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SOME BOUNDS FOR ALTERNATING MATHIEU TYPE SERIES
ZIVORAD TOMOVSKI AND RUDOLF HILFER

(communicated by A. Cizmesija)

Abstract. Using recent investigated integral representations for the generalized alternating Math-
ieu series S“(la’ﬁ) (r{an}n2y) (ryoBou, {an}nS, € RT) [9,14,18] with ay =n¥, y € RT
and Mellin-Laplace type integral transforms for the generalized hypergeometric functions and the
Bessel function of first kind, some bounding inequalities for 5!(4&’[3) (ry {n¥},2,) are presented.

Namely, it is shown that the series S“(la’ﬁ) (r; {ny };1)2 1) under some conditions for parameters
o, B, y and u are bounded with constants which do not depend on ¢ ,f8 and y but only

depend on r and u,i.e.
N(a,B) AL 2
u <r’ {n }n:l) < (1 +r2)ﬂl :

1. Introduction

The following familiar infinite series

oo

2n
S(r)= — reR’ (1.1)
; (2 + 1) re®)
is named after Emile Leonard Mathieu (1835-1890), who investigated it in his 1890
work [7] on elasticity of solid bodies. Bounds for this series are needed for the solution of
boundary value problems for the biharmonic equations in a two-dimensional rectangular
domain (see [13], p.258, eq. (54)). An alternating version of (1.1)

~ = _ 2n
Sr = (' —F—s reR’ 1.2
=30 s (eR) (12)
was recently discussed by Pogdny et.al in [9].

Integral representations of (1.1) and (1.2) are given by (see [5] and [9])

1 Ootsm
=g [ (13)
0
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oo

§(r) = %/“m(”)d; (1.4)

e +1
0

Several interesting problems and solutions dealing with integral representations and
bounds for the following slight generalization of the Mathieu series with a fractional

power
oo

2n +
can be found in the recent works by Diananda [2], Tomovski and Trenéevski [16] and
Cerone and Lenard [1]. Motivated essentially by the works of Cerone and Lenard [1]
(and Qi [12]) a family of generalized Mathieu series

n=1

o0

2an

S (rsa) = S (rifan)e) (ag + )"

(r,a,B,ueR") (1.6)

n=1

was defined in [14], where it is tacitly assumed that the positive sequence

a={an}, o, ={a,a,as,....} (hman = oo)

n—oo

is chosen such that the infinite series in definition (1.6) converges, that is, that the

following auxiliary series
o0

Z 1
=1 an®” b
is convergent. Comparing the definitions (1.1), (1.5) and (1.6), we see that S, (r) =
S(r)andS, (r) = Sff’” (r,{n},2,) . Furthermore, the special cases S ( {an}2)),
Su(r) = S,(lz’l) (r{n}2)), SLZ’I)( ;{n"}>2,) and Sﬂa /2) (r;{n}.2,) were investi-
gated by Qi [12]; Diananda [2]; Tomovski [16] and Cerone and Lenard [1].
Let

0 B

~ ~ n— Zaﬂ

$7 (ma) =S (n {ah2) = 20T Ty (haBireR?)
n=1 n

(1.7)
be an alternating variant of (1.6), where the positive sequence {a,} -, satisfied the
same conditions of the definition (1.6). In [9, 14, 18] several integral representations
of (1.6) and (1.7) in terms of the generalized hypergeometric functions and the Bessel
function of first kind were obtained. Here we present some of them:

o0
xY (wa—p)—

SL ( {ny}n 1 F W) / o1 1‘1"1 [(‘u’ );(y (HQ*B),)/OC);—erV‘X] dx
0

(r,o, B,y €RT, y(ua—PB)>1); (1.8)
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~!(40¢~ﬁ) (r; {nq/oz}oo ) _ 2
T

o

T dlu—p/l-1 W\

<[ (wa g l-plai— (2) )i
0

<r,a7[3€Rﬂ u*§>q’l; qGN)7 (1.9)

where A (g;A) is the g— tuple (%, /1(1—17 s ?L+Z—1) :
slaa/2) (. > §@ (s 10 S
S;ﬁ?/ ) (w {nz/a} ) - Sﬂ(HrI) ("7 {n}n:l) = Sut1 (r)

n=1
L3 Tt
= / Ju_1 (rx) dx, (r,u € R+) ,
0

@I (u+ 1)) e+ 1
(1.10)
&(a,0) 2/a _ = el 2 B 2w /x“%
5 ’ - 1 J 1 d
) = R 0 Gy @ e
(reR*, u> %) (1.11)

Here ,'¥, denotes the Fox-Wright generalization of the hypergeometric ,F, function
with p numerator and g denominator parameters (see for example [15, Eq.1.5 (21),

p.50])

p
00 HF(a,+ alk)xk
. ) =1
Do () = ¥ [(an o) 5 (BB a] = > P
k=0 TIT (b;+ Bik)
q P
anbj, o, ER 1=12,..p j=12,.,¢: 1+Y =Y >0
Jj=1 I=1
The generalized hypergeometric function is defined by
o0 11_‘[1 (al)m XM
oy (@) ()5 2] = > F—" (1.13)
m=0 l_Il (bj)m
j=

where (6),,is the Pochhammer symbol, defined by

(6 +m)

(8)y = 1, (6)m:6(6+1)-~-(6+m—1):FF(S) (meN),
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so that, obviously

2. Bounds derivable from the integral representations of S ( {n¥} 2 1)

2.1. The Landau estimates (see [6])

Iy ()] < by~ with by = V2 sup {Ai(x)} = 0.674885 ..., uniformly in x,
XERT
(2.1)

7y (0)] < ™3 with ¢, = sup {x1/3J0 (x)} = 0.78574687. .., uniformly in v,

XERT
(2.2)
where Ai (z) denotes the known Airy function, were used in [9] to prove the following
bounds:

b.Cy (r)T (M + %)

2,1 . 0
‘SL ) (r {yﬂ}n:l)‘ < 4 Qu—-3>0), (23
(0 —3)
~ CLC (F)F u—+ 1
STV (ry {732 1)‘ s (1 +5) (6u+1>0), (2.4)
Ir
where Cy (r) = — Y% Moreover, if u > 2 (14 7?),then

(2r)*= 21 (u)

bLéﬂ (r) r (‘lf/j %) _ Nb (V,,LL) (2[.1. -3> 0) ) (25)
(u—3)

N

0< 87 (r {n?}2))

crCu (T (u+ %

H 3 ( 6) :NL'(r7H)'
\/;

2.2. Now we shall improve the right sided bounding inequalities (2.5)—(2.6) by showing

that S’Lz’l) (r; {n"},2,) is bounded with the constant

MW = )

0 < SLZ’U (r; {n'}2) < (2.6)

under the conditions ¥ € R", u > 3 (147%). Let ¢ (x) =
2 (14 7r%). Since

—— with u >

X7
(2 +12)

yax¥ ! (r2 —(2u - 1)x2”)

(x2 + r2)qul <0

o' (x) =
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L
- ) 7 it follows that ¢ (x) isadecreasing

forall x constrained by the inequality x > (2’171

function of x. So we have

S0 (s ) = M)~ 2 [0 (2n) — o 2n D) <M () (28)
n=1

1/2y
when {(%) ] < 1. But, this condition holds, since u > % (1 + ,,2) .
Next, it would be of interest to research the efficiency and the sharpness of M (r, i) .
In this goal, the r— domains in which M (r,u) is superior to N, and N, have to be
obtained. We shall prove that M (r, u) < N, (r, ) forall r € R" andall u > 3.

Let

M (r, 1)
P=P(r,u) = . 2.9
1) = G 29)
Then
_3/\3 2 1—=3/2 -
p W=3/2) W) < ’2) (1+2) 772 (2.10)
b2 T(u+1/2) \1+r
We consider the function
e R ) 2.11
f(r)—m (rG >H>§) (2.11)
It is easy to show that
maxf (1) = f [ /R=32 53 (2.12)
reged = 1+3/2 H=3) '
Using the elementary inequality
3
2r \"7? 3
— <1 R" = 2.1
(2 'e (ernd)  ew
and Gautschi’s inequality (see [4])
T (u) 1 ( 3)
< > = 2.14
Cu+12) S Juoia  \"72 214)

we get
o\ —3/2
b =32 1 NN
S b2 Ju—1/4 uw+3/2

w-3/2"" 1 (u+3/2)"
T b i 1A ()"
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1 (u—1/4)"3 1 1
< 2~ 1/6
bV2m (u— 1/ bV2m (u—1/4)" 2.15)
1 \6/Z
<—=4/z <L
bL\/ZTC 5

The similar comparison involving M (r, ) and N, (r, ) we leave to the interested reader
which we propose as an open problem.

Open Problem: Does M (r, ) < N, (r,u) forall r € RT?

2.3. Next, we shall present some elegant bounds for the alternating Mathieu series

SO), S (17, ) S 00, 8G9 (r (0732, ) SE (s (120) by
using their integral representations given above.
2.3.1. Using the well-known formula (see [10, Vol.1, p.446])

o0

/xe_x sin (xr) dx = Lz, (2.16)
(17
0
we get
~ 1
S(r)< = /xe_" sin (xr)dx = M (r,2) . (2.17)
r
0

2.3.2. In the theory of Bessel functions, it is fairly well-known that (cf; e.g. [3, p.49,
Eq. 7.7.3 (16)]

') v 2
/efstt/lfljv (pt)dt = (B) S*AMZFI |:l (v+A), %(V+/1+1); v+1; A

2s I'(v+1) 2 52
0
(Re(s) > [Im(p)|, Re(v+ A1) >0). (2.18)
Because of
Fo(A; — 20=(1-207" (<1, A€0) (2.19)

the integral formula (2.18) would simplify considerably when A = v 4+ 1 and when
A = v+2, giving us [see also (1.10) and (1.11) above]

[ oserre (onan — @0 T (1) L
O/e 'y (pr)dt = NG (S2+p2)i+% (Re (s) > [Im (p)|, Re(v) > 75)
(2.20)

(Re (s) > |Im(p)|, Re (v) > —1).

25(2p)" T (v+3)
VE ()

3
2

/e*“’tV“JV (pt)dt =
0

(2.21)
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Using the formulas (2.20), (2. 21) and integral representations (1.11) and (1.10), we
obtain the following bounds for S ( {n¥ "‘} ) and Sy (r) respectively:

~ 0 2 r
59 () ) &~ 2 T sty
=) @ T () 2
om0 Tir) (2:22)
@t () VR )
1
=M (r, 1) (r€R+’“>E>
< ey [ e o
@2rP i u+1 i
0 (2.23)
VA 202070 (ut1)

(2r)“‘fr(u+1) VT (14r2)HH! M(rputl) - (rp € RY)

2.3.3. In the theory of generalized hypergeometric functions it is known that the
following integral formula (see [11], p. 335):

oo

/xla*le*‘”qu ((ap) ; (bg) s —ox') dx
0 (2.24)

AT CARN IS

holds.
Using the formula (2.24) and integral representation (1.9) we obtain the following

bound for S (r: {17} ):
S (i {nq/a}:ig

T bt ()]
A Dol D)l )

//\
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Specifically forp = 1, ¢ =2, I = 2, we get from (2.24)

09 ({0 )

_ 2
RSl
i.e.
s@h) (. 2a1 ) <
5 (s ) ) <wi -
2.3.4. Now applying the formula (see [11, p.355])
/xaileiwp\}’q [(ap, o) 5 (bg, By) ; *le] dx
0
1 w
= F[’Jrllyq |:(OC, I") ) (a[)7 ap) 5 (bqa Bq) 5 7;

we obtain from the integral representation (1.8),

P (r; (07122

oo

< ﬁ /xy(ﬂa—ﬁ)—le—xl\yl [(H, s (y (ua—B),ya); _rzxya] dx
0
= F(ZM)Z\PI [(y (moe = B) ,yar), (u, 1) (v (moe — B) , yar) ; 7’,2]
_ 2 i T (y (uo — B) +yam) T (u+m) (=r*)"
I (u) s [ (y (ua — B) +yom) .
2
=2Fo (= =) = T

i.e.
SEP (s {2 SM(rp)  (rouBy €RY, y(ua—B)>1)  (2.27)
In Figure 1, we present some numerical results for three alternating series: S (7),
$82 (r; {n}2)), S92 (r; {”3/2}:;) bounded by the constants M (r,2) with
0<r<3.
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2.5 T T T T T
—M(r,2.0)
- - -OL=2.0,B=1 .0,A=1.0
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Figure 1. Alternating Mathieu type series SLa’B) (r; {n’l}zil) with o =2, B =1,

A =1, u=2 (dashed), x =2, B =2, A = 1, u = 2 (dashdotted) and o = 2.5,
B=2.1, A = 1.5 u =2 (dotted) as functions of r with 0 < r < 3 and
their bound M (r,2) (solid line).
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