cannot be compared with ordi-
nary fractional calculus operators insofar as they involve not only convolution but also
multiplication with fractional powers.
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6.5 Lamb (R")

The distributional fractional calculus developed in [131, 132] is based on fractional
powers of the integral operators J and K defined as

X

(Jo)(x) = f p(ydy, xeR (6.352)
(Kp)(x) = /(p(y)dy, xeR (6.35b)

X

on test function spaces (1 < p < oo, u € R)

Dpu:={feDR) :e ™ f(x)eDrr}=Dprr e (6.36)
Dooy = {f € D) : e ™ f(x) € %8} — B e (6.37)

where Dp» is the space of smooth functions such that all derivatives are in L? (defined
in [5, p. 199]). For p = oo the space D1r (R) is replaced by the subspace of those
functions from 9 p, that also converge to zero at infinity, because & is dense in the
latter but not the former. Lamb defined the spaces D, , for u € C [131, Def. 3.1],
although they do not depend on any non-zero imaginary part of . Hence it suffices
to parametrize them with 1 € R as we do it here.

The spaces D, ;, are Frechet spaces equipped with the topology generated by the
seminorms

e
a (@) = Hﬂ(e HF(x) (6.38)
X P
where || - ||, is the usual L?-norm. If u > 0, then J is a homeomorphism of D, ,
onto D, , with inverse J~! = d/dx.If i < 0, then K is a homeomorphism of D, ,,
onto D, ,, with inverse K ~! = —d/dx [131, Thm 3.4] .
Fractional powers of a linear and continuous operator A = J, K on D, , are
defined by the formula
in(ra) [ 2
sin(wo o
A f = et oa—a)y- Afdr—sin (Z2) 4
(—AY S | [( ) (W)}f sin (%) af
0
(6.39a)
(A f=EDTEAS (6.39b)

for the «-th power of a linear and continuous operator A on X with continuous inverse
A~ Here 0 < Rea < 2 in eq. (6.39a)andn < Rea <n+2,n ==£1,+2,... with
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(—A)" = (—A YY" whenn = —m,m > 0 in eq. (6.39b). The class of admissible
operators is restricted by the conditions:

(1) (0,00) C p(A), where p(A) is the resolvent set of A.
(2) For each gy € {qx}2, there exists a seminorm p € {g};2,, such that

a ([cr01 =07 £) = ) (6.40)

forall f € X where A > 0,n = 1,2, ... and the constant C > 0 is independent
of f, X and n.

These conditions ensure convergence of the integral in (6.39a), intepreted as an
improper Riemann integral. It is shown in [131] that on D, , the fractional pow-
ers of J and K are the Weyl fractional integrals (J)* = wI§ and (K)* = wI*.

The integrals J and K are then extended to operators 7 and K on the dual spaces
D), ,, by

(Tf.o)=(f.Ke), (Kf,0)=(f,JTo) (6.41)

where f € D;,’ﬂ, ¢ € Dy, and (-, -) is the bilinear pairing of the dual system
(D;_y w Dp.u)- Leta € C with Rea > 0. The distributional Lamb fractional deriva-
tives and integrals are defined as the fractional powers of the extended Weyl fractional

derivatives and integrals

wlf = ()" (6.42)
Wl = (K)* (6.43)
with
dom (Lbli) =D, , =P -, u<0 (6.44)
dom (Lblﬁ) =D,, =D -,  u>0 (6.45)

on D), where (1/p) + (1/q) = 1.
Although it is defined for functions on the full real axis the Lamb-calculus does not
apply to exp(iwx) or trigonometric functions.

6.6 Khan-Lamb-McBride (R")

Periodic distributions were considered in [133] with the objective to extend earlier
work of Butzer and Westphal [37] on periodic functions to distributions. In [133]
d =1and G = R/27Z. The space &5, of test functions is defined as

Aoy = {p € € (R); ¢ is 2m-periodic} (6.46)
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the vector space of smooth and 27 -periodic test functions equipped with the topology
generated by the seminorms

Pi(@) = 1D pll 2 (6.47)

with k € Ny. The direction reversed Liouville-Wey] fractional operators

WD @) () = Y (—ik) g™ (6.48)
k=—o00

(W@ () = Y (—ik) e (6.49)
k=—00

are defined for all test functions ¢ € 9/, and o > 0.

The dual space &5 of 92, is equipped with the weak*-topology [133, p. 267].
The periodic fractional derivative and integral of periodic distributions f € o/}  are
then defined for o > 0 as

GDLSfL @) = (f, .wDZg) (6.50)
GILSs 0) = (f, wlZe) (6.51)

Both operators are endomorphisms on the distributional domain

dom (,D ) = don ;1% f ) = o3, (6.52)

as shown in [133].

7 Generalized Schwartz fractional calculus for distributions

Schwartz’ fractional calculus was significantly extended in [53-55]. The extension
is based on generalizing the standard definition (5.7) of convolvability by support.
The generalized convolution was first introduced already in [134] but has remained
relatively unknown (it was rediscovered in [135], see also [136]). It is not usually
discussed in books on distributions. Notable exceptions are [137-139], but even these
books do not give the full picture. Additional information can be found in [135, 136,
140-144]. The generalized concept of convolution allows to extend and unify several
translation invariant definitions of fractional derivatives [55].

7.1 @'-convolution

The generalization of convolution proceeds in two steps. The first step is to define the
distributional integral in a way analogous to eq. (3.4) for measures. Because &0 (R?),
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Fig.2 Schematic set-theoretic
illustration of inclusion and
subset relations for the various (74)
domains of definition for
convolution discussed in the
text. The equation numbers refer
to the definitions of

@' -convolution (7.4),
&’-convolution (5.7),

M -convolution (3.17),

L} .-convolution (3.13),

€ (Ro)-convolution (4.1¢c), and

d =1in(3.13) and (4.1c) '

when equipped with a suitable topology [138, p. 11], is dual to QZ/LI (RY), the distri-
butional integral of a distribution f € 9/L | (R?) is defined as

ff = (f, 1ga) (7.1)

where 1Ra is the constant function on R?. The second step is to generalize convolv-
ability by support (5.8) (or &’-convolvability) to &’-convolvability by replacing &’
with &/ in (5.8). For x, y € R? one has ¢ (x, y) = ¢(x 4+ y) € E[R*) and (5.8)
becomes

(f®g) - 9" € & RYM) (7.2)

when f, g € @'(R?). Two distributions f, g € @' (RY) are called D'-convolvable if
and only if

(f®g) 9" € D) (R*) (1.3)
for p € D (Rd). This condition is always fulfilled if f, g fulfill (5.8), because

&'(R¥) ¢ 9}‘1 (R2?). Finally, 9'-convolution of two D'-convolvable distributions
f, g is defined as

(%80 0) :/<f®g>-soA (7.4)

for ¢ € D(R?). The various definitions of convolution are related as illustrated in
Figure 2.
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9'-convolution generalizes also the convolution formula (2.9) for periodic func-
tions as shown in Section 7.5 below. In addition, it generalizes the convolution of
Radon measures [98], [138, p. 7] defined as continuous linear functionals on the
space # (R?) of continuous functions with compact support. Two Radon measures
w,v € MRY = (FR?)) are convolvable if and only if ¢” (1 ® v) is an inte-
grable Radon measure on R?? for each ¢ € 6. (R9). The space ' (R?) of integrable
measures is defined as the dual of %V(Rd). Because Radon measures are convolutions
[145, p. 300] and 2’-convolution generalizes the convolution of Radon measures,
several results of [49, 50] for Weyl fractional integration of measures are contained in
the more general results for distributions.

Let Lé (R?) and . (R?) denote the space of integrable functions with compact
support and the space of compactly supported measures. Then all spaces in the diagram

LIRY c s#.(RY) C & RY
N N N (7.5)
L'®RY) C u'RY C D),RY

are 9’-convolution algebras [139, p. 69].

7.2 Associativity of &’-convolution

Let fi,..., fp € P'RY),d e N, p € N, p > 2. The simultaneous D'-convolution
is defined as

(o f@ = [(hee@fp o 1.6)
whenever (fi, ..., fp)is D'-convolvable, i.e. whenever
(i® - ® fp) 9" € D), (RP) (1.7

forall ¢ € D(R?). Here (p”A(xl, ...y Xp) = @(x1+---+xp). This definition follows
Definition 5 in [136, p. 373] and remarks from [138, Sec. 1.3]. Convolution is linear
and convolvability is preserved under addition in each factor. For the construction of
convolution modules the following law of associativity is fundamental.

Proposition2 (Thm 2 in [143]) If the p-tuple (f1,..., fp),p € N,p > 2 with
fi € D'\ {0} is D'-convolvable, then

Jisook fp = fixeox fgx(fapr %% fp) (7.8)

for q € {1,..., p — 2}, where the right hand side is well defined in the sense of
definition (7.6)

The set of lower semicontinuous functions f : R? — [0, co] becomes a semigroup
for convolution as group operation, if convolution is pointwise defined. This follows
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from Fubini’s theorem [99, p. 55] and allows to formulate the following convenient
convolvability criterion:

Proposition3 A p-tuple (f1,..., fp), p = 2, fi € &' is convolvable if and only if
for all test functions ¢ € D the convolution of the regularisations

lo1 s fil s xlgp* fpl (7.9)
is a finite-valued function.

Proof The criterion is equivalent to the criterion given in [140, p. 19] after a linear
transformation of R . O

The construction of convolution duals (F)*,, perfection (F)*; and (F )*/% for
measures can be carried over to distributions and &’-convolution by replacing .# with
D' Let (F Y.+ (resp. (F)c +.4) denote the complex linear span (resp. convolution
algebra) generated by F C @' (resp. by F € 9’ with (F)E%M £ {0}).

Theorem 2 (Thm 8, [54]) Let F € 9. I]‘(F);DM # {0}, then every tuple from F is
convolvable and (F );ZM is a convolution module over (F)c 4 .

Denote as .7, the space of lower semicontinous functions f : RY — [0, oc], and
let W C .7,. The W-weighted L'-space of distributions is defined as

w =1 €D Ywe W |l(px fHwll < oo}, (7.10)

Its definition depends only on the translation invariant cone ideal generated by W,
which is defined as

(W)pses = {v €, Fwp e W, x, eRY v < Tywy +~-~+Txnw,,}, (7.11)

where (T f)(y) = f(y — x) is translation by x.

Proposition 4 Let F C @' (RY). The convolution dual (F )&y and the maximal module
(F )&M can be represented as weighted L"-spaces of distributions

(F)oy = D)1 e with W= {|<p «fl:9 e DR, f e F} (7.12)
(MY =D, . with V = (W), (7.13)

where (W), is the set of simultaneous convolution products formed with elements in

~

W, and f is the reflection of f defined in (10.37).

Proof With the notation w = [y * f1]* - % [y, % f},| one obtains

(@ * Wl = (g * gl [y fl - [Yrp % fp)(0) (7.14)

forall g, fx € D' and @, Y € D. Applying Proposition 3 concludes the proof. O
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7.3 Generalized Schwartz fractional derivative

To formulate the extension of Schwartz’ fractional derivatives sD% and integrals 515
succinctly the following discussion is presented for d = 1. The extension to d # 1 is
considered at the end.

The generalized Schwartz fractional derivative DY is defined exactly as the
Schwartz derivative in eq. (5.4) as

DY f = f*Yq (7.15)

fora € Cbutnow using the @’-convolution (7.4) resulting in the significantly enlarged
domain

dom (D%) = (Y_a)iy (7.16)

for @ € C. The generalized Schwartz fractional integral is defined as a derivative of
negative order I := D}* fora € C.

Using (7.12) and some simple calculations the domain (7.16) can be described more
explicitly. Let ¢ € D (R). For ¢ € C\ (—Np) there exists C < oo such that

-2

for all x > 2y > 0. Using this inequality gives the asymptotic behaviour

<cl (7.17)
X

a—1

a—1
Yo ) = oo [ o) (1-7)
= Yo (x) / p(»dy + O (7.18)

for x — 00. The extended domains can now be described as weighted L' (R)-spaces.
Define the power logarithmic weights

wh (x) = w0 (x) (7.19)

Wt (x) = (1 +x2)”/2 [1 +log (1 +x2)]" (7.20)

for u, x € R, n € Ny. Using the shorthand notation f} := f-®and f_ := f - ®, an
asymptotic expansion shows that

(1a * Dheses = (whe! 721)

>tici
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fora € C\ (—Np). Thus, the enlarged domain dom (D‘_’Q is
(Y—Oé)ik@/ = 9zll’w:Reoz—l

°°|(f*¢>(—x)|dx

={feDR); Vo e IMR): Reat1 < 00 (7.22)
1
for @ € C\ Ny by virtue of Proposition 4.
Theorem 3 The index law
LAl =15"y (7.23)

holds if {a, B} N (—=Ng) # @, or if f € QZ’LI vop with vy g = wRea—1 o Rep—1
Proof Apply Propositions 2 and 3 to the simultaneous convolution Y, * Yg * f. O

Proposition 5 Convolutions of power logarithmic weights satisfy

(wh ™) = () for p.q > 0, (7.242)
tici tici
<w;1 % w;1*”> = <w;1’"+1> . for n € No, (7.24b)
tici tici
<w_‘i_l * wi_l> = <wi‘a"{p’q}_l> o for p <0Oorg <O0. (7.24¢)
tici tici

Proof Equations (7.24a) and (7.24b) are contained in [146, Lemma 2.2]. Equation
(7.24c¢) follows from [147, VIIL.8]. ]

LetH :={z € C:Rez > 0}, H := {z € C : Rez > 0} and Hy := H U {0} and
define the following sets

Py :={w} :neN}, (7.25a)
0L = {wi g < —1}, (7.25b)
Ry = [w;"" ‘ne No} (7.25¢)

of weights. Then @}, , = O + 2.

Theorem 4 Let @« € C. The maximal invariant domain of the Schwartz fractional
integral is given by

921’},7 if Rea > 0,
dom(I%) = (Ya)5! = 1D}, p  if Rea =Oand e #0, (7.26)

(Yo)s, if Rea <Oora =0.
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Fractional integrals with orders o € C define a group operating bijectively on E@’L, P
Fractional integrals with orders o € iR define a group operating bijectively on

9/ LR Fractional integrals with orders o € —H define a semigroup operating on

Q/Ll z_- Fractional integrals with orders a € —H define a semigroup operating on
!

2 L', "

Proof Apply Proposition 4, Theorem 2 and Proposition 5. O

In [119, p. 126] it has been argued at length that fractional derivatives of the power
function x — x"*, n € N do not exist in general, not even in the sense of distributions.
The generalized Schwartz derivative DY (x") defined above, however, exists if and
only if « € Ny or & € C with Rea > n.

7.4 Discrete Griinwald-Letnikov calculus and the continuum limit

This section discusses discretized fractional integrals and derivatives on domains of
sequences and distributional domains in analogy with the continuous case. Discretized
functions are sequences, i.e. functions defined on dom ( /') = hZ instead of R for some
step size h > 0. Let C"Z be the space of all discrete functions #Z — C. Analogous
to the monomials Y, from (5.2) define the discrete power function as

(— 1)’<< )h“ keNy
0 ke Z\ Ny

Yo, (hk) 1= (7.27)

for o« € C and & > 0. Define the associated discrete Griinwald-Letnikov fractional
derivative as

DL f(hK) ==Y f (h(k = D)y (hD) (7.28)

leZ

fork € Z and f € dom (dGLD‘j‘r, h) with the natural domain

—hk
don(upt,) = [recm SU ol a2

keN

fora € C\ Ny and dom <dGLDi h) = C" for « € Ny. Thus, aa. DY, is the discrete

convolution operator () ¥y, ; on the discrete convolution dual of {y, ,}. The operators
(7.28) were considered, for example, in [148]. With Equation (7.29) we provide a
precise definition of their natural domain.
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Every discrete function f € Ch% can be identified with a distribution onz(f) €
2’ (R) (even with a Radon measure) via

Suz(f) =Y, f (kS (7.30)

keZ

where 0, is the Dirac distribution at x € R and # > 0 the step size. The distribution
corresponding to y,, ;, is

Yo =00z en) = D You (k) pi- (7.31)
keZ

The generalized Griinwald-Letnikov fractional derivative of order a € C with step
h > 0 is then defined as

oD f = fxY an=) Yy quk)Tif (7.32)
keN

where (T f)(y) := f(y — x) is the translation operator. The domain is
dom (GLDZ) = (Year)l = (Y_o)%y - (7.33)

The definition (7.32) can be understood in terms of 2’-convolution or in terms of the
series on the right hand side, that is absolutely convergent in &’. The second equality
in (7.33) is proved analogous to (7.22).

Proposition6 Let o € C\ —Ng and ¢ € D(R). There exist C, x € Ry such that
|(Yo = You) x| <h-C-T_,wke! forall0 < h < 1. (7.34)

Thus, Yo n — Yo with respect to the normal topology ‘I*((Ya)g‘,) foralla € C.

Proof The estimate (7.34) is proved similar to Theorem 1.3 in [90]. The second state-
ment is clear from the definition of the normal topology ‘I((Ya)fkgj‘,) in Definition 8
from [55] and Theorem 3.11 in [149]. O

Proposition 6 and Theorem 8 in [55, p. 143] imply that
Jim 41D, f =/ * (I% Ya,h) = f*Y_g=Df (7.35)

forall f e (Y_o)5,.
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7.5 Periodic distributions
7.5.1 Induced kernels for convolution with periodic distributions

Fractional derivatives and integrals for periodic functions and distributions were
already discussed in Sections 2.1, 2.2, 2.5 and 6.6. They are naturally induced by
their counterparts on the real line or on the integers.

Periodic functions can be identified with functions on the unit circle understood
as the quotient R /27 Z. More generally, consider two commutative Lie groups G, H.
Recall, that every commutative Lie group is isomorphic to R* x Z! x (R/Z)¢ x D
for some a, b, c € Ny and a finite Abelian group D. Below, G = R or G = hZ and
H =2nZ withh =2n /A, A € N will be considered.

Let A : G — H be an affine mapping, i.e. a homomorphism followed by a shift y
with y € H. Define the image A(f) of a distribution f € D'(G) under A as

(A(f), @) = (f - (9o A), 1) (7.36)

for all ¢ € D(H), whenever this is well defined. The image of a distribution under a
mapping is analogous to the image of a Radon measure under a mapping, see [97, Ch.
V, §6, No. 4, Def. 2] or Subsection 3.3. On the other hand, the pullback of a distribution
f € D'(H) under A is defined by (the arrow under the limit sign means convergence

in&'(H))
(A*(f), @) = wligl{)((f k1Y) oA, ) (7.37)

forall p € D(G). This extends the classical definition of A*(f) := f o A for functions
f € €(H). See [116, Ch. VI] for a more general discussion of pullbacks.

Let H — G — G/H be a short exact sequence of commutative Lie groups and
denote the projection as P, : G — G/H. The pullback P}, is injective on 2'(G/H)
and induces a bijection on its range 9}_1(G), where 9}{(G) denotes the set of dis-
tributions from 2’(G) that are invariant under H. The convolution of a distribution
g8 € D} (G/H) with the projected kernel Py (f) of a distribution f € 921 (G) is
related to convolution with the original kernel f via

P [Py (f) *o/m 8] = f *6 Py(g). (7.38)
This can now be applied to the continous case where G = R with H = 27Z and to

the discrete case where G = hZ with H = 27 7.
In the special case G = R and H = Z equation (7.38) follows from

[ PinGrge -5 = [ 3 r@se-5a5 = [ 10)P3) - nay
R/Z R/Z €V R
(7.39)
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forx € R, f € L'(R) and g € L'(R/Z) via Fubini’s Theorem and a unique contin-
uous extension argument using the continuity of *: SZ’U X D)o = D)oo

7.5.2 Continuous case
Here G = R with H = 27 7. The space &(R/2xZ) of test functions on the unit

circle is isomorphic to the space of periodic test functions &/, from [133]. Thus
' (R/2nZ) is isomorphic to &, . Define the space of 27 -periodic distributions as

D5 R) :={f € D'(R); Tor, f = f forall z € Z}. (7.40)
Distributions from 2'(R /27 Z) are lifted uniquely as

D' R/277) — Dy, (R)
[ far =P,(f) (7.41)

from @' (R/27Z) to D), (R). Fora € Honehas Y_, € QZ/L] (R) and
Porz(Y—o) =¥Y_q (7.42)

extending W, from eq. (2.11) to negative indices, which is then not convergent as a
function, but only as a distribution. The series

Wo(x) = Y (ik)%e™ (7.43)

keZ>

converges absolutely in @' (R/27Z) [5, Ch. VII §1] for all « € C. Egs. (7.38) and
(7.42) imply that for all « € H U {0} and for f € 2, _(R) one has

D f =Yook [ =Y o* for =DY for (7.44)

where the fractional derivative ;D% on dom (pD“) = D'(R/2n7Z) is defined as con-
volution with W_, . This fractional derivative is naturally induced by the generalized
Schwartz fractional derivative DY on the space of periodic distributions.

7.5.3 Discrete case

In the discrete case one has G = hZ with H = 2xZ. Now the projected discrete
Griinwald-Letnikov kernel is defined as

Pz (Y _an) = V—ah.a (7.45)
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srDE on hZ h=0 D? on R

Pa Par

pdGLDﬁ’A on hZ/2rnZ W »D% on R/27Z
=27
A — o0

Fig. 3 Diagram illustrating the continuum limit # — 0 and the projections P, resp. P, of fractional
derivative operators on discrete 4o, DY, resp. continuous DY, distributions to their periodic counterparts
pdGLD‘; A TEsp. pD”‘. The horizontal arrows hold for all « € C, the vertical arrows for « € H U {0}

with A € Nand & = 2w /A and reads as
1 o
$oanathn+AZ) = 3 (=1 (k> (7.46)
kem+ANg

form € Ngand0 < m < A.The generalized Griinwald-Letnikov fractional derivative
of order a € C with step h = 2m/ A and period A is then defined as

waf = *b_ana (7.47)
with domain

dom (GLDg’ A) — «(hZ/27T), (7.48)

where @ (hZ /2 7Z) is the space of all sequences on the quotient hZ /27 Z, which can
be identified with the space of periodic sequences with period A = 27 /h. Fora € C
the limit

A—1
lim A“ Y R S T 7.49
im ZZ( )<m+kA> 2mm/A (7.49)

A—o00
m=0keNy

recovers the kernel on R/277Z, extending the definition of W_, to o € iR \ {0}.

Due to the generality of 92’-convolution the continuum limit from discrete to
continuous fractional derivatives and the projection from non-periodic to periodic
distributions can be freely combined as illustrated in Figure 3.

7.6 Extensions to higher dimension

Leta = (aq,...,04) e(Cd,x=(X1,.-.,xd) e R?, and
d
YO = ®Yal- =Yy ®...0 Yy, (7.50)

i=1
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the multinomial homogeneous distribution, which generalizes the one-dimensional
monomial distribution from (5.2). The generalized Schwartz fractional integral 15 is
defined as the mapping

1£: PR - PR

f fxYd (7.51)
for all @'-convolvable (d + 1)-tuples (f, Yq,, - .-, Yq,). Its inverse
DLf=fxYD=10F (7.52)

is the generalized Schwartz fractional derivative DY . On the severely restricted domain
94 (Rg D CP (R?) the generalized law of additivity

B _ qatp
|G AR (7.53)

holds true for all «, 8 € C4 [52]. Note that 2'(Rpy) C dom (SDﬂ‘_), even ford = 1.

Another often studied generalization of fractional derivatives to higher dimension
are fractional powers (—A)%/? of the (negative) Laplacian with general « € C [32,
45, 150-154]. These operators differ from the operators discussed so far, and in par-
ticular from the generalized Schwartz fractional derivative D% , because their kernel is
different. The generalized fractional Riesz derivative gD* for distributions is defined
as the convolution mapping

RDY 1 R_g)ly, — P'(RY)

fr DY f = (=A)*?f:=R_gx f (7.54)
where
CT@ =)/ | 4
Ra) = o anr /) ! (7.55)

forall € H\ (d + 2Ny), is the Riesz kernel [32], [136, p. 369], [152]. Because the
Riesz kernels are convolvable if and only if Re(e + B) < d the fractional Laplacian
becomes an endomorphism on the domain

(@ * f)()]

dom (RD“) - {f e D'RY): Vo € DRY) - / 0 ozt < oo} (7.56)

fora > 0, o ¢ 2N [55, Sec. 8].
This domain was envisaged in [151, 152] as the dual of the space

Dy (RY) = {(p e EMRY); VB € Nd s sup ||(0P9) (1 + xH)9%|| o < oo} (7.57)
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equipped with the seminorms ¢ +—> 10%p)(1 + x2)?*¥|| and B € Ng. But with
this topology the dual (2, (R%))’ is not contained in @’(R?), contrary to statements
in[151, Sec. 2.1] and [152], because D (RY) is not dense in D, (R?). However, using
the seminorms ¢ > [[(8%¢)(1 + x2)¥+ || with ¥ € B, (RY) and B € N? this
shortcoming can be repaired similar to [138, Prop. 1.3.1]. For more details see [55]
and [155, I1.5.d]

We remark also that the test function space 7 introduced for fractional powers of the
negative Laplace operator in Definition 3.1 [156, p. 261] is nothing but 7= 9; (R9).
Therefore its dual is 7" = 9,L°° (Rd), which is smaller than our domain dom (RD"‘)
above. This follows from the structural properties of amalgam spaces described in
[155, Sec. I1.3]

For d = 1 the generalized fractional Riesz derivatives enjoy special properties [55].
An example is the factorization into causal and anticausal fractional derivatives

RD* f = (—A)* f = D{(D* f) = D* (DY f) (7.58)

for Rea > 0 and all f € dom (Dﬁ) N dom (D‘f). Thus, the factorization is valid only
on a strict subdomain of the fractional Laplacian. Note, that the power of the Laplacian
in [55, eq. (8.5)] should be «, not 2c.

8 Laplace multiplier approach for distributions

Liouville’s formula as used by Weyl [82, Satz 2] defines fractional derivatives as
Laplace multipliers. This mathematical interpretation provides yet another approach
to define fractional derivatives of distributions. At the first glance, Fourier transform
of tempered distributions [5, Ch. VIII] seems to be the right tool for this. However,
defining domains is difficult, because the multiplication of a tempered distribution with
a continuous function, such as R 3 x +— x%, « > 0, is not necessarily well defined.
This issue will be resolved using pointwise defined 9’“ -Fourier-Laplace transforms
that are based on integration of distributions. This approach was only briefly mentioned
in [5, Ch. VIII] and has, up to some exceptions such as [ 139], not been discussed further
in the literature.

Let exp, : R? — C with exp,(x) = exp(z - x). Because exp, € & forall 7 € C?a
common approach is to define the Fourier-Laplace transform of a distribution via the
dual system (&', &) as

L{f1(2) == (f, exp_y;) 8.1

and then to extend it at least in some subsets of C¢ to more general distributions [116,
137, 139, 157]. Using the dual pair ($”’, &) Schwartz also studied the Fourier-Laplace
transform as the distribution-valued mapping

{ze(Cd:fepoe.S’}9§r—>L{fexp§}eoS”. (8.2)
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Using the dual pair (QZ/L] , D1 =) instead, the Fourier-Laplace transform can be under-

stood as a function-valued mapping.
Forany f € @', E C Q' define the f-dependent ser of E-conjugate (Fourier)-
Laplace variables as

L4(f, E) = {z eCl: fexp . € E} (8.3)

The 9, | -Laplace transform of a distribution f € &' (RY) is defined via the distribu-
tional integral at the points z € L9 (f, @/Ll) c Cas

L{/}(z) :=/f€prz- (8.4)

Proofs for the following continuity properties of these Laplace transforms were briefly
sketched in [5, Ch. VIII]:

Theorem5 Let f € 9. The sets L4(f, D)1, LA(f, O) and LA(f, S") are of the

form A + iR? where A - RY is convex. All three sets have the same interior. The
function

LY, D)) 32— L{f}z) (8.5)

is continuous on P + iR? for every convex polytope P C Re (]Ld (f, @’L,)). It is
holomorphic on the interior of LA(f, S"), where it agrees with the generalized rotated
Fourier-Laplace transform f (iz) in the sense of [116, Sec. 7.4].
Proof The equation &, - exp;, = 9, holds for all x € R9, which proves that
L(f, D)) =Re[L4(f, D, )] +iR%.

Let P be a convex polytope with vertices &, ...&, € Re[L4(f, 9’Ll)] Cc R4,
neN. Seth :=expg +...+exps,.Thenh € &, f -h € D), and

{eXpZ .z€ P+i[—R, R]} € B(Dp~) (8.6)

holds for all R > 0, where B(D1~) is the set of all bounded subsets of Dy . From
this follows P C LY(f, 9/ ), because

T e DD, 8.7)

fexpz = (fh) h Ll

for all z € P. This proves that Re[Ld(f, 921 )] is convex.

If P is a convex polytope contained in Re[IL¥ ( f, QZ/LI )] and z a point in its interior,
then exp, /h € & and

S - (e’%) c oL (8.8)
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implying z € LI(f, O¢). Thus LA(f, O¢,) contains the interior of LA(f, S).

Further, if z € P converges to zo € P, then exp, /h converges to exp,, /h in &
and thus also within 98, [138, p. 11]. Because multiplication 9’Ll X B, — 9’Ll is
hypocontinuous, it follows that

Lif}() = / fhEe 2 / fhexfl’“ = L{/}(z0) 8.9)

and thus L{ f}is continuous on P + iRY.
The convexity of LZ( £, §”) can be proved in the same way (see [117, p. 191]). For
g € QZ/LI (R?) the function z > 3(z) := o (8. exp_i;) 9, o is continuous with at
L

most polynomial growth by Proposition 1.6.6(2) from [139]. Hence L{ f}(z) = f(iz)
and applying Theorem 7.4.2 from [116] yields analyticity of L{ f}(z) on the interior
of LA(f, ). O

Remark 1 The injectivity of the Fourier transform on @’Ll entails the injectivity of the
E%’L, -Fourier-Laplace transform from Equation (8.4).

Proposition7 Let f,g € @', ze€ Clandi € {1,...,d}.
(1) If (f, g) is D'-convolvable, then (f exp,, g exp,) is also D'-convolvable and
(f exp,) * (gexp,) = (f xg)exp, . (8.10)

(2) Ifz € LU(f, D)), then

fxexp, =L{f}(z) -exp,. (8.11)

(3) If (3; f, g) and (f, 8;g) are D'-convolvable and (¢ * f) - (Y * g) is vanishing at
infinity for all ¢,y € D, then

@i f)xg=f*(9;g) (8.12)
Proof Let ¢ € D.
)A

(1): Using (f exp,) ® (g exp,) = (f ® g) exp?’ and (¢ exp,)® = ¢* exp’ gives

((f exp,) * (g exp.). 9) = / (f ® §) (@ exp.)®
—(frgpexp) = (Frgexp.g).  (B.13)

(2): Equation (8.11) is clear for f € &’ and can be extended to the general case via
approximate units using Lemma 3.5 and Theorem 7.1 from [158].

(3): This follows from Proposition 1 in [159, p. 534] and the remarks subsequent to
Equation (1) in [160, p. 202-203].

O
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Theorem 6 (Convolution Theorem) Ifthe pair (f, g) of distributions is D'-convolvable,
then L4 (f % g, 2),) 2 L4(f, D)) N LI (g, D),) and

L{f = g}z) = L{f}(2) - L{g}(2) (8.14)

forall z e LA(f, 20N L4 (g, D))
Proof Letz € LY(f,2,,) NLY (g, D},), f. g € D' and ¢, € D. Then one has
|f * @l exp_. € L'RY), |g* ¢| -exp_, € L' (RY) and thus

(1f %ol 1g*yl)-exp_, = (1f %ol -exp_) * (g x ¥| -exp_,) € L'(RY) (8.15)

This entails &’-convolvability of (f, g, exp,) and thus also &’-convolvability of ( f
g, exp,). Computing

L{f * g}(z) - exp, = (f * g) * exp,
= f x (g xexp,)
= (f xexp,) - L{g}(2)
= L{f}(2) - L{g}(2) - exp, (8.16)

concludes the proof. O

Corollary 1 Let f € Z'(RY) and c € N§. Then L4 (f, 2],) C L4 (0" f, D, ) and

L{8* f}(2) = ZL{f}(2) 8.17)
forall z € ILd(f,QZ/Ll).

Proof 1t is left to the reader to prove that ¢ (35, 921) = C? and L{3*8}(z) = z¢.
Then equation (8.17) follows from the convolution theorem. ]

As stated in Theoreme XXV, 1°in [5, p. 201] and the corollary of Proposition 3.5.3
in [117, p. 347] the space 9’L , can be represented as

P, (RY) = <8"f CfeLl'®RY), ke Ng)c .

=<8K,u:,u€ﬂl(Rd),K eNg)C+ (8.18)

where ( - )¢ 4 denotes the linear span. Accordingly, represent f € 92 | as the sums
f=2,9fc =Y, 3, with a finite number of f, € L'(RY) and 1, € ' (RY).
Then Corollary 1 above implies that

_/f=/fo(X)dx =/duo(X) (8.19)
R4

R4
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holds for the distributional integral. Using this one computes

L{Y _o}(2) = 2* (8.20)

for all (o, z) € HY x H. This can be extended to all (o, z) € (H U {0})¢ x Ed by
virtue of Theorem 5, and to all («, z) € C? x H¢ using Corollary 1.

Letd = 1 and o € C. The Laplace multiplier fractional derivative yD* is defined
implicitly by the relation

Luprl@ = L@ (8:21)

forall z € L(f, @’LI)OH, orz € L(f, Qil)ﬁﬁincaseRea > 0ora = 0. As usual,
the fractional power z¢ = exp(a(log |z| 4+ iarg(z))) with arg(z) € (—m, 7) is taken
on the principal branch. The distribution tD* f is well-defined due to Remark 1. The
domain of definition

dom (LTD"‘> =2, ® - e (8.22)
HeM
with the sets
Ros o€ H\N,
M=1{R, «aec-—H\J{0}, (8.23)
R o e N(),

is smaller than the domain of the corresponding generalized Schwartz fractional oper-
ator from equation (7.16). The Laplace multiplier fractional integral (1% is defined
as 1% 1= ;D™%.

A close relation with Lamb’s operators in Section 6.5 emerges from comparison
with eq. (6.44). The spaces D, , with © < 0 in (6.44) are an inductive system
with respect to set-theoretic inclusion. If one takes their inductive limit one obtains
the Laplace multiplier domains in (8.22). One finds dom (Lbli) = dom (LTI“) for
Rea > 0 and o # 0, while dom (LbDi) C dom (LTD“) for Rea > 0 or o = 0. The
relation between Lamb’s fractional operators and Laplace multipliers may become
understandable, because z% can be viewed as the fractional power of a multiplication
operator, so that both approaches are based on fractional powers.

9 Towards unification of fractional calculus
9.1 lllustrative examples

To illustrate the greater generality of DY as compared to other fractional deriva-
tives, this subsection collects various examples of functions and distributions
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f :R — C. They show that DY holds some promise for the unification of transla-
tion invariant approaches to fractional calculus. The examples are

A fax)=1
B :fe(x) =¢"
C: fclx) = e‘_x2
D : fp(x) =e¥*
E: fg= e_‘/l‘|r7
F:fr(x) = O(x)er 7
G:folx)=WI1+x2)*01 o>0
H : fu(x) = ©(=x)
I fi(x) = 6(x)
J:filx) =08'(x)
K : fk@x) =Yi2(x) ¢x: 2o < 1
L:fkx)= pr[k(x + K2 o >0, 0eD,p>0 ¢r: 20 > 1
k=1
M : fm(x) = sgn(sin(x)) ¢1]v[: 20 > 1, ¢12\/I: ap > 1

An entry € in the table below means that f; € dom (XYD“) for all « > 0, where XY
indicates the type of fractional derivative. An entry ¢ means that f; ¢ dom (XYDO‘)
for all « > 0. The table lists ¢; if inclusion or exclusion depends on «, where the
condition is given above together with the definition of f;.

s fc o f& fF fo fa A/ i fx L fm dom(-) equation
€ ¢ € ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ € ¢§4 LwD” 2.38)
€ ¢ € ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢y 16Dy (2.25)
€ ¢ € ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ LcD* (2.26)
€ ¢ € ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ € pDE (6.52)
2 € ¢ 2 € € ¢ 2 ¢ ¢ ¢k ¢ ¢ wD¢ (2.16)
IS € € € € € € ¢ ¢ ¢ ¢ ¢ ¢ mD% (2.20)
€ € € € € ¢ € ¢ ¢ ¢ ¢ € ¢ cLDY (2.22)
2 ¢ ¢ 2 ¢ € ¢ 2 € € € ¢ ¢ sD% (5.5)
2 ¢ ¢ 2 € € ¢ ¢ € € € ¢ ¢ awD$. (6.7)
2 € ¢ € € ¢ ¢ 2 € € € 4L ¢ LrD* (8.22)
€ € € € € € € € € € € € € DY (7.26)

Riemann-Liouville operators and other non-translation-invariant operators are
missing from this table, because they operate on sometimes very different domains.
Comparison with translation invariant operators would require extensions, embeddings
or projections that influence the comparison. Lizorkin type operators and operational
calculus operators are missing, because they operate not on distributions but equiva-
lence classes thereof.

Distributions growing too fast, e.g. exponentially, on the left half axis fall outside
the domain of all fractional derivative operators. After they have been excluded, there
remains only one domain that contains all examples, namely that of the generalized
Schwartz fractional derivative DY = I * in the last row.
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9.2 Unification theorem

The following theorem summarizes various examples of translation invariant fractional
derivative operators that can be obtained as special cases of the generalized Schwartz
fractional derivative DY defined in Section 7.3 with domain (7.26).

Theorem 7

(@) It holds DY C DY fora € C.

(b) It holds wD% C D G fora e R\ N
(¢) It holds D% C D 9 fora eC.

(d) It holds o, D% C DO‘ % fora e C.

(e) It holds ,,DY C DO‘ fora € H.

(f) It holds D"‘ c D¢ fora € Ro-
(g) It holds LTD“ C D % fora eC.

Proof The inclusions of the domains are obvious in each case and it remains to verify
the extension part. Part (a) is clear from Figure 2. For (c) and (e), one notes first, that

MDi(ﬂ = AWD+¢ = LbD+(P = Df 1@ 9.1

for all ¢ € 9. The equalities (9.1) extend to the respective domains of awD?% and
DY by the density of & and the continuity of transpose operators. For (b), one
uses (9.1) and continuity properties of Lebesgue integrals. Part (d) follows from the
considerations in Subsection 7.4. Part (f) was treated in Subsection 7.5.2. Part (g)
follows from the convolution theorem (Theorem 6). O

9.3 Weak Weyl-, Marchaud- and Griinwald-Letnikov derivatives

The generalized Schwartz fractional derivative D from eq. (7.15) can be interpreted
as a weak formulation of fractional derivatives in the following sense:

Theorem 8 (a) Leta € Cand f € Op + D',. Then

(DLf) * ¢ = wDL(f *9) (9.2a)

for all ¢ € D with the right hand side defined point wise by eq. (2.15).
(b) Leta € Ry \Nand f € (Y_4)y. Then

(DLf) * ¢ = uDL(f *9) (9-2b)

for all ¢ € D with the right hand side defined point wise by eq. (2.17).
(c) Leta € Cand f € (Y_a)&y. Then

(DL f) x @ = DL(f * 9) 9.2¢0)

for all ¢ € D with the right hand side defined point wise by eq. (2.21).
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Proof Associativity yields (D% f) x ¢ = DY.(f * ¢) for f € (Y_o)3,. Thus, it is
clear that the equations hold for f € &’. The general case is obtained by considering
approximations f6, — f via an approximate unit (6,), that is, a sequence 6, € 9
that is bounded in P~ and satisfies 6, — 1 in &. It is readily seen, that the limits
limy— 00 xDY ((f6n) * @) = xDY (f * ¢) hold for X = W,M,GL. O

The theorem implies that it is possible to employ the Griinwald-Letnikov fractional
derivative of functions to define the generalized Schwartz fractional derivative of
distributions by the formula

(DL S, ) = aDL(f *$)(0) 9.3)

foralla € C, f € (Y_4)5y and ¢ € D. The same is possible for the Marchaud
fractional derivative if « € Ry \ N.

10 Appendix
10.1 General notation

Natural, integer, real and complex numbers are denoted N, Z, R, C, and Ny is the
set of natural numbers with zero. Positive real numbers are denoted Ry :=]0, oo,
non-negative real numbers as Ro4 := [0, oo[. The set EJF := [0, oco] consists of the
non-negative real numbers including infinity with the convention 0 - co = 0. The
open resp. closed complex half plane is written H resp. H. The shorthand notations
X% := X x ... x X for d-fold cartesian products and X* := X \ {0} for excluding
zero are used.

10.2 Locally convex spaces

A few basic concepts of locally convex spaces are collected here for convenient ref-
erence. A seminorm on a vector space X is a function ¢ : X — Roy such that
qg(Ax) = |Alg(x) and g(x + y) < g(x) + g(»). Let A be an arbitray set of indices.
The topology of a locally convex space can be defined by a family (g,)sec4 of semi-
norms by choosing the family of sets ({x € X; g,(x) < A})qea,r>0 and their finite
intersections as neighbourhoods of zero. This topology is Hausdorff if and only if for
every x 7 O there is an a € A such that g, (x) # 0.

A set B C X is bounded if every seminorm ¢,,a € A is bounded on B. The
concept of bounded set is not very important in normed spaces (Y, || - ||), because it is
then the same as the concept of “subset of a ball”, where a ball of radius R is defined
by {y € Y : |ly]l < R}. In locally convex spaces there does not in general exist a
fundamental system of bounded neighbourhoods of zero. Indeed, a Hausdorff locally
convex space is normable if and only if it has at least one bounded neighbourhood of
zero [117, p. 108]. A locally convex space is metrizable if and only if it is Hausdorff
and its topology can be generated by a countable family of seminorms.
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The ropological dual space X’ of alocally convex space X is the space of continuous
linear functionals x’ : X — C, often written as x’(x) = (x’, x) a bracket or product.
For any subset A C X its polar A° in X’ is the set of all x” € X’ such that |{x’, x)| < 1
for all x € A.

Let G denote a family of subsets of X. The so called &-topology on the dual
space X' is the topology which has a fundamental system of neighbourhoods of zero
consisting of the finite intersections of the polars of the sets A € G. The most important
G-topologies on X’ arise from choosing & = {{x} C X;x € X} or & = {A C
X; A bounded}. The former is called topology of pointwise convergence or weak*
topology and denoted as o (X’, X), while the latter is called topology of bounded
convergence or strong topology and denoted as 8(X’, X). When X is a normed space,
then B(X’, X) is the usual dual norm topology.

10.3 Function spaces
Let @ € RY be an open set, 91 a o-algebra of subsets of €2, and u a measure on 9.
The Lebesgue spaces of equivalence classes of integrable functions over the measure
space (€2, 90, ) are defined as

LP(Q, ) :={f:9Q2— R; fPisintegrable} (10.1)

with norm
1/p

Ifllp == /|f(s)|de(S) (10.2)
Q

and their locally integrable variants are

Lf;C(Q, w) :={f:Q2— R; f?isintegrable on every compact K C 2}. (10.3)

For p = 00
L®(Q, ) :={f: Q2 — R| fismeasurable and || f||c < 00} (10.4)
where
[ flloo :=sup{lz] : 2 € fess(2)} (10.5)
and

fess(R) :={zeC:u({xeQ:|f(x) —z| <e&}) #0forall e > 0} (10.6)
is the essential range of f.

Let © € R? be open with boundary 2. For Q = R? the phrase “for all x € 92"
means “for all [x| — o0”. Denote with C the set of all complex valued functions
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H = @) c @R c ‘W) c ‘N =«

@] @] @] @]
@R C B C B C €0
@] @] @] @]
®r(R) C WMR) C V() C (D)
@] @] @] U

P = BX(2) C BPM) C BC(U) C BTN

Il
o8

Fig.4 Inclusion relations between some function spaces (k < m)

f : 2 — C. The notation for spaces of functions is (k € N k| = k1 + ... +Ka,

k € N)

6 (C, Q)
& (Q)
G (Q)
By (Q)
EHQ)

&(Q)
2(Q)
H (Q)

Do ()

D5, (@)

D1r ()

B(Q)
B(Q)
S(Q)

Oc ()
Oum ()
%k,a (Q)

=B(Q) =8%Q) = {f € C%; f is continuous} (10.7)
= {f € C%; 9 f is continuous, |«| < k} (10.8)
= {f € €¥(Q); 3" f is bounded, |« | < k} (10.9)
= {f € €XQ); (0° f)(x) =0 forall x € R, |x| < k} (10.10)
={f e € (Q); 9“ f has compact support , |«| < k} (10.11)
=B (Q) (10.12)
— G2 Q) (10.13)
— gg(gz) (10.14)
= {f € (Q); suppf S R, } (10.15)
= {f € €X(Q); 9" f € LP(Q), k| <k}, 1 < p < 00 (10.16)
=DQ)={fe€e&Q):9feLP(Q),|k] <oo},] <p<o0
(10.17)
= Do () = D22 (Q) = G (Q) (10.18)
={fe&Q):0f e BUN), k| < k) (10.19)
={fe&(Q);VkeZkeNd e>03p>0:
|+ [x[H*9% f] < & if |x| > p} (10.20)

- {f € &():3k € No. ¥k e N& & (1 + [x[2)Fo% f e %(Q)} (10.21)
- {f BV e N4 3k e No & (1 + [x[>) ko f e %(Q)} (10.22)

={fe®"Q);3C>0,Vx,yeQ:
[0 f(x) =3 F(M| <Clx —y|% k| <k},0<a<1 (10.23)

If K C 2 is compact, the spaces of functions f : K — C are denoted
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Table1 Comparison of

notations for function spaces, here (51, page# LL17), page# [161], page#
Q < R open B(Q) Ca, 20 C(), 83 C(R),9
LAI(9)) & (), 89 ck),9
G (Q) Bk(©), 91 ck(), 95
&k@) B (), 91
&k Dk 21 Dk (@), 171
Q) £, 88 &), 165 C™®(9),9
D(Q) Dg, 26 D(RQ), 165 C(),9
F(Q) K(Q), 164 Co(R), 9
(o)) wkP(Q), 45
D1 (Q) Dyp, 199 WP (Q), 45
BQ) B, 199 B(S), 92 W:20(Q), 45
B(Q) B. 199 Bo(R), 91
S®RY) S, 233 8,91

where Xe (€, €, %{f, %{;, &,9D, 93}. In these cases the topology of X(K) is the sub-
space topology inherited from X(£2). As an example, ford = 1 and K = [a,b] C R

AE*(a, b)) = {f € C*(a, b]); f* is absolutely continuous} (10.25)

are the absolutely continuous functions on [a, b].

The spaces €% (Q) are known as Holder spaces. For 0 < o« < 8 < 1 they obey
ELP(K) c BF*(K) c €¥(K)if K C [161, p. 10]. The space Oy (£2), consists of
slowly increasing smooth functions, while O¢ (€2) is the space of very slowly increasing
smooth functions. The spaces D1 » (£2) of Lebesgue integrable test functions are known
as Sobolev spaces, and often denoted as W7 (2). Table 1 compares our notation for
some function spaces with other widespread notations in the literature.

B (2) is defined as the space FB(2) equipped with the finest locally convex topol-
ogy that induces the topology of &(£2) on the subsets of %B(2) which are bounded
w.r.t its Frechet topology generated by the seminorms ¢ — [|0“¢||c0, & € Ng. This
topology is weaker than the Frechet topology on B(Q2) = D1~ (2). However, JB(2)
and %, (2) have the same bounded subsets.

10.4 Spaces of Radon measures

Spaces of Radon measures are defined as topological duals of spaces of continuous
functions,

M(R) = (K () (10.26)
M () = (B(Q) (10.27)
w7 @)= (20@)  Up+i/a=1p.a#, (10.28)
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where only the case p = 1 is needed here.

10.5 Distribution spaces

Spaces of distributions are defined as topological duals X’ of smooth function spaces
X C D equipped with the strong topology B(X’, X) of uniform convergence on
bounded subsets of X [5, p. 71], [145, p. 300],[117, p. 201].

2'(Q) = (D)) (10.29)
€(Q) = (B(Q)) (10.30)
' (RY) = (&(Rd))/ (10.31)
D) v (Q) := (DLa () I/p+1/g=1,p,q # 00 (10.32)

feD(Q:ImeNy: f=) 9 f for f € L, x € N§

[c]<m
OL(Q) = {f € D'(:Vk eNo: (1+ xPDFf € D) (sz)} (10.33)
O}y (Q) = | f € D'(Q); 3Im € NoVk € Ny : (10.34)

A+ xDEf= D" 0°fcfor f € LP.k € N{

[|<m

The space & of tempered distributions §” is the dual of the space of rapidly decreas-
ing (Schwartz) functions &. The space &’ of distributions with compact support is the
dual of the space of smooth functions &. O (2) resp. 0),(2) are the spaces of rapidly
decreasing resp. very rapidly decreasing decreasing distributions. The following con-
tinuous inclusions (with 1/p+1/g=1and 1 < p < g < 00)

D C S =8 COuCDrCD1aC B CDroC Oc COy C &
N N N N N N N N N N N

H C o= % C * C* Cx CWN.CHC * =% C@
N N N N N N N N N N N
€ C * = *x Ccygylc * Cc * C * C ¥ C * = % C g

D
)
)

N N N N N N N N
& c0y,CcO0,C9,CP,CPo,Cqxg CHCS =8 CPD

apply to some of the spaces of smooth and continuous functions, Radon measures
and distributions. For the first and last row see [5, p. 420]. Other chains of inclusions
may exist between some spaces as evident from Figure 4 for differentiable functions
and, for Q@ = R? from (3.12) and (7.5). Spaces for the missing entries in the third
row can be constructed using Amalgam spaces with local component %', that were
considered in [155, Sec. V.2], by choosing suitable global components.
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Tgblg 2 .Notation of common Dy y Ref

distribution spaces using eqgs.

(10.35) and (10.36) @, @ 9
€ & &’ [5, p. 89]
Gp S§ S’ [5, p. 237]
L1 9Lq 92]7 [5’ p- 200]
Gy B QZ’LI [5, p. 200]

Given a locally convex space X of distributions, Schwartz defined its pre-image
under the maps & 3 f — £, m e Ny as the following set of smooth functions

Dy = [f €% f™ e X Vme No} (10.35)

equipped with the coarsest topology such that all the maps Dx 3 f+> ™, m e Ny
are continuous (projective topology). He then introduced the distribution spaces

Y = (D) (10.36)

the space of continuous linear functionals on Py equipped with the topology of
uniform convergence on bounded subsets of Dy (Table 2).

The reflection of a locally integrable function f(x) with respect to the origin,
denoted f(x), is defined as [5, p. 167]

f(x) = f(=x) (10.37)

so that with
(f o) = / f(=x)px)dx = / fX)e(=x)dx = (f, ¢) (10.38)

the reflection of a distribution is defined by

(f.0)=(f.9) (10.39)
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