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Abstract

Sequential generalized fractional Riemann-Liouville derivatives are introduced as
composites of distributional derivatives on the right half axis and partially defined
operators, called Dirac-function removers, that remove the component of singleton
support at the origin of distributions that are of order zero on a neighborhood of the
origin. The concept of Dirac-function removers allows to formulate generalized initial
value problems with less restrictions on the orders and types than previous approaches
to sequential fractional derivatives. The well-posedness of these initial value problems
and the structure of their solutions are studied.

Keywords Sequential derivatives - Generalized initial value problems - Convolution
of distributions
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1 Introduction

An important issue in applications of fractional differential equations are initial con-
ditions, as emphasized already in [8], [9, p.115] or [10] for fractional relaxation and
fractional diffusion. Derivatives Dgf of fractional order « and type B were introduced
precisely because their type B parametrizes different types of initial conditions.
Most investigations of fractional initial value problems were until recently con-
cerned with the simplest fractional derivatives Dgf of type 0 (Riemann-Liouville)

or Dg‘_s_l of typel (Liouville—Caputo) [7,12,16,22,31]. A number of recent works
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considered initial value problems for sequential fractional derivatives [3,24,25,30]
thereby continuing the classical investigations in [5] and [31, Sec.42.2]. In [3,24,25]
generalized fractional derivatives of various types were studied all of which were
based on the standard kernel %!/ I'(). Other recent works studied generalized
fractional derivatives where the kernel r*~!/I'(«) is replaced by a Sonine kernel
[19,20,26,27,29]. Riemann-Liouville derivatives and their generalizations Dgf have
B-dependent domains and null spaces, but they all coincide on a specific complement
of the null space of Dg‘;L1 [10, Sec.7]. Exactly on this complement they also coincide
with the causal distributional fractional derivative DY of order « defined as [32]

DY: Dy, — Dy [ Yax f, (1.1)

where % . is the space of distributions supported on the right half axis and Yy € 2 .
are causal power distributions that satisfy Y, (1) = t“~ ! /() fort > 0 (see Equation
(2.7)), provided the function spaces for Dgf are canonically identified via restriction
and zero extrapolation. Motivated by this observation and the recent research activity
in sequential fractional derivatives, the main purpose of this work is to generalize and
unify the theory of fractional initial value problems that involve several sequential
derivatives.

Distributional convolution operators on the full axis modified by certain partially
defined operators will be used in this work to reinterpret sequential fractional deriva-
tives

Do 0 DY with g, ..., s Bos -+, Bu € [0, 1] (1.2)

on the right half axis where n € Ny. Explicitly, composite operators of the form
DiooRon_lo---oRoD(j_" with «g,...,a, € R (1.3)

with DY from (1.1) are investigated, where each first-order derivative in Eq. (1.2) gives
rise to an operator R in Eq. (1.3). In this representation the operator R is a partially
defined operator on @(’) n that is called §-eliminator, because it removes the §-part of
a distribution at the origin.

Given a generalized sequential fractional derivative of the form (1.3), it can be
rewritten in the normal form

DEY T — DGR 6. o RV with 71 <+ < Y, (1.4)
where ¢ = g + o1 + ... + @, € R is its fractional order, (y, ..., y») is called
its sequential type, and RY := DI_V oR oDK_ is called Y, -eliminator. Linear com-

binations of generalized sequential fractional derivatives can then be written in the
form

m
D=) DjoR™o-.-oR" with 91 <+ < ¥m, m € No, (1.5)
=0
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where the operators D; are linear combinations of distributional fractional derivatives
D%, o € R (Theorem 2, p. 21). Our Theorem 3 on p. 23 derives a set of basis functions
K1, ..., K, such that every distribution from the null space of D is a linear com-
bination of the K1, ..., K;;. Ranges and maximal domains such that D becomes a
bijective operator are calculated in Theorem 4, p. 24. If a distribution g belongs to the
range of D, then it is an admissible inhomogeneity for the equation Df = g. And a

distribution f with Df = 0 is a linear combination of the basis functions K1y, ..., K,
that solves an initial value problem with initial values obtained by applying the oper-
ators Vo DK oRV-1o...0oR" to Ky fork,l =1, ..., m, where the §-value operator

V extracts the coefficient multiplying a §-distribution.

While Theorem 3 provides a useful result, a complete characterization of the
null space of D requires an analysis of the value and well defined-ness of
VoDﬁ oRY=1o... 0 R"(K) with K a linear combination of the Ky, ..., K;,. In
the case where D is a linear combination of sequential derivatives with distinct orders
Theorem 5, p. 25, gives a helpful simplification for this characterization. This leads
to a generalization of the existence and uniqueness results from [3] and [5, Theorem
4]. In the general case however, a complete characterization is quite complicated.
For the case with only two sequential types, y; and y», the null space of D is fully
characterized here in Section 5.4 below.

Analogous to the generalized fractional derivatives from [19,20,29] the operators
(1.4) can be generalized to Cx o R” o--- o R" where Cg denotes the convolution
operator f — K x f on % . with convolution kernel K € 2 - Theorems 2, 3 and
4 will be proved for this more general class of operators.

Section 2 summarizes some basic mathematical notations on causal distributional
convolution operators, the convolution field generated by causal power distributions
[17] and partially defined linear operators. Section 3 studies coefficient operators,
projectors and eliminators and their application to certain series of distributions.
The generalized sequential fractional derivatives are introduced in Section 4. Their
fundamental properties are established and their relation to classical Fractional Cal-
culus operators is elucidated. In the final Section 5, the kernels and maximal injective
domains of linear combinations of sequential derivatives are studied.

2 Preliminaries and notations

Subsection 2.1 recalls some basic properties of convolution of distributions with sup-
port on the right half axis. Subsection 2.2 summarizes some results from [17] about
the field of convolution operators that arises naturally from L. Schwartz’ approach to
Fractional Calculus. Subsection 2.3 summarizes definitions for partially defined linear
operators and forms.

2.1 Convolution of distributions with support on the right half axis

The following describes some important properties of convolution of distributions with
support contained in the right half axis. The details can be found in [32, Chap.1V, §5]
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or [15]. Convolution of distributions is a bilinear continuous operation on
oy ={f € Z'®); supp f < [0, +ool ], @.1)

the space of causal distributions. In other words, @(’) " is a convolution algebra with
continuous convolution operation. It follows that any distribution U € % . givesrise
to a continuous linear translation-invariant endomorphism by means of the definition

Cv: %y, — Doy, frH>Uxf. (2.2)

Conversely, any continuous linear translation-invariant endomorphism of %, 4 isa
convolution operator Cy for some kernel distribution U € % .
The associative law for (%, . *) entails the composition rule

CyoCy =Cypxy forall U,V € .@6+ 2.3)

In particular, the convolution operator Cs coincides with the identity operator E. A
convolution operator Cyy with U € &y, is continuously invertible if and only if there
exists a distribution V € .@6 " such that U * V = §, where § denotes the “Dirac-
function”. Note, that V' is unique because the convolution algebra %, . has no zero
divisors.

A sequence (f,) C %, is called absolutely summable if and only if

o0

> W fan @)l < 00 forall ¢ € Z(R). 2.4)

n=1
Summation of sequences is compatible with convolution:

Lemma1 Let (fy), (gn) < @(’) . be absolutely summable sequences. Then the double
sequence (fn * gm) is absolutely summable as well and

<an> * (ng> = > fa*gnm 2.5)
n=1 m=1 n,m=1

Proof The space 7, is complete. In 7, sequences converge weakly if and only if
they converge strongly. Thus, the lemma follows from continuity of convolution [32,
Thm. XIII]. O

An immediate consequence of Lemma 1 is the following.

Lemma2 Let f, g € .@6+ such that f = § — g. If the expression
(0.¢]
h:= Z g*r with g*P = g« PmeS o and g0 =3 (2.6)
p=0

is well defined as an absolutely convergent series in 7, L then [ xh =3.
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2.2 Causal distributional fractional calculus

In his book [32] L. Schwartz considered fractional integrals and derivatives, I and
D¢, with orders @ € C, as convolution operators with distributional kernels operating
on the space 7/, of distributions with support bounded on the left. In this work their
restrictions to @6 4 are used. That is, one defines IS := Cy, and DY := Cy_, with the
kernels Y, € % , defined as

-l ifr >0,
Yo () = /Tl ift> fora € H, (2.7a)
0 ifr <0,

Yg :=D"Y,, foroa e H, 8 =a —m, m € N, (2.7b)

Due to Equation (2.3) the semigroup property Yy Y = Y1 g automatically translates
to the well known index laws

1 olf =19, D% oD =D forall «,p € C. (2.8)
The operators I"j‘L and D‘_’f_ are continuous, linear and inverse to each other.

The distributions ¥, with orders & € R generate a subalgebra ./[Yg] of % "
The quotient field 2[Yr] of .&[YR] can be realized as a subalgebra of 9(’) n [17]. The
non-zero elements of 2[Yr] were used in [17] to define translation-invariant linear
systems that correspond to fractional differential equations. An explicit description of

the quotient field 2[Ygr] was obtained from Lemma 2. It was found [17, Sec. 3] that
the distribution

n
U=3+) MY (2.9)
k=1

withn € Ng,0 <) < -+ <ayandryq,..., A, € Cpossessesaunique convolutional
inverse given by

[e9) n *p
Ul Z(_l)p (Z kaak) € Dy, (2.10)
p=0 k=1

Moreover, using the notation of convolution quotients
U
-*V ;:U*V*fl, (2.11)

the set 2[Yr] \ {0} coincides with the set of convolution quotients

. )\lyou +"'+)LnYa,,
8+M1Yﬂl ++I’LmY,Bm

(2.12)
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with uniquely determined numbers o] < -+ < &y, 0 < 81 < -+ < By, Mg, 1 € C*
and n, m € Ny. Maximal domains for the convolution operators defined by the kernels
(2.12) were discussed in [17, Sec. 7]. However, for the purposes of this work it suffices
to consider them as convolution operators acting on %) L

Remark 1 The presented approach to Fractional Calculus resembles operational cal-
culus approaches [13,23,28] in the sense that a quotient field construction is used in
both cases. However, the restriction to convolution quotients of a certain class of spe-
cial distributions, whose inverses are well understood distributions (see [17]), has the
advantage that the concrete interpretation of the abstract quotients is known very early
on.

2.3 Partially defined linear operators and forms

A vpartially defined linear operator A:domA < X — X is a linear operator
A:dom A— X with dom A C X a linear subspace. Similarly, a partially defined
linear form L: dom L € X — Kis a linear form L: dom L — X withdom L C X
a linear subspace. The following recalls basic operations on partially defined linear

operators and forms.
Let A, B partially defined linear operators on X. One denotes

ACB <  domA CdomBand Ax = Bx forallx e domA. (2.13)
The sum A + B of A and B is defined as

dom(A 4 B) := dom A N dom B (2.14a)
(A4 B)x := Ax + Bx for x € dom(A + B). (2.14b)

The scalar multiple A - A with A € K is defined as

dom(A - A) :=dom A (2.15a)
(A-A)x =X (Ax) for x € dom A. (2.15b)

The composition A o B of A and B is defined as

dom(Ao B):={x €edomA; Bx € domA} (2.16a)
(Ao B)x := A(Bx) forx € dom(Ao B). (2.16b)
Addition (2.14) respectively composition (2.16) defines a semigroup with neutral
element given by the zero operator 0 withdom 0 = X respectively the identity operator

E with dom E = X. The distributive laws read

(A+B)oC=A0oC+BoC, (2.17a)
Co(A+B)DCoA+CoB. (2.17b)
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Equality holds in Equation (2.17b) as well if dom C = X.

Addition of partially defined linear forms is defined analogous to (2.14). The com-
position L o A of a partially defined linear form L and a partially defined linear operator
A is defined analogous to (2.16). This composition defines a semigroup operation of
the partially defined linear operators on the partially defined linear forms on X.

The operations for partially defined operators and forms exhibit strange behaviour.
For instance, A — A = Ogoma € 0and 0+ A = 0gom 4 C 0, but equality holds if and
only if dom A = X. For every linear subspace ¥ € X one obtains a linear space of
partially defined linear operators A: dom A € X — X with dom A =Y, but the set
of all partially defined linear operators or linear forms does not define a linear space.

3 Eliminators, initial values and series expansions

This section introduces and studies Y,-coefficient operators, -projectors and
-eliminators. These are defined for « = 0 in Subsection 3.1. Via fractional integration
and differentiation the definition is transported to general « in Subsection 3.2. Then,
in Subsection 3.3, the operators are applied to represent the coefficients of a series of
distributions Y.

3.1 The §-limit operator, the §-projector and the §-eliminator

Roughly speaking, the §-elminator, which is denoted by R, removes the “3-component”
of a distribution. This “surgery” does not go well without careful preparations. There-
fore, the §-eliminator needs to be introduced as a partially defined operator on %, 4

Let I € R be open. The space of distributions of order zero on I, denoted by
2'9(1), is the set of distributions 1 € Z’(I) satisfying

VJ C IcompactIC e Ry Vo € 25 : |u(@)] < Cllellsos (3.D

where Z2; = {¢ € Z(R); suppg C J }. Any distribution f € 2'°(I) can be identi-
fied with a Radon measure on 7, see [14, Def.2.1.1] or [15, 4, §4].

Definition 1 Define the space of distributions
Doy = {1 €T3 3> 05 fli_oq € 7°0-e.eD . (3.2)

The §-value operator is the partially defined linear form V given by

domV := %, ¢ (3.3a)
Vf:= li\rg(f, L—e,el) forall f € domV, (3.3b)
&

where the right hand side of (3.3b) is defined for & > 0 small enough by

(o o) = lim (f, ) (3.30)
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for any sequence (¢,) € Z(R) such that ¢, /' 17_¢ ¢ forn — oo.
The §-projector is the partially defined operator

P: D, s S Doy > Py fr>Pfi=3-VF. (3.4a)
The §-eliminator is the complementary projection of P, that is
R:=E-P. (3.4b)
The §-residual space of causal distributions is the range of the §-remover
Doy '=ranR =R (Z ) - (3.5)

It is immediate from the definition of the space % 15 that, for any & > 0 and any
f e 15> the distribution f can be written as

f=n+g ne? suppuc(0,el, g, infsuppg >0.  (3.6)

The §-coefficient can be defined equivalently as V f = u({0}) for f = u + g with
W, g as in (3.6), due to the continuity of Radon measures [1,6]. Here 1 ({0}) denotes
the n-measure of the Borel set {0} C R.

Proposition 1 The space %), 1.5 I8 a unitary convolution subalgebra of 2} L that is

/ 7 o
Doty * Loy = Doty

Proof The proposition is immediate from Equation (3.6) and the following three facts:
Itholds inf supp(f+*g) > inf supp f+inf supp g forall f, g € 7, the set @6+09/0
is closed with respect to convolution, and § € @(’) g |

Proposition 2 The operators P and R are complementary linear projection operators
on _@(’)Jﬁs, that is PoP = P, RoR = R, RoP = PoR =0and P+R = E%H.

Every distribution f € %) 1 has a unique representation
f=a-5+g with a € C, g € D, 4, 3.7
where a and g are given bya =V f and g = R f. In addition,
V(fxg)=V(f)-V(g) forall f,g€ %y, ;. (3.8)
Proof It is immediate from the Definitions (3.3) that P§ = §. Thus, PoP = P and

the first part of the proposition follows from basic linear algebra. For Equation (3.8),
recall the remarks below Equations (3.1) and (3.6). Then use that

(nx)({0) = (L@ V)({ (1, —1); 1 € R}) = ({0} - v({OD (3.9)

forall u,v e 2°n .@(’H_.
The latter follows from Equation (1) in [2, Ch. VIIL, §1,No. 1]. O
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Equation (3.8) means, that the operator V defines an “augmentation” of the con-
volution algebra % 1. That is, the operator V defines a linear homomorphism
V: %, s — C. Equation (3.8) implies that

@6+,5*9(/)+,$ = @6_’_% (310)

In particular, 7, 4 is a non-unitary convolution subalgebra of Doyt s

3.2 Generalized initial value operators, eliminators and projectors

Composing the operators V, R and P with the distributional fractional integrals and
derivatives from Subsection 2.2 yields operators that act on the Y, -part of a distribution
in an analogous way. This section studies these operators and, for the case of real orders,
the generated algebra of partially defined linear operators.

Definition 2 Let y € C. The Y, -coefficient operator, the Y, -projector and the Y, -
eliminator are defined as the composite operators

V7 := VoD, PY ;=1 oPoD’, R” :=T/ oRoD’ . (3.11)

Further, one defines the distribution spaces

Py =V (D) - Doy =V (%r5). (12

where &/, . and 9(’”’% are from egs. (3.2) and (3.5).

0+,3

It is immediate from the definitions, that the operators Il and Di induce bijections
between spaces 7%, y and 97} v of different orders. For instance, one has a bijection

U7 A, > Py with I (%) =%y, forally.seC. (3.13)
The domains of the operators from Definition 2 are
dom V¥ = domP” = domRY = @3/&)/' (3.14)
Ranges and kernels of these operators are given by

ker V¥ = kerRY =ranP? = (Yy> , (3.15a)
ker P =ranR” = @7}’)/. (3.15b)

The brackets (—) denote the (complex) linear span.
There hold the composition and commutation rules

VVoDS =V’ RYoD), =D oR’™  forally,§ eC.  (3.16)
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Analogous to the operators V, P and R, one has the relations
Y —y, .V Y —E,, —PY
PY =7, -V, R _E@0+ P forall y € C. (3.17)
The operators P” and R” are complementary projections, just as P and R, and a
statement analogous to (3.7) holds. However, the operator V¥ does not define an

augmentation. From Equation (2.8) and Equation (3.10), one obtains the convolution
inclusions

Dy *Dys =Dy yrse Dy *DPys=Py, s forally,s§eC.  (3.18)

Lemma3 It holds (%, ,) = %, € b, s forall y € H.

Proof Ttholds V (Y, x .#yy) = {0} fory € Hdueto Y, € L| O

loc*

Corollary 1 Let y,8 € C. If Ry < N6, then P)’I_@é{[S = 0-%5 and R”I@S/{5 = E%a.
Lemma4 Every composition of the form
R"o...oR" with y1,..., v € R, n € Ny (3.19)

is equal to a composition of the form

R o...0R% with 81 < -+ < 8y, m € Ny, (3.20)
where 8 = Yo (k) for some function o: {1,...,m} — {1, ..., n}. For any partially
defined linear operator on %, . of the form (3.20) the parameters 4y, ..., ém, m € No

are uniquely determined.

Proof Corollary 1 implies RY o R® = R% whenever § > y. Using this repeatedly, the
expression (3.19) can be reduced to an expression of the form (3.20) without changing

the resulting operator. Because every set of the form {Y5s,, ..., Y5, } is linearly inde-
pendent and the kernel of the operator from Equation (3.20) is equal to (Y(;1 s Y, ),
it follows that the representation (3.20) is unique. O

Definition3 Lety; <--- < y, andn € N. The ¥,
projector are defined as

yo-eliminator and the Yy, . ,,-

,,,,,

RYboVn .= RV g...0 RV , pYie Yo .— E RVl Yn (3.21)

The Yy, |y,,....y,_ -coefficient operator is defined as

.....

VYVl Vot Vi g RV Va1 (3.22)
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The operators RY1»+¥» PY1¥n and V¥2I71,-¥a=1 have the joint domain
Dy F Vs Yyt) = Dy (Yo, Yy (3.23)
For kernels and ranges one has

ker PV V1 = ran RY1 ¥ = .@7}%, (3.24a)
ran P07 = ker R" " = (Y, ..., Y,). (3.24b)

Lemma5 Lety; <--- <y, andn € N. Then

n
RYL¥n — R — Z Pk o RY1 k-1 (3.252)

k=1
P o RV Yn—1 — RVIsVn—1 _ RVIsVn X (325b)

In particular

(RV1 """ Myl < e <y, neNo)
= (E, P o RV Vn-l ) <o <y, m € N) (3.26)

with the convention RY"~»Y» = E forn = 0.

Proof The distributive law (2.17a) and Eq. (3.17) imply Eq. (3.25b). Let k €
{1,...,n}. Using (3.17) and (2.17a) again one obtains

RY1 Yk — [E _Pyk] o RV Vk=1 — RVl Vk=1 _ PYk o RYIs-Vk—1 (3.27)
Equation (3.25a) follows from a repeated application of (3.27). O
Proposition3 Let y; < -+ < ¥y, 81 < -+ < 8 and n,m € N. Then, with |l =

min{k=1,...,n; v > 8y}, it holds
RV g ROs8m — ROLsbm ViV (3.28)
Proof One applies the cancelation rule R oR® = R® for § > y. O

3.3 Series expansions in causal power distributions

Absolutely convergent series over expressions ¢, Y, withc, € Cand y € R, are now
considered as a kind of fractional Taylor series expansion. Theorem 1 shows how to

extract the coefficients ¢, using coefficient operators V¥ and composite eliminators
RV Yn .

@ Springer



T. Kleiner and R. Hilfer

Definition4 LetU € 7, and y € R. Then U is said to possess a non-trivial Y, -part
if and only if

U e %, and V¥ (U) # 0. (3.29)

The statement O (U) = y will be used as equivalent notation for conditions (3.29).
The notation O (U) € R means that there exists y € R, such that conditions (3.29)
hold true.

Let k € Ny. One defines Oy (U) := O (Uy), where Uy is recursively defined by the
initial condition Uy := U and

U1 := R"(U)) with y; := O (U)) forl=0,...,k—1, (3.30)
whenever O (Up), ..., 0 (Uy) € R.
Lemma 6 Let () be a sequence of strictly increasing positive numbers and (c,) a
sequence of complex numbers. If the series ZZ.;O cnYy, converges absolutely in 7,

then it converges absolutely in LI]OC N &(10, oof).

Proof Let K C R compact, x € &, x > 0and x(K) C {1}. Then

nnmx=f

Let L < ]0, +oo[ be compact. There exists ¢ > 0 such that L € Je, +o0o[ and a
function 6 € 2(]0, +00[), 0 > 0 and (L) C {1}. It holds

|mmnmlzf
L

for all y > 0 and m € N that satisfy m — y ¢ No. (If m — y € Ny, then D" Y,
vanishes on ]0, +00[.) O

7!
I'(y)

dr <(Yy, x) forall y > 0. (3.31a)

ty—m—l

m dt < [(Yy—m,0)| = |{Y),, D" 0)] (3.31b)

Corollary 2 If the series from Lemma 6 converges absolutely in ', then its limit
belongs to .@6{5.

Theorem 1 Let (yx) € R and (c) < C such that (yy) is strictly increasing and
the series Zl?io ckYy, converges absolutely to the limit U. Then Oy (U) = yy and
VY o RV V=1 (U) = ¢y for all k € Ny.

Proof Forall k € Nyitholds Uy = Zflik Yy, = Yy +Urr withUpqq € gff,ykﬂ
due to Corollary 2. O

Proposition4 Let U,V € @6+ such that O (U) and O (V) exist. Then O (U % V)
exists as well and O (U V) = O (U) + O (V).
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Proof Equation (3.18) implies

(- Yy + Py )x(d-Ys+Dys)=(c-d)-Yyis+ Dy s (3.32)
forall y, 8, ¢, d € C, which proves the proposition. O
Lemma7 Letay < - <oy, 0 < By < < B, Ay, Mn€C* ..., €Cx,
m € No andn € N. Then
MY, oA Y,
O(z 1Yoy 2+ An'ay ):al. (3.33)
b+ miYp -+ ¥,

Proof The limit U*~! of the series in (2.10) satisfies O (U*_l) = 0 and one has
O (MYal + Ay Ya,,) = « according to Theorem 1. Thus, Equation (3.33) fol-
lows follows from Proposition 4. O

4 Generalized sequential fractional derivatives

The generalized sequential fractional derivatives are introduced and their basic
properties summarized in Subsection 4.1. Then, in Subsection 4.2, restrictions and
extrapolations of measures and distributions are defined. Subsection 4.3 discusses
examples of generalized sequential fractional derivatives and their relations to other
Fractional Calculus operators on the right half axis from the literature.

4.1 Definition and fundamental properties

Generalized sequential fractional derivatives are introduced as catenations of a distri-
butional fractional derivative and a composite of eliminators.

Definition5 Leta € R,y < - -+ < y, and n € N. The sequential fractional derivative
of ordera and sequential type (y1, ..., Yn) is defined as

DYt = DY o RV 4.1)

where Dg’jr := DY is used to link the notation for sequential fractional derivatives
with that for simple fractional derivatives.

The operators defined in Equation (4.1) coincide with alternating compositions of
eliminators and fractional derivatives with real orders. This means operators

D‘frooRo-noRoDi” with g, ..., o, € R. “4.2)
Note, that RoD% ocR = D9 oR holds for all « < 0, so that ap,..., 0,1 > 0

may be assumed without loss of generality. The expression on the right hand side of
Equation (4.1) constitutes a normal form of the operators from Equation (4.2). The
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advantage of the normal form from Equation (4.1) is that domain and kernel are given
by

dong_lﬁ/lwqy" = dom R+, ker DAV = ker RV, (4.3)

because the operator DY is bijective. Thus, domain and kernel are given by Equa-
tion (3.23) and (3.24a).

Another normal form is obtained when the operators DY and R”!:~~"" are com-
muted. Let «p, ...,a, € R with o, ...,a,-1 > 0. Using the commutation rules
(3.16) the relations between different normal forms can be derived. They read

DY oRo---0RoDY’ = D% oRV V1 = R¥1-dn o DY (4.42)
with the parameters
k—1 n
o =0+ -+ oy, Vi :=Za,, Sk 1= — Z o (4.4b)
=0 l=n+1—k

fork =1, ..., n. Using Equations (3.17) and (3.25a) one obtains
n
DG = DY = 3y VT (4.40)
k=1

fora e R,y <--- <yp,neN.

Proposition5 Leta, B e R, y1 < -+ < ¥y, 61 < --- < 8y and m,n € Ng. Then the
composition law

S1yeens SmsVi+Bs-ees
Da‘yls sVn ODg_lfl’ +Sm — Dgi‘ﬂ‘ 1 msVI+Bse VntB (45)

holds withl = min{k € 1,...,n; yx + 8 > dn }.

Proof The commutation rules from Eq. (3.16) give

Dg_lii/l ,,,,, Ym ° Dgfl,...,(sn — D++ﬂ ° R}/] +B,..., Ym+PB o R5] yeesOn (46)
and an application of Proposition 3 yields Equation (4.5). O

Remark 2 The normal form (4.4c) exists as well for composite operators of the form
RY oCg withy € Rand K € 2[YR]. It holds

R” o Cg = Cg —Y, - VOEI (k) . yr=0&K) 4.7

Equation (4.7) holds also when K € 93/(,0( K).However, evenfor K € .&7/[Ygr]asimilar
description of composites of the form RY"~+¥» o Cx leads to a more complicated
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expression that involves multiple case distinctions. Let us remark, that for future
studies of the operators Cg o RP1-Fr it seems plausible to generalize the eliminators
as well.

4.2 Restriction and extrapolation of distributions

Let I € R be an interval and J C R an open interval. The restriction of a
distribution f: Z(R) — C to J is defined as f|; = flg, : Z; — C with
95 = {9 € PD; suppe C J }. The restriction of a Radon measure p: J# (R) — C
to [ is defined by u|; (¢) := u(@|x™) with ¢|F™ (x) equal to O for x € I and equal
to ¢(x) forx ¢ I. Here, the Borel measurable function |z is the zero extrapolation
of g € #(I).

The restriction of a distribution f € % +.5 t0 Roy is defined as the linear form
f: P2(Rp+) — C such that

flrey (@) = iRy, (@) + glr, ((XP)IR™) for g € Z(Ro4), (4.8)
where 1 and g are defined as in (3.6), Z(Ro4) = { ¢lr,, ; ¢ € Z(R)} and x €
& (Ro4+) is such that x (suppg) < {1} and x ([0, e]) C {0} for some & > 0. This is

well defined due to 0 ¢ supp g.
ForI =R, o € R, or, I = Ro4, @ > 0, define the space

Do) i={ fl: f€Tha), Dyol) = { 1l fe.%’m}. (4.9)

with .@{{ o 9/ o defined in Eq. (3.12).
Define the zero extrapolation of a Radon measure u € % (1) to R as

IE™ () == u(elp) forall ¢ € # (R) and I C R an interval. (4.10)

The zero extrapolation fI5™° of f € P, + 3 (R4) is defined as

(FIE™, @) = u(plr,) + g (09), (4.11)
where p and g are defined as in (3.6) and 6 € &(R..) is such that 6~1(1) D supp ¢
and supp 6 € R . Define the zero extrapolation of a distribution f € ), +.5(Roy) 1o
R as

f|ZCrO . Hlﬂlgro + |Z€r0 (4 12)
with @ resp. g as in the representation formula (3.6) and their zero extrapolations
defined by Equations (4.10) resp. (4.11). The continuous constant extrapolation f|g*

of f is defined as

FIE = 1a V(N + fIE® for fe 2 ROUZ (Roy),  (413)
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where 1r_ denotes the indicator function for the open left half axis.

Restricting a distribution from 9\’{’0 to R4 and extending to R by zero afterwards has
the same effect as applying the eliminator. Restricting to R and zero-extrapolating
to R has no effect. This can be expressed as

(f|R+) IzRerO =R(f) forall f € Py . (4.14a)
(flry,) Hzg“’ =f forall f € 7 . (4.14b)

Because R reduces to the identity on 7, 1 the mappings

Poy yRot) > Doy y(Ry), f e, = (FIE)g, - (4.152)
Doy yR1) = Doy 4(Roy), Fe FIES = (FIE°)|g,, - (4.15b)

define mutually inverse isomorphisms that restrict to isomorphmisms between 7, ,
and 75, , fora > 0.

4.3 Examples

Numerous operators can be reinterpreted as generalized sequential fractional deriva-
tives on subspaces of . in the context of restriction to the right half axis and
extrapolation to the full real axis. This section collects some examples.

Distributional derivatives on the right half axis

The distributional derivative is well defined as an operator acting on distributions
defined on the open right half axis R . Using restriction and zero extrapolation oper-

ators the sequential derivative D(l)lJl can be related to the operator D: 2'(Ry) —
@/(RJ’_) via

Df=D (f|f§r°)|R+ forall f € g 1 (Ry), (4.16a)
Dy, f =D (flr.)|5" forall f e 2 |(R). (4.16b)

The sequential derivative D(l)li fof fe @g{’ 1 (R) is a modification of the distributional
derivative of f that ignores jumps at the origin.

According to (4.16b), this is equivalent to interpreting f as a distribution on the
open right half axis and extrapolating by zero after the calculation of the derivative.

Unfortunately, the case of the closed right half axis is more involved, despite the
existence of the isomorphism @QVI(RJF) — @le (Ro.). The reason is, that the def-
inition of the derivative of a function [ € @§,1(R0+) at the origin depends on its
extrapolation to a neighborhood of the origin. In particular, it holds
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(D (fIE™) =D (F1E°)) gy, = (8 v flze“’)]]RO+ (4.17a)
Doy (FIE)|, =D (15|, (4.17b)

forall f € 2% |(Ro4). These relations reflect the fact that it is always necessary give
a precise interpretation of the derivatives when a boundary is involved.

Riemann-Liouville fractional integrals

Riemann-Liouville fractional integrals with orders o € H, that act on functions on
the closed or open right half axis, can be represented using the sequential derivatives
D0 + = I%. Note, that the Riemann-Liouville integral rp. I, 14(#) of a measure 1 €
A (R) or u € .# (R) can be defined, in the almost everywhere sense for the variable
t, by applying the classical formula to . (In the latter case, the domains of integration
must include the point zero.) This extends most common definitions of the Riemann—
Liouville integral (compare [24, Remark 4.4]).
With these definitions one obtains the relations

1% (™) = (UG, )| forall u € A4 (Ry) U .4 (Roy), (4.18a)
(1% M)|R0+ =rulg, (1lry,) forall u € Zy, (R) N A (R), (4.18b)
(1% M)hh =rulf, (1lr,) forall u € 7y, 4(R) N .4 (R). (4.18c)

However, the action of the sequential derivative Dgfl = I on functions f € @3’{ o\
2 15 can not be described using Riemann—Liouville 1ntegrals defined on the closed
or open right half axis, because neither the corresponding restriction operators nor the
corresponding extrapolation operators are well defined for such functions f.

Generalized Riemann-Liouville fractional derivatives [7]

The fractional derivatives of Riemann—Liouville and their generalizations can be rein-
terpreted by replacing the first order derivatives with D(l)lJl and rp I(l):" with Dg:ll.

Specifically, the generalized fractional derivative Dgf of order o and type p with
a €10, 1], u € [0, 1] can be interpreted as a generalized sequential derivative

Dy = Dyt = =0 o pyll o {700 (4.19)
of order o and sequential type o« + # — apu. The sequential reinterpretation Dgf

is distinguished notationally by a semicolon instead of a comma from the original
operator D{j/*. The domain of D/

dom DYl = 24 |, (4.20)

@ Springer



T. Kleiner and R. Hilfer

With the notations from Equation (4.19) the well-known relation [7, p.434] between
two derivatives of same order « € ]0, 1], but distinct types 0 < pu1 < up < 1reads

D = D Y1y - V200, @212

The relation is immediate from the fact that

Ui Ty
Dy =Dy

Yy (1= - VORI fori = 1,2, (4.21b)
according to Equation (4.4c), because the partially defined linear form Ve+#1(1=e)
reduces to zero on the domain of partially defined linear form V+r2(1—@)

nth-level fractional derivatives [5,24]

The sequential fractional derivatives from Definition 5 extend earlier definitions as
studied in [5], or later ones, in [24]. In the following, the operators from Definition 5
are compared with the “nth-level derivatives” from Definition 3.6 in [24]. Similar
remarks apply to the sequential derivatives given in [31]. For the purpose of a more
convenient comparison the domains X ,ll ;. of nth-level derivatives are defined as spaces
of functions on the whole real line. This definition becomes equal to the definition in
Equation (3.41) from [24] when the functions are restricted to ]0, 1.

More precisely,let0 < o < 1,y = (y1, ..., ¥») suchthat y; > Oanda+s; < k for
allk = 1, ..., n, with the notation s; := Zle y;. The indices for the corresponding
generalized sequential fractional derivatives are defined as 8,41 := o + s —k + 1.
These satisfy 61 < -+ < §, if and only if yx < 1 for k = 2,...,n — 1. Further, it
holds 0 < §; if and only if &« + 5, > n + 1.

Consider now, the space X’i L. +(R), defined as

X;iL,Jr(R) = {f c dongfl .....

L DLt e ] (R) } 4.22)
The space X é ;, from Definition 3.6 in [24] can be characterized as the set of restrictions
Slyo.1p with f € XrlzL,+(R) by using the following lemma.

Lemma8 Forevery f € @le(R) there holds the equivalence

fleg, €ACRoy) & feACR) & DyllfeLl.®. 423

The operator ,1, Dgiy) with dom ,,, Dgiy) =X rll L +(R) and the parameters y =
(¥15 - - - » ¥n) can now be defined as in [24, Def. 3.6], but for the whole right half axis.
With the comparison of partially defined operators from (2.13), one has

a,(y) a8y,
nL. Dy < Doy

. (4.24)

The advantage of the different parameterization from Definition 5 is, that the domain

and the kernel of the operators Dglf"'”’a” can be deducted directly from the indices
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81, ..., 6,. Compare Equations (3.23), (3.24) and (4.3) with Equation (3.45) from
[24]. Further, Definition 5 allows more general indices because the only condition is
81 < --- < 8, and it is always guaranteed that the derivative is “truly nth-level”.

Let O < yx < 1 and define o} := Zk e — Lk=1, , n. Similar to the nth-

level derivatives, the Dzherbashian-Nersesian derivatives DND0 ¥ defined in Equation
(2.5) from [5], satisfy
pnDgE € Dgelet eyt for k=0,1,...,n. (4.25)
Generalized fundamental theorem of fractional calculus
The composition law from Proposition 5 implies:
Corollary3 Leta € Rand yy < --- < yy. Then
Dy o I8 = RVt (4.26a)
1% o DVt = Rt (4.26b)

Equations (4.26) correspond to the Fundamental Theorem of Fractional Calculus.
More specifically, Equation (4.26b) implies the projector formula [25, Theorem 2]. The
fact that the right-hand side of Equation (4.26a) is not the identity operator on a function
space does not contradict the Fundamental Theorem of Fractional Calculus from [24,
Theorem 3.4]. Because, under suitable assumptions on the parameters «, y1, ..., ¥u
and when the distributional translation-invariant Riemann-Liouville operator I in
Equation (4.26a) is restricted to a classical domain of the Riemann-Liouville integral
on the half axis, then the right hand side becomes an identity operator on this restricted
domain.

This can be expressed by the slightly more general relations

Dyt o 1 |] =Eg, | f0<y < <y <a, (4.272)

DRSS AP =Eg,, ifO<y < <yp <a. (4.27b)

The domain 7, 3 contains all domains that are commonly used to define Riemann—
Liouville operators on the right half axis, as discussed on page 17. In particular, it
holds @OJ“X D Xrr.+(R), where X pr 4 (R) is defined as

{ feTh RNLL(R); T f € ACR), VI(I% f) = 0} . (4.28)

Using Lemma 8 it follows that the space X rr from [24, Eq.(3.18)] is characterized
by the restrictions fyg ; with f € XFr +(R). Thus, (4.27b) implies Theorem 3.4
from [24].
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Generalized derivatives with Sonine kernels

Generalizations of fractional derivatives and integrals where the kernels Y, are

replaced by pairs of kernels K and L from LllOC N %, that satisfy the Sonine relations

K x L = Y7 were introduced in [18] and recently discussed in [21,29]. The Sonine
relations imply

DIK*xL)=DK)xL=Kx*x(DL)=3. (4.29)
The convolution operator Cx and the composite
LDy, :==CLoR! (4.30)

correspond to the generalized integral and the generalized derivative of Caputo type
in [29, Eq.(26),(20)]. Equations (4.29) and (4.7) imply

CKOLD(lH_:CK OCLOR1 :Rl, (4318.)
1D, 0Cx =CLoR'oCx =E-Y;-VI(K)- V. (4.31b)

From similar considerations as for Equations (4.27) it is found that the Equations (4.31)
imply Theorem 1 from [29].

Two counterexamples

The operators of Caputo-Fabrizio [4, Eq.(1)] and Atangana-Baleanu-Caputo [4,
Eq. (2)] cr Dg L and ABC Dg ., can be represented as composites of convolution oper-
ators with kernels from 2[YRr] and eliminators. Explicitly, one obtains

crD§, =C k-1 oR' (4.32a)

with cpKy = (-3 + (1 —a) - Y1)/ M(a), and
aBc DG, =C, k10 R! (4.32b)
with Apc Ky = (o 8§+ (1 — @) - Yy )/ B(a) and normalization constants M («), B(«) €
R. The formulas follow immediately from the form of the derivative operators in
Equations (1) and (3) in [4] and the formulas for the corresponding operators, cr J§ L=
Cerk, and ac Jj = C,pck,» from Equations (5) and (9) in [4]. An application of

Equation (4.7) yields the relations

cFDfy ocrlf, =BG+ % - Y-p* -V, (4.332)
aBc DGy oactg, =E—-(+ 155 - Y_o)* 7tV (4.33b)

that correspond to Equations (6) and (10) from [4]. This shows, once again, that these
operators do not satisfy a Fundamental Theorem such as (4.31).
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5 Generalized sequential fractional initial value problems

The main purpose of this section is to study the kernels of generalized sequential frac-
tional differential operators. Subsection 5.1 provides an algorithm (Theorem 2) that
can be used to simplify linear combinations of sequential derivatives to an eventually
simpler normal form. The result is used in Subsection 5.2 to derive a representa-
tion formula for kernels (Theorem 3) and a characterization of the maximal injective
domains (Theorem 4). The case of sequential derivatives with distinct order is con-
sidered in Subsection 5.3 in more detail. This yields a simplified criterion for kernel
functions in general (Theorem 5) and a full characterization for important special cases
(Theorem 6). Last, in Subsection 5.4, all possible cases with two types are described.

5.1 Simplifying linear combinations of sequential derivatives

Due to annihilation effects evaluating linear combinations of partially defined linear
operators can be cumbersome. The theorem to be established below provides an algo-
rithm that reduces sums of composites Cx o R’ of convolution operators Cx and
composite eliminators R’ to a simple expression. Due to the theorem, the operators
to be investigated can be assumed to be given in the form (5.3).

Note, that every finite subset I” C R can be represented as I" = {yy, ..., y,} with
unique y| < --- < ¥, and n € Ny. Thus, the notations
R ;= RV ¥n, Pl .= prisstn (5.1

are well defined with the conventions R? = E and PY = 0.

Theorem 2 Every partially defined linear operator C of the form

n
C =) Cy oR (5.2)
k=1
withUy, ..., U, € 96+, I, ..., I, € R finite and n € Ny, can be written
m
C = ZCVI o RV (5.3a)
=0
with unique convolution kernels Vy, ..., V,, € @(’)Jr, types I' = {y1,...,ym}and a

step number m € Ny, given by

dke{l,....,n}:y eIy,

r={yeR; , (5.3b)
Vke{l,...,n}:y el;ory >suply

Vi=Y (Uik=1.....n|y=supxNTI)), (5.3¢)

V():Z(Uk:k:l,...,n|FkﬂF:Q)), (5.3d)

forl=1,...,m.
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Proof Reducibility to the normal form: Let n € Ny. Define the total number of elimi-
nators arising in expression (5.2) as X := ) ;_, #I'. The reducibility will be proved
via of induction over X. If ¥ = 0 or n = 0 the expression (5.2) obviously has the
form (5.3a). Thus, the Lemma holds for ¥ =0 orn = 0.

Assume now, that X’ > 0 and n > 0. The induction hypothesis is, that the statement
of the Lemma holds for all expressions of the form (5.2) that have a total number of
eliminators X’ < X. Consider the order parameter

yr:=max{minly; ke{l,...,n}, I} #0}. 5.4

In the expression (5.2), all operators RY with y < y; can be canceled from the right
due to (2.14), (3.14) and Corollary 1. A new expression of the form (5.2) emerges
with a reduced total number of eliminators X’ < X. Thus, the induction hypothesis
applies to the new expression and it thus reduces to the form (5.3a).

If no eliminator can be canceled in this way, then for all k = 1,...,n either
y1 = max [} or I'y = {. Then, the operator R"! can be factored out as

n n n
C=) CyoRl=| > Cy oRIWI oR"+ 3" Cy. (59

k=1 k=1 k=1
I #0 =9

The expression inside the brackets has the form (5.2) and satisfies X’ < X. Thus, the
induction hypothesis applies and the whole expression (5.5) can be written in the form
(5.3a) by inserting an expression of the form (5.3a) into the brackets in Equation (5.5)
and factoring out all composed eliminators.

Uniqueness of the normal form: According to equations (3.23) and (4.3) it holds

sup{y €R; Y, ¢domC |} = yy (5.6)
and therefore Y}, € dom C forall y € R with y > y,,. Further, (3.23) and (4.3) imply
oo ovm)={r eR; Y, edomC, y <ym}. (5.7)

Thus, the orders y; < --- < y,, and the number m are uniquely determined by C. For
y € R one calculates

= Z;n:() U if Y = VYm;
1=0 Z;ﬁi:me*l Ul/ if Y=V
(5.8a)

From this equations it is clear how to represent the convolution kernels U;, [ =
0, ..., m as linear combinations of expressions Y_,, * C(Y,). Therefore, the U; are
uniquely determined by the operator C. O
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Example 1 Corresponding to the problem from [3] consider

n
D =Y Dl ferl o (5.92)
k=1
with Ay, ..., A1 €C*, 1, = 1,0 <) < -+ < a, and n € N. An application of
Theorem 2 yields
n* n .
D= D+ > a Dy e (5.9b)
k=1 k=n*+1

where n™* is the largest k with «,, — o ¢ N if it exists and n* = n otherwise. Thus,
the proof of Theorem 2 generalizes Lemma 2 from [3].

5.2 The structure of the kernel

Consider an operator C in the form of Equation (5.3a). Changing to a different nor-
mal form makes it easy to obtain certain structural results on its kernel ker C. Using
Lemma 5 one calculates directly that

m m
C =) CyoRM" =Cy, — Y Cy 0PV oRV1I (5.10a)
=0 =1

forall Vo, ..., Vin, Wo, ..., Wi € Dy, ¥1 < -+ < Ym and m € Ny with

m

W=y v forl =0,...,m, (5.10b)
I'=l

Vi=W, — Wi forl=0,...,m—1, (5.10¢)

where the convention W,,;1 = 0 applies. Equation (5.10b) is equivalent to Equa-
tion (5.10c). The described transformation works as well under the restrictions that the
distributions Vj, ..., V,,, and Wy, ..., W, all belong to 2[Yr], or belong to /[ YRr].

For the remainder of this subsection let C be an operator of the form of Equa-

tion (5.10) such that the distributions Vy, ..., V,, or, equivalently, the distributions
Wo, ..., Wy, belong to the convolution field 2[Ygr]. Define the number
lo=10(C):=min{l=0,...,m; W £#0}. (5.11)

With these notations, the structure of ker C is characterized by the following.
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Theorem 3 Every distribution K € dom C satisfies

m
KekeC & Ke Y Kl-Ll(K)+<Yy1,...,Y,,,O>, (5.12a)
I=ly+1

where K; and L; are defined as

1%
Yy, * st ifl > lo,
K = Wi, (5.12b)

Ly = V7iey—t (5.12¢)
In particular, the kernel satisfies the inclusions

(Yyl,...,Yy,O> CkerC C (Ky, ..., Kn). (5.13a)

Proof The right hand side of (5.10) can be rewritten as

m
Cwy, — Y Cw 0PV oRMot=Vol | o RV Yo (5.14)
I=lp+1

Let K € dom C and set K = R0 (K). Applying the operator from (5.14) to K
and setting the result to zero yields

m
Wiy % K — Y WYy, *Li(K)=0. (5.15)
I=ly+1
Solving for K in Eq. (5.15) and noting that the distributions Y, ..., Y),l0 belong to
ker C, due to (5.14), proves the proposition. O

The following theorem provides the maximal domains for admissible inhomo-
geneities g of the equation Cf = g.

Theorem 4 The operator C from (5.10) restricts to a bijection
Clog,  Doom = Pamroowy [ Wox f. (5.16)

Proof This is immediate from the formula (4.3) for kernels of sequential derivatives
and Proposition 4. O
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5.3 Sums of sequential derivatives with distinct orders

In the following, those generalized fractional sequential differential operators are con-
sidered that are sums of generalized fractional sequential derivatives with distinct
orders. That means, an operator D of the form

n n
D= Z Ak Dgg'”~~-%<k> = RV Vo0 4 Z Ak Dgi'y‘ """ Yol (5.17)
k=0 k=1

is considered with parameters n,m € Np, 0 = oy < o1+ < @, 1 =
Aoy ALy .oy iy € CX, ¥ < -+ < Yy and a function o: {0, ...,n} — {0,..., m}
such that m = max{o(k); k = 0,...,n}. In order to exclude trivial cases,
min{o(k); k=0,...,n}=0is assumed as well.

Using Theorem 3 the kernel of the operator D can be expressed in terms of the
functions K; and the composed coefficient operators L;. The distributions K; are
given by

Kp = Yy, % Wy s (W)™~ ! for [=1,...,m, (5.18a)

and the distributions W; are given by

n
Wi=Ya* Y Z for 1=0,...,m, (5.18b)
k=0
o(n—k)=>l
with the notation Zy := u;Yg, and the parameters By := o, — oy and pg =

M—k/rpfork =0,..., n.

In the following, elementary properties of the kernel distributions K; are summa-
rized. That will help to shed more light on the structure of ker D. After an examination
of Equation (5.18b), one concludes that

Y. 174 ifl=1,..., ,
Keln ! o) (5.19)
@X,n ifl=0()+1,...,n.
Let/,l' € {1,..., m}. Equation (5.19) yields the implications
I<l! = KpedomlL,, (5.20a)
l<l! = Kyeckerly, (5.20b)

and the equation

BRI Z00 ifl=om)+1,... . m. '
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Note, that O (K;) < O(Kyp) holds foralll € {1,...,0(®)},l' € {1,...,m} with
[ < I’ according to Eq. (5.19). However, if [ € {o(n) + 1, ..., m — 1}, then O (K;) <
O (K/) does not necessarily hold. Nevertheless, the functions K71, ..., K; are linearly
independent. This is because in the expression for W; from Equation (5.18b), as /
increases the number of terms Z; reduces or O (W)) increases.

Theorem5 Let K =) )", a;K; withay, ..., ay € C. Then
1. It holds K € dom D if and only if

-1
> ai-Ki edom L foralll=1,...,m. (5.22)
i=1

2. It holds K € ker D if and only if K € dom D and

-1 .
<
L (Zai : Ki) - {0 fl=olm. =1, .m (523
i=1

ar ifl > o(n),

Proof Due to Equation (5.20a), and because dom D is linear, K € dom D is equivalent
to (5.22). Inserting K € dom D into Equation (5.12a) yields Equation (5.23) after
canceling all terms that are zero according to Equation (5.21). O

Corollary 4 The estimate dimker D < o (n) holds.

Corollary5 Ifl' € {1, ..., m} is such that K; ¢ ker Ljy| foralll = 1,...,1, then
ker D € (Kpi1, ..., Kn).

Theorem 6 The kernel of D satisfies dimker D = m = n if the conditions
om) = m and Byq1y > VYm — v, I = 1,...,m — 1 hold, where ¢(l,1) =
min{ke{l,...,n}; o(n—k) <1}

Proof Introducing a term Wy % (Wp)*~! one calculates

K1 =Y, « (W — Wo) x (Wo)* "' +7,,. (5.24)
Therefore, Oy (K; — Yy,) = O (W; — Wo) =By, 1) and the distributions K, ..., Ky,
satisfy the condition (5.23) from Theorem 5. O

Example 2 The operator D from Equation (5.9b) satisfies the requirements of Theo-
rem 6. Thus, for linear combinations of Riemann—Liouville operators the cancellation
of the dimension of the kernel is already explained by the cancellation effects described
in Theorem 3.

Example 3 Let L be the operator from Equation (2.16) in [5] for the special case
of constant coefficients po, ..., p,. For simplicity, assume that the p; are non-zero.
(Within this remark, symbols x from [5] are decorated as x.) Recalling Equation (4.25)
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the operator D:_UO oL can be identified with an operator of the form D as in Equa-
tion (5.17) above with the definitionsn =n + 1, m = n, €] = —6¢g, Ax = Ox—_1 — 00
fork=2,....,n,yy =01+ 1forl =1,...,mand Ay = 1, Ay = pj41—k for
k=2,....,.n—2,An—1 = Dii—1, An = Dji-

One verifies, that ¢(/, 1) = n 4+ 1 — [ and thus B, 1) = 63 — 6; > 651 — 0y for
alll =1, ..., m. Therefore, Theorem 6 and Theorem 3 imply the existence result [5,
Thm. 4] for a trivial inhomogeniety f = 0. From O (Wy) = —a,, the relation

Ym — Qn = 051 — 05 + 1 +00 =1—y, + 00, (5.25)
and Theorem 4 one finds that Dléo oL restricts to a bijection
@)/Y,&,;_IH — @7}’1_);#&0. (5.26)

This extend the result from [5, Thm. 4] to inhomogeneities f € 97/“7%.

The restriction 39 > 1 — 3, is required in [5, Thm.4] in order to ensure that
Y541 = Ii__?” (Y5, 47,) 1s well defined as a classical Riemann-Liouville integral. The
condition becomes superflous in the generalized sequential setting because it is not

required that Y5, 5 is locally integrable.

5.4 Characterization of the kernel for two primary orders

In the following analysis the representation formula

Wi n o Loyt + Zowaay)
e =g(l) - § 4+ (=1)FD . 2 ’ 5.27a
Wy~ c0a D S+Zi++ Zy 27

is used with the notations

1 ifl <o),
el) :=ly<om) = {0 it > o) (5.27b)

o) :=

{#{ke{l,...,n};a<n—k)<z} ifl <o(n), (5.27¢)

#{kefl,....,n}; on—k)>1} ifl > o(n),
{kefl,....,n};on—k)<l} ifl <o),

{kefl,...,n}; on—k)y=1} ifl > o(n),
(5.27d)

¢(l, i) := i-th element of {

fori =1,...,®&({)and! =1, ..., m. Further, let

¢ =max{i e{l,...,®(D}; Vj <i:Zpq j+1)=Zpu1)*Zj) (5.28)
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and define the notation

e forle(l,....m), ' e{l,....,m—1I). (5.29)
Lemma9 Let Uy, ..., U,, Vi,..., Vy, € 2[Yr]\ {0} withm < n, m,n € N and
assume, that ) < O (Uy) < --- <O U,) and O (V7)) < --- < O (V). Then

m L , / Y
Lis Vi gy Y T RO Doy vy YT S
8+ k=1 Uk - VixU, + @%,O(vl*um) ifl' =m,
(5.30)

where U is the largest k' such that Vi1 — Vi x Uy = 0 forallk < k'.

Proof The assumptions imply § + U; + - - - + U, # 0 and one obtains

YLV Vo = VikUj+ -+ Vg — Vi % Uy
7 =Vi+ =
8+ i1 Uk S+U +---+ U,
Vi Up+ -+ U, (5.31)

AU+ + Uy
The assumptions and Proposition 4 imply that

OWVig1 = VixU) <O(Vpp1 = VixUp) forl'=1+1,....m—1, (532a)

OWVir1 = VixU) <OVyxUy). (5.32b)
With these considerations Equation (5.30) is immediate from (5.31). O
Lemma 10 Foralll =1, ..., m one has

W,
*—[ eel) -5+ (—1)8(1) . Z(p(l,l) + ...
Wo

Z —Z xZey + D o ifC() < (D),
(—1ye . | “ote+D = Lo * Zea) Y fC() 0 (5.332)
= Zypany ¥ Zoay + Dy 5, i) = @),
with the order parameter
2 . Jmin{Bea.cy+n)s Boany + Bew} i) < @), (533b)
Bow.1) + Baow) i)y =20,

where B was defined just after Eq. (5.18b).

Proof One applies Lemma 9 to Equation (5.27a) with Uy = Zy, k = 1,...,n and
Vi =Zpa iy, k=1,...,2(1). O

An application of Lemma 10 yields:
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Lemma 11l Letl € {l,...,m — 1}. Then

KjedomLiyy < Boan) =601 (5.34)
If K; € dom L4, then
Lisi(Kp) = (120 ° ¥ Potny > O, (5.35)
Mo,y I Bea,1y = 81,1
In particular, it holds
KyekerLiy1 & Byu1 > 1. (5.36)

Example 4 Combining Theorem 5 and Lemma 11 a complete characterization of ker D
can be obtained. The possible cases are given by

{0} ifo(n) =0,
(K1) if By(1,1) > 61,1,
K — - Kp) if =811, ifon)=1,
Ker D — (K1 = req,1) - Ka) . B, 1) 1.1 (n) (537)
{0} if By(1,1) < 1,1,
K, K if 1)
(K1, K3) 1 Boi,1y > 81,1, ifom) = 2.
(K2) if By(1,1) < 01,1,
A minimal example for the first, and trivial, case is the operator
D = R"""2 ) D* with0 < «, y1 < v, L € C*. (5.38)

The cases with o (n) = 1 are covered by the minimal examples

o =1 >Y2—V,
D =R"7 4, D(_):_l 4+ Dgilyl with Jap —ay = Y2 — V1, (5.39)

o2 — a1 < Y2 = V1

where 0 < o] < ap, 1 < ¥ and A1, A, € C*. The cases with o (n) = 2 are covered
by the examples

o« >Y2=YI,

D =E+ADg"" with
& =Y2— Vs

(5.40)

where 0 < «, 1 < y2 and A € C*.

Example 5 Linear combinations of a first order time derivative and a generalized
Riemann-Liouville fractional derivative were used in [10] as infinitesimal genera-
tors for composite fractional time evolutions. Reinterpreting the operator Dgf in [10]
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along the lines of eq. (4.19) as D" the solution f (1), 7 > 0 of the initial value prob-
lem (32) in [10] can be represented as the restriction f := K|g,, of a distribution

K € 7, » where the distribution K is the solution to the following generalized initial
value problem: Define the operator
D = iy Dy} +2; DY L E, (5.41a)

where A1 = (74)%, A2 = 11 and the parameters 7o, 7] > 0,0 <@ < land0 < p < 1.
According to Theorem 2 the equality

D = oDy} + A1 D\ +E, (5.41b)

holds if and only if & # 1 (corresponding to Equation (34) in [10]). In any case, there
exists a unique distribution K € %  such that

K eker D, Vik =1. (5.41c)

The relation R = S % ¥ | between the normalized relaxation function R = K + )v’l and
the time-domain representation of the corresponding normalized susceptibility S was
verified using convolutional calculus in [17]. Here, Y | denotes the reflection of Y;.
The Laplace-transform of S (in the sense of [33]) defines the susceptibility function
€(u) in the frequency domain.

Another interpretation of the infinitesimal generator D from [10] was recently given

in [11]. It is obtained from observing D}/ = RF7#% o D‘(’)‘L and shifting R*~#* from

Dg_lIr to the infinitesimal generator D(l)‘_i of translations in eq. (5.41). The physical
motivation for this are relaxation processes that are too fast to be resolved [11]. The
modified interpretation leads to a sequential first order derivative

|1
+

R oDl = RETHoR%0D! =Dl oR*oR! =Dy’ (5.42)
with§ = 14 (1 — ). Instead of D and problem (5.41) the modified fractional initial
value problem involves the modified operator

5 11,6

D =1Dy}° +3 D}, +E (5.432)

where A1 = (1¢)%, A2 = 11, § = 1 + u(l — «) with the parameters 7o, 77 > O,
0 <a <land O < u < 1. Note, that 1 — 8~< 1 — «. Therefore, Theorem 6
guarantees the existence of a unique distribution K € ) . such that

K € ker D, VK =1, VIS K = —v/h,. (5.43b)

with v = (). Theorem 3 and Equations (5.18) yield the solution

A28 —vYs_g

[E’ = -k .
S+ MYy +A2Y

(5.44)
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As above, the relaxation motion R satisfies R = K + Y 1= SxY 1, with the normalized
susceptibility S given by the convolution quotient

i MYy + VY
§= Lot et v¥sa (5.45)
S+ MY g +22Y

The normalized susceptibility function s(u) from Equatlon (3) in [11] coincides with
the Laplace-transform of the distribution S.Thus, § is the time-domain representation
of #(u) and it follows that the function # > K (¢) fort > 0 is the normalized relaxation
motion corresponding to £(u). As shown in [11,17] the solution (5.45) agrees over a
range of 12 decades in time or frequency with a physical relaxation experiment.
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