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CHAPTER 2

Fractional Time Evolution

[page 89, §0]

1. Introduction

[89.0.1] A large number of problems in theoretical physics, including Schrödingers,
Maxwell and Newtons equations, can be formulated as initial value problems for dy-
namical evolution equations of the form

d
dt
f(t) = Bf(t) (1)

where t ∈ R denotes time and B is an operator on a Banach space. [89.0.2] Depending on
the initial data f(0) = f0 describing the state or observable of the system at time t = 0
the problem is to find the state or observable f(t) of the system at later times t > 0. a

[89.1.1] Many authors, mostly driven by the needs of applied problems, have considered
generalizations of equation (1) of the form

”dα”

dtα
f(t) = Bf(t) (2)

in which the first order time derivative d/dt is replaced with a certain fractional time
derivative “dα/dtα” of order α > 0 (see e.g. [1]–[24] and the Chapters IV–VIII in this
book). [89.1.2] A number of fundamental questions are raised by such a replacement.
[89.1.3] In order to appreciate these it is useful to recall that the appearance of d/dt
in eq. (1) reflects not only a basic symmetry of nature but also the basic principle of
locality. [89.1.4] Of course, the symmetry in question is time translation invariance.
[89.1.5] Remember that

d
ds
f(s) = lim

t→0

f(s)− f(s− t)
t

= − lim
t→0

T (t)f(s)− f(s)

t
(3)

aIn classical mechanics the states are points in phase space, the observables are functions on phase
space, and the operator B is specified by a vector field and Poisson brackets. In quantum mechanics (with
finitely many degrees of freedom) the states correspond to rays in a Hilbert space, the observables to
operators on this space, and the operator B to the Hamiltonian. In field theories the states are normalized
positive functionals on an algebra of operators or observables, and then B becomes a derivation on the
algebra of observables. The equations (1) need not be first order in time. An example is the initial-value
problem for the wave equation for g(t, x)

∂2g

∂t2
= c2

∂2g

∂x2

in one dimension. It can be recast into the form of eq. (1) by introducing a second variable h and defining

f =

(
g

h

)
and B =

(
0 1

1 0

)
c
∂

∂x

89
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[page 90, §0] identifies −d/dt as the infinitesimal generator of time translations b defined by

T (t)f(s) = f(s− t). (4)

[90.0.1] Equation (2) abandons T (t) as the general time evolution, and this raises the
question what replaces eq. (4), and how a fractional derivative can arise as the generator
of a physical time evolution. [90.0.2] Most workers in fractional calculus have avoided these
questions, and my purpose in this chapter is to review and discuss an answer provided
recently in [6, 7, 8, 9, 10, 11].

[90.1.1] Derivatives of fractional order 0 < α ≤ 1 were found to emerge quite generally
as the infinitesimal generators of coarse grained macroscopic time evolutions given by
[6, 7, 8, 9, 10, 11]

Tα(t)f(t0) =

∞∫
0

T (s)f(t0)hα

(s
t

) ds
t

(5)

where t ≥ 0 and 0 < α ≤ 1. [90.1.2] Explicit expressions for the kernels hα(x) for all
0 < α ≤ 1 are given in eq. (69) below. [90.1.3] It is the main objective of this chapter to
show that (in a certain sense) all macroscopic time evolutions have the form of eq. (5),
and that fractional time derivatives are their infinitesimal generators.

[90.2.1] Given the great difference between Tα(t) in eq. (5) and T1(t) = T (t) in eq. (4) it
becomes clear that basic issues, such as irreversibility, translation symmetry, or the mean-
ing of stationarity are inevitably involved when proposing fractional dynamics. [90.2.2] Let
me therefore advance the basic postulate that all time evolutions of physical systems are
irreversible. [90.2.3] Obviously this law of irreversibility must be considered to be an em-
pirical law of nature equal in rank to the law of energy conservation. [90.2.4] Reversible
behaviour is an idealization. [90.2.5] Its validity or applicability in physical experiments
depends on the degree to which the system can be isolated (or decoupled) from its past
history and its environment. [90.2.6] According to this view the irreversible flow of time
is more fundamental than the time reversal symmetry of Newtons or other equations.
[90.2.7] My starting point is therefore that for a general time evolution operator T(t) the
evolution parameter t is not a time instant (which could be positive or negative), but a
duration, which cannot be negative.

[90.3.1] An immediate consequence of the postulated law of irreversibility is that the
classical irreversibility problem of theoretical physics becomes reversed.

bA simple translation with unit "speed" reflects the idea of time "flowing" uniformly with constant
velocity. This idea is embodied in measuring time by comparison with periodic processes (clocks). A
competing idea, related to the flow of time represented by eq. (5), is to measure time by comparison with
nonperiodic clocks such as decay or aging processes.
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[page 91, §0] [91.0.1] Now the theoretical task is not to explain how irreversibility arises
from reversible evolution equations, but how seemingly reversible equations arise as ide-
alizations from an underlying irreversible time evolution. [91.0.2] A possible explanation
is provided by the present theory based on eq. (5). [91.0.3] It turns out that the case
α = 1 in eq. (5) is of predominant mathematical and physical importance, because it is
in a quantifiable sense a strong universal attractor. [91.0.4] In this case the kernel h1(x)
becomes

h1(x) = lim
α→1−

hα(x) = δ(x− 1), (6)

and the time evolution T1(t) = T (t) in (5) reduces to a simple translation as in eq.(4).
[91.0.5] T1(t) with t ≥ 0 is a representation of the time semigroup (R+,+). [91.0.6] It
can be extended to one of the full group (R,+). [91.0.7] This is not possible for Tα with
0 < α < 1. [91.0.8] The physical interpretation of α is seen from supphα = R+ for α 6= 1
and supph1 = {1} for α = 1. [91.0.9] Hence the parameter α classifies and quantifies the
influence of the past history. [91.0.10] Small values of α correspond to a strong influence
of the past history. [91.0.11] For α = 1 the influence of the past history is minimal in the
sense that it enters only through the present state.

[91.1.1] The basic result in eq. (5) was given in [6] and subsequently rationalized within
ergodic theory by investigating the recurrence properties of induced automorphisms on
subsets of measure zero [9, 10, 11]. [91.1.2] In these investigations the existence of
a recurrent subset of measure zero had to be assumed. [91.1.3] Such an assumption
becomes plausible from observations in low dimensional chaotic systems (see e.g. [25, 26]
and Chapter V). [91.1.4] A rigorous proof for any given dynamical system, however,
appears difficult, and it is therefore of interest to rederive the emergence of Tα(t) from a
different, and more general, approach.

2. Foundations

2.1. Basic Desiderata for Time Evolutions

[91.2.1] The following basic requirements define a time evolution in this chapter.

(1) Semigroup
[91.2.2] A time evolution is a pair ({Tτ (t) : 0 ≤ t < ∞}, (Bτ , ‖ · ‖)) where
Tτ (t) = T(tτ) is a semigroup of operators {T(t) : 0 ≤ t < ∞} mapping the
Banach space (Bτ (R), ‖·‖) of functions fτ (s) = f(sτ) on R to itself. [91.2.3] The
argument t ≥ 0 of Tτ (t) represents a time duration, the argument s ∈ R of fτ (s)
a time instant. [91.2.4] The index τ > 0 indicates the units (or scale) of time.
[91.2.5] Below, τ will again be frequently suppressed to simplify the notation.
[91.2.6] The elements fτ (s) = f(sτ) ∈ Bτ represent observables or
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the state of a physical system as function of the time coordinate s ∈ R. [92.0.1]
The semigroup conditions require

Tτ (t1)Tτ (t2)fτ (t0) = Tτ (t1 + t2)fτ (t0) (7)
Tτ (0)fτ (t0) = fτ (t0) (8)

for t1, t2 > 0, t0 ∈ R and fτ ∈ Bτ . [92.0.2] The first condition may be viewed as
representing the unlimited divisibility of time.

(2) Continuity
[92.0.3] The time evolution is assumed to be strongly continuous in t by demand-
ing

lim
t→0
‖T(t)f − f‖ = 0 (9)

for all f ∈ B.

(3) Homogeneity
[92.0.4] The homogeneity of the time coordinate requires commutativity with
translations

T (t1)T(t2)f(t0) = T(t2)T (t1)f(t0) (10)

for all t2 > 0 and t0, t1 ∈ R. [92.0.5] This postulate allows to shift the origin of
time and it reflects the basic symmetry of time translation invariance.

(4) Causality
[92.0.6] The time evolution operator should be causal in the sense that the
function g(t0) = (T(t)f)(t0) should depend only on values of f(s) for s < t0.

(5) Coarse Graining
[92.0.7] A time evolution operator T(t) should be obtainable from a coarse grain-
ing procedure. [92.0.8] A precise definition of coarse graining is given in Defini-
tion 2.3 below. [92.0.9] The idea is to combine a time average 1

t

∫ s
s−t f(t′) dt′ in

the limit t, s→∞ with a rescaling of s and t.

[92.0.10] While the first four requirements are conventional the fifth requires comment.
[92.0.11] Averages over long intervals may themselves be timedependent on much longer
time scales. [92.0.12] An example would be the position of an atom in a glass. [92.0.13] On
short time scales the position fluctuates rapidly around a well defined average position.
[92.0.14] On long time scales the structural relaxation processes in the glass can change
this average position. [92.0.15] The purpose of any coarse graining procedure is to connect
microscopic to macroscopic scales. [92.0.16] Of course, what is microscopic
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itself be viewed as macroscopic from the perspective of an underlying more microscopic
theory. [93.0.2] Therefore it seems physically necessary and natural to demand that a
time evolution should generally be obtainable from a coarse graining procedure.

2.2. Evolutions, Convolutions and Averages

[93.1.1] There is a close connection and mathematical similarity between the simplest
time evolution T(t) = T (t) and the operator M(t) of time averaging defined as the
mathematical mean

M(t)f(s) =
1

t

∫ s

s−t
f(y) dy, (11)

where t > 0 is the length of the averaging interval. [93.1.2] Rewriting this formally as

M(t)f(s) =
1

t

∫ t

0

f(s− y) dy =
1

t

∫ t

0

T (y)f(s) dy (12)

exhibits the relation between M(t) and T (t). [93.1.3] It shows also that M(t) commutes
with translations (see eq. (10)).

[93.2.1] A second even more suggestive relationship between M(t) and T (t) arises because
both operators can be written as convolutions. [93.2.2] The operator M(t) may be written
as

M(t)f(s) =
1

t

∫ t

0

f(s− y) dy =

∫ ∞
−∞

f(s− y)
1

t
χ[0,1]

(y
t

)
dy

=

∫ s

0

f(s− y)
1

t
χ[0,1]

(y
t

)
dy, (13)

where the kernel

χ[0,1](x) =

{
1 for x ∈ [0, 1]

0 for x /∈ [0, 1]
(14)

is the characteristic function of the unit interval. [93.2.3] The Laplace convolution in the
last line requires t < s. [93.2.4] The translations T (t) on the other hand may be
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T (t)f(s) = f(s− t) =

∫ ∞
−∞

f(s− y)
1

t
δ
(y
t
− 1
)

dy

=

∫ s

0

f(s− y)
1

t
δ
(y
t
− 1
)

dy (15)

where again 0 < t < s is required for the Laplace convolution in the last equation.
[94.0.1] The similarity between eqs. (15) and (13) suggests to view the time transla-
tions T (t) as a degenerate form of averaging f over a single point. [94.0.2] The op-
erators M(t) and T (t) are both convolution operators. [94.0.3] By Lebesgues theorem
limt→0 M(t)f(s) = f(s) so that M(0)f(t) = f(t) in analogy with eq. (8) which holds for
T (t). [94.0.4] However, while the translations T (t) fulfill eq. (7) and form a convolution
semigroup whose kernel is the Dirac measure at 1, the averaging operators M(t) do not
form a semigroup as will be seen below.

[94.1.1] The appearance of convolutions and convolution semigroups is not accidental.
[94.1.2] Convolution operators arise quite generally from the symmetry requirement of
eq. (10) above. [94.1.3] Let Lp(Rn) denote the Lebesgue spaces of p-th power integrable
functions, and let S denote the Schwartz space of test functions for tempered distributions
[27]. [94.1.4] It is well established that all bounded linear operators on Lp(Rn) commuting
with translations (i.e. fulfilling eq. (10)) are of convolution type [27].

Theorem 2.1 [94.1.5] Suppose the operator B : Lp(Rn)→ Lq(Rn), 1 ≤ p, q,≤ ∞ is linear,
bounded and commutes with translations. [94.1.6] Then there exists a unique tempered
distribution g such that Bh = g ∗ h for all h ∈ S.

[94.2.1] For p = q = 1 the tempered distributions in this theorem are finite Borel measures.
[94.2.2] If the measure is bounded and positive this means that the operator B can be
viewed as a weighted averaging operator. [94.2.3] In the following the case n = 1 will be
of interest. [94.2.4] A positive bounded measure µ on R is uniquely determined by its
distribution function µ̃ : R→ [0, 1] defined by

µ̃(x) =
µ(]−∞, x[)

µ(R)
. (16)

[94.2.5] The tilde will again be omitted to simplify the notation. [94.2.6] Physically a
weighted average M(t;µ)f(s) represents the measurement of a signal f(s) using an ap-
paratus with response characterized by µ and resolution t > 0. [94.2.7] Note that the
resolution (length of averaging interval) is a duration and cannot be negative.
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Definition 2.1 (Averaging) [95.1.1] Let µ be a (probability) distribution function on R,
and t > 0. [95.1.2] The weighted (time) average of a function f on R is defined as the
convolution

M(t;µ)f(s) = (f ∗ µ(·/t))(s) =

∫ ∞
−∞

f(s− s′) dµ(s′/t) =

∫ ∞
−∞
T (s′)f(s) dµ(s′/t) (17)

whenever it exists. [95.1.3] The average is called causal if the support of µ is in R+.
[95.1.4] It is called degenerate if the support of µ consists of a single point.

[95.2.1] The weight function or kernel m(x) corresponding to a distribution µ(x) is defined
as m(x) = dµ/dx whenever it exists.

[95.3.1] The averaging operator M(t) in eq. (11) corresponds to a measure with distribution
function

µχ(x) =


0 for x ≤ 0

x for 0 ≤ x ≤ 1

1 for x ≥ 1

(18)

while the time translation T (t) corresponds to the (Dirac) measure δ(x−1) concentrated
at 1 with distribution function

µδ(x) =

{
0 for x < 1

1 for x ≥ 1.
(19)

[95.3.2] Both averages are causal, and the latter is degenerate.

[95.4.1] Repeated averaging leads to convolutions. [95.4.2] The convolution κ of two
distributions µ, ν on R is defined through

κ(x) = (µ ∗ ν)(x) =

∫ ∞
−∞

µ(x− y)dν(y) =

∫ ∞
−∞

ν(x− y)dµ(y). (20)

[95.4.3] The Fourier transform of a distribution is defined by

F {µ(t)} (ω) = µ̂(ω) =

∫ ∞
−∞

eiωtdµ(t) =

∫ ∞
−∞

eiωtm(t) dt (21)

where the last equation holds when the distribution admits a weight function. [95.4.4] A
sequence µn(x) of distributions is said to converge weakly to a limit µ(x),
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lim
n→∞

µn = µ, (22)

if

lim
n→∞

∫ ∞
−∞

f(x)dµn(x) =

∫ ∞
−∞

f(x)dµ(x) (23)

holds for all bounded continuous functions f .

[96.1.1] The operators M(t) and T (t) above have positive kernels, and preserve positivity
in the sense that f ≥ 0 implies M(t)f ≥ 0. [96.1.2] For such operators one has

Theorem 2.2 [96.1.3] Let T be a bounded operator on Lp(R), 1 ≤ p <∞ that is translation
invariant in the sense that

TT (t)f = T (t)Tf (24)

for all t ∈ R and f ∈ Lp(R), and such that f ∈ Lp(R) and 0 ≤ f ≤ 1 almost everywhere
implies 0 ≤ Tf ≤ 1 almost everywhere. [96.1.4] Then there exists a uniquely determined
bounded measure µ on R with mass µ(R) ≤ 1 such that

Tf(t) = (µ ∗ f)(t) =

∫ ∞
−∞

f(t− s)dµ(s) (25)

Proof. [96.1.5] For the proof see [28]. �

[96.1.6] The preceding theorem suggests to represent those time evolutions that fulfill the
requirements 1.– 4. of the last section in terms of convolution semigroups of measures.

Definition 2.2 (Convolution semigroup) [96.1.7] A family {µt : t > 0} of positive bounded
measures on R with the properties that

µt(R) ≤ 1 for t > 0, (26)
µt+s = µt ∗ µs for t, s > 0, (27)

δ = lim
t→0

µt (28)

is called a convolution semigroup of measures on R.
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[97.1.1] Here δ is the Dirac measure at 0 and the limit is the weak limit. [97.1.2] The
desired characterization of time evolutions now becomes

Corollary 2.1 [97.1.3] Let T(t) be a strongly continuous time evolution fulfilling the con-
ditions of homogeneity and causality, and being such that f ∈ Lp(R) and 0 ≤ f ≤ 1
almost everywhere implies 0 ≤ Tf ≤ 1 almost everywhere. [97.1.4] Then T(t) corresponds
uniquely to a convolution semigroup of measures µt through

T(t)f(s) = (µt ∗ f)(s) =

∫ ∞
−∞

f(s− s′)dµt(s′) (29)

with suppµt ⊂ R+ for all t ≥ 0.

Proof. [97.1.5] Follows from Theorem 2.2 and the observation that suppµt∩R− 6= ∅
would violate the causality condition. �

[97.2.1] Equation (29) establishes the basic convolution structure of the assertion in eq. (5).
[97.2.2] It remains to investigate the requirement that T(t) should arise from a coarse
graining procedure, and to establish the nature of the kernel in eq. (5).

2.3. Time Averaging and Coarse Graining

[97.3.1] The purpose of this section is to motivate the definition of coarse graining.
[97.3.2] A first possible candidate for a coarse grained macroscopic time evolution could
be obtained by simply rescaling the time in a microscopic time evolution as

T∞(t)f(s) = lim
τ→∞

Tτ (t)f(s) = lim
τ→∞

T(τt)f(s) = lim
τ→∞

f(s− τt) (30)

where 0 < t < ∞ would be macroscopic times. [97.3.3] However, apart from special
cases, the limit will in general not exist. [97.3.4] Consider for example a sinusoidal f(t)
oscillating around a constant. [97.3.5] Also, the infinite translation T∞ is not an average,
and this conflicts with the requirement above, that coarse graining should be a smoothing
operation.

[97.4.1] A second highly popular candidate for coarse graining is therefore the averaging
operator M(t). [97.4.2] If the limit t→∞ exists and f(t) is integrable in the finite interval
[s1, s2] then the average

f = lim
t→∞

M(t)f(s1) = lim
t→∞

M(t)f(s2) (31)

is a number independent of the instant si. [97.4.3] Thus, if one wants to study the
macroscopic time dependence of f , it is necessary to consider a scaling limit in
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s/t = s is constant, then

lim
t,s→∞
s=ts

M(t)f(s) =

∫ s

s−1
f∞(z) dz = M(1)f∞(s) (32)

becomes again an averaging operator over the infinitely rescaled observable. [98.0.2] Now
M(1) still does not qualify as a coarse grained time evolution because M(1)M(1) 6= M(2)
as will be shown next.

[98.1.1] Consider again the operator M(t) defined in eq. (11). [98.1.2] It follows that

M2(t)f(s) =

(
1

t
χ[0,1]

( ·
t

)
∗ 1

t
χ[0,1]

( ·
t

)
∗ f
)

(s) (33)

and

1

t2

∫ x

0

χ[0,1]

(
x− y
t

)
χ[0,1]

(y
t

)
dy =



0 for x ≤ 0

x

t2
for 0 ≤ x ≤ t

2

t
− x

t2
for t ≤ x ≤ 2t

0 for x ≥ 2t.

(34)

[98.1.3] Thus twofold averaging may be written as

M2(t)f(s) =

∫ s

0

f(s− y)
1

t
χ(2)

(y
t

)
dy (35)

where

χ(2)(x) =


x for 0 ≤ x ≤ 1

2− x for 1 ≤ x ≤ 2

0 otherwise
(36)

is the new kernel. [98.1.4] It follows that M2(t) 6= M(2t), and hence the averaging opera-
tors M(t) do not form a semigroup.

[98.2.1] Although M2(t) 6= M(2t) the iterated average is again a convolution operator
with support [0, 2t] compared to [0, t] for M(t). [98.2.2] Similarly, M3(t) has support
[0, 3t]. [98.2.3] This suggests to investigate the iterated average Mn(t)f(s) in a scaling
limit n, s→∞. [98.2.4] The limit n→∞ smoothes the function by enlarging the
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[99.0.1] The result may be viewed as a coarse grained time evolution in the sense of a time
evolution on time scales "longer than infinitely long". [99.0.2] c It is therefore necessary
to rescale s. [99.0.3] If the rescaling factor is called σn > 0 one is interested in the limit
n, s→∞ with s = s/σn fixed, and σn →∞ with n→∞ and fixed t > 0

lim
n,s→∞
s=σns

(M(t)nf)(s) = lim
n→∞

(M(t)nf)(σns) (37)

whenever this limit exists. [99.0.4] Here s > 1 denotes the macroscopic time.

[99.1.1] To evaluate the limit note first that eq. (11) implies

M(t)f(σns) =

∫ s

0

fσn(s− z)σn
t
χ[0,1]

(σnz
t

)
dz (38)

where fτ (t) = f(tτ) denotes the rescaled observable with a rescaling factor τ . [99.1.2] The
n-th iterated average may now be calculated by Laplace transformation with respect to
s. [99.1.3] Note that

L
{

1

c
χ[0,1]

(x
c

)}
(u) =

1− e−cu

cu
= E1,2(−cu) (39)

for all c ∈ R, where E1,2(x) is the generalized Mittag-Leffler function defined as

Ea,b(x) =

∞∑
k=0

xk

Γ(ak + b)
(40)

for all a > 0 and b ∈ C. [99.1.4] Using the general relation

Ea,b(x) =
1

Γ(b)
+ xEa,a+b(x) (41)

gives with eqs. (37) and (38)

L{M(t)nf(σns)} (u) =

(
1− tu

σn
E1,3

(
− tu
σn

))n
1

σn
L{f(s)}

(
u

σn

)
(42)

where f(u) is the Laplace transform of f(s). [99.1.5] Noting that E1,3(0) = 1/2 it becomes
apparent that a limit n→∞ will exist if the rescaling factors are

cThe scaling limit was called "ultralong time limit" in [10]
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[page 100, §0] chosen as σn ∼ n. [100.0.1] With the choice σn = σn/2 and σ > 0 one finds
for the first factor

lim
n→∞

(
1− 2tu

nσ
E1,3

(
−2tu

nσ

))n
= e−tu/σ. (43)

[100.0.2] Concerning the second factor assume that for each u the limit

lim
n→∞

2

n
L{f(s)}

(
2u

n

)
= f(u) (44)

exists and defines a function f(u). [100.0.3] Then

lim
n→∞

1

σn
L{f(s)}

(
u

σn

)
=

1

σ
f

(
u

σ

)
, (45)

and it follows that

lim
n→∞

L{M(t)nf(σns)} (u) = e−tu/σ
1

σ
f

(
u

σ

)
. (46)

[100.0.4] With t = t/σ Laplace inversion yields

lim
n,s→∞
s=σns

(M(t)nf)(s) =

∫ s

0

f(σs− σy)δ(y − t) dy = fσ(s− t). (47)

[100.0.5] Using eq. (12) the result (47) may be expressed symbolically as

lim
n,s→∞
s/n=σs/2

(
1

t

∫ t

0

T (y) dy
)n

f(s) = fσ(s− t) = T (t) fσ(s) (48)

with t = t/σ. [100.0.6] This expresses the macroscopic or coarse grained time evolution
T (t) as the scaling limit of a microscopic time evolution T (t). [100.0.7] Note that there
is some freedom in the choice of the rescaling factors σn expressed by the prefactor σ.
[100.0.8] This freedom reflects the freedom to choose the time units for the coarse grained
time evolution.

[100.1.1] The coarse grained time evolution T (t) is again a translation. [100.1.2] The coarse
grained observable f(s) corresponds to a microscopic average by virtue of the following
result [29].
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Proposition 2.1 [101.1.1] If f(x) is bounded from below and one of the limits

lim
y→∞

1

y

∫ y

0

f(x) dx

or

lim
z→0

z

∫ ∞
0

f(x)e−zx dx

exists then the other limit exists and

lim
y→∞

1

y

∫ y

0

f(x) dx = lim
z→0

zL{f(x)} (z). (49)

[101.1.2] Comparison of the last relation with eq. (44) shows that f(s) is a microscopic
average of f(s). [101.1.3] While s is a microscopic time coordinate, the time coordinate s
of f is macroscopic.

[101.2.1] The preceding considerations justify to view the time evolution T (t) as a coarse
grained time evolution. [101.2.2] Every observation or measurement of a physical quan-
tity f(s) requires a minimum duration t determined by the temporal resolution of the
measurement apparatus. [101.2.3] The value f(s) at the time instant s is always an aver-
age over this minimum time interval. [101.2.4] The averaging operator M(t) with kernel
χ[0,1] defined in equation (11) represents an idealized averaging apparatus that can be
switched on and off instantaneously, and does not otherwise influence the measurement.
[101.2.5] In practice one is usually confronted with finite startup and shutdown times
and a nonideal response of the apparatus. [101.2.6] These imperfections are taken into
account by using a weighted average with a weight function or kernel that differs from
χ[0,1]. [101.2.7] The weight function reflects conditions of the measurement, as well as
properties of the apparatus and its interaction with the system. [101.2.8] It is therefore
of interest to consider causal averaging operators M(t;µ) defined in eq. (17) with general
weight functions. [101.2.9] A general coarse graining procedure is then obtained from
iterating these weighted averages.

Definition 2.3 (Coarse Graining) [101.2.10] Let µ be a probability distribution on R, and
σn > 0, n ∈ N a sequence of rescaling factors. A coarse graining limit is defined as

lim
n,s→∞
s=σns

(M(t;µ)nf)(s) (50)
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[page 102, §0] whenever the limit exists. [102.0.1] The coarse graining limit is called causal
if M(t;µ) is causal, i.e. if suppµ ⊂ R+.

2.4. Coarse Graining Limits and Stable Averages

[102.1.1] The purpose of this section is to investigate the coarse graining procedure intro-
duced in Definition 2.3. [102.1.2] Because the coarse graining procedure is defined as a
limit it is useful to recall the following well known result for limits of distribution functions
[30]. [102.1.3] For the convenience of the reader its proof is reproduced in the appendix.

Proposition 2.2 [102.1.4] Let µn(s) be a weakly convergent sequence of distribution func-
tions. [102.1.5] If limn→∞ µn(s) = µ(s), where µ(s) is nondegenerate then for any choice
of an > 0 and bn there exist a > 0 and b such that

lim
n→∞

µn(anx+ bn) = µ(ax+ b). (51)

[102.2.1] The basic result for coarse graining limits can now be formulated.

Theorem 2.3 (Coarse Graining Limit) [102.2.2] Let f(s) be such that the limit
lima→0 af̂(aω) = f̂(ω) defines the Fourier transform of a function f(s). [102.2.3] Then
the coarse graining limit exists and defines a convolution operator

lim
n,s→∞
s=σns

(M(t;µ)nf)(s) =

∫ ∞
−∞

f(s− s′) dν(s′/t;µ) (52)

if and only if for any a1, a2 > 0 there are constants a > 0 and b such that the distribution
function ν(x) = ν(x;µ) obeys the relation

ν(a1x) ∗ ν(a2x) = ν(ax+ b). (53)

Proof. [102.2.4] In the previous section the coarse graining limit was evaluated for
the distribution µχ from eq. (18) and the corresponding ν was found in eq. (47) to be
degenerate. [102.2.5] A degenerate distribution ν trivially obeys eq. (53). [102.2.6] Assume
therefore from now on that neither µ nor ν are degenerate.

[102.3.1] Employing equation (17) in the form

M(t;µ)f(σns) =

∫ ∞
−∞

f(σns− σny)dµ(σny/t) (54)
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[page 103, §0] one computes the Fourier transformation of M(t;µ)nf with respect to s

F {M(t;µ)nf(σns)} (ω) =

[
µ̂

(
tω

σn

)]n
1

σn
f̂

(
ω

σn

)
. (55)

[103.0.1] By assumption f̂(ω/σn)/σn has a limit whenever σn → ∞ with n → ∞.
[103.0.2] Thus the coarse graining limit exists and is a convolution operator whenever
[µ̂(tω/σn)]n converges to ν̂(ω) as n → ∞. [103.0.3] Following [30] it will be shown that
this is true if and only if the characterization (53) and σn → ∞ with n → ∞ apply.
[103.0.4] To see that

lim
n→∞

σn =∞ (56)

holds, assume the contrary. Then there is a subsequence σnk converging to a finite limit.
[103.0.5] Thus

|µ̂(tω/σnk)|nk = |ν̂(ω)|(1 + o(1)) (57)

so that

|µ̂(ω)| = |ν̂(ωσnk/t)|1/nk(1 + o(1)) (58)

for all ω. [103.0.6] As nk → ∞ this leads to |µ̂(ω)| = 1 for all ω and hence µ must be
degenerate contrary to assumption.

[103.1.1] Next, it will be shown that

lim
n→∞

σn+1

σn
= 1. (59)

[103.1.2] From eq. (56) it follows that limn→∞ |µ̂(ω/σn)| = 1 and therefore

|µ̂(tω/σn)|n = |ν̂(ω)|(1 + o(1)) (60)

and

|µ̂(tω/σn+1)|n+1 = |ν̂(ω)|(1 + o(1)). (61)

Substituting ω by σnω/σn+1 in eq. (60) and by σn+1ω/σn in eq. (61) shows that

lim
n→∞

∣∣∣∣ ν̂(σn+1ω/σn)

ν̂(ω)

∣∣∣∣ = lim
n→∞

∣∣∣∣ ν̂(σnω/σn+1)

ν̂(ω)

∣∣∣∣ = 1. (62)
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[page 104, §0] [104.0.1] If limn→∞ σn+1/σn 6= 1 then there exists a subsequence of either
(σn+1/σn) or (σn/σn+1) converging to a constant A < 1. [104.0.2] Therefore eq. (62)
implies ν̂(ω) = ν̂(Aω) which upon iteration yields

|ν̂(ω)| = |ν̂(Anω)|. (63)

[104.0.3] Taking the limit n → ∞ then gives |ν̂(0)| = 1 implying that ν is degenerate
contrary to assumption.

[104.1.1] Now let 0 < a1 < a2 be two constants. [104.1.2] Because of (56) and (59) it is
possible to choose for each ε > 0 and sufficiently large n > n0(ε) an index m(n) such that

0 ≤ σm
σn
− a2
a1

< ε. (64)

[104.1.3] Consider the identity[
µ̂

(
a1tω

σn

)]n+m
=

[
µ̂

(
a1tω

σn

)]n [
µ̂

(
σm
σn

a1tω

σm

)]m
. (65)

By hypothesis the distribution functions corresponding to [µ̂ (tω/σn)]
n converge to ν(s)

as n→∞. [104.1.4] Hence each factor on the right hand side converges and their product
converges to ν(a1s) ∗ ν(a2s). [104.1.5] It follows that the distribution function on the left
hand side must also converge. [104.1.6] By Proposition 2.2 there must exist a > 0 and b
such that the left hand side differs from ν(s) only as ν(as+ b).

[104.2.1] Finally the converse direction that the coarse graining limit exists for µ = ν is
seen to follow from eq. (53). [104.2.2] This concludes the proof of the theorem. �

[104.3.1] The theorem shows that the coarse graining limit, if it exists, is again a macro-
scopic weighted average M(t; ν). [104.3.2] The condition (53) says that this macroscopic
average has a kernel that is stable under convolutions, and this motivates the

Definition 2.4 (Stable Averages) [104.3.3] A weighted averaging operator M(t;µ) is called
stable if for any a1, a2 > 0 there are constants a > 0 and b ∈ R such that

µ(a1x) ∗ µ(a2x) = µ(ax+ b) (66)

holds.

[104.4.1] This nomenclature emphasizes the close relation with the limit theorems of prob-
ability theory [30, 31]. [104.4.2] The next theorem provides the explicit form for distribu-
tion functions satisfying eq. (66). [104.4.3] The proof uses Bernsteins theorem and hence
requires the concept of complete monotonicity.



2. FOUNDATIONS 105

[page 105, §1]

Definition 2.5 [105.1.1] A C∞-function f :]0,∞[→ R is called completely monotone if

(−1)n
dnf
dxn

≥ 0 (67)

for all integers n ≥ 0.

[105.2.1] Bernsteins theorem [31, p. 439] states that a function is completely monotone if
and only if it is the the Laplace transform (u > 0)

µ(u) = L{µ(x)} (u) =

∫ ∞
0

e−uxdµ(x) =

∫ ∞
0

e−uxm(x) dx (68)

of a distribution µ or of a density m = dµ/dx.

[105.3.1] In the next theorem the explicit form of stable averaging kernels is found to be a
special case of the general H-function. [105.3.2] Because the H-function will reappear in
other results its general definition and properties are presented separately in Section 4.

Theorem 2.4 [105.3.3] A causal average is stable if and only if its weight function is of
the form

hα(x; b, c) =
1

b1/α
hα

(
x− c
b1/α

)
=

1

α(x− c)
H10

11

(
b1/α

x− c

∣∣∣∣∣ (0, 1)

(0, 1/α)

)
(69)

where 0 < α ≤ 1, b > 0 and c ∈ R are constants and hα(x) = hα(s; 1, 0).

Proof. [105.3.4] Let c = 0 without loss of generality. [105.3.5] The condition (66) to-
gether with suppµ ⊂ [0,∞[ defines one sided stable distribution functions [31]. [105.3.6] To
derive the form (69) it suffices to consider condition (66) with b = 0. [105.3.7] Assume
thence that for any a1, a2 > 0 there exists a > 0 such that

µ(a1x) ∗ µ(a2x) = µ(ax) (70)

where the convolution is now a Laplace convolution because of the condition supp ⊂
[0,∞[. [105.3.8] Laplace tranformation yields

µ(u/a1)µ(u/a2) = µ(u/a). (71)

[105.3.9] Iterating this equation (with a1 = a2 = 1) shows that there is an n-dependent
constant a(n) such that

µ(u)n = µ(u/a(n)) (72)
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µ

(
u

a(nm)

)
= µ(u)nm = µ

(
u

a(n)

)m
= µ

(
u

(a(n)a(m)

)
. (73)

[106.0.1] Thus a(n) satisfies the functional equation

a(nm) = a(n)a(m) (74)

whose solution is a(n) = n1/γ with some real constant written as 1/γ with hindsight.
[106.0.2] Inserting a(n) into eq.(72) and substituting the function g(x) = logµ(x) gives

ng(u) = g(un−1/γ). (75)

[106.0.3] Taking logarithms and substituting f(x) = log g(ex) this becomes

log n+ f(log u) = f

(
log u− log n

γ

)
. (76)

[106.0.4] The solution to this functional equation is f(x) = −γx. [106.0.5] Substituting
back one finds g(x) = x−γ and therefore µ(u) is of the general form µ(u) = exp(u−γ)
with γ ∈ R. [106.0.6] Now µ is also a distribution function. Its normalization requires
µ(u = 0) = 1 and this restricts γ to γ < 0. [106.0.7] Moreover, by Bernsteins theorem
µ(u) must be completely monotone. [106.0.8] A completely monotone function is positive,
decreasing and convex. [106.0.9] Therefore the power in the exponent must have a negative
prefactor, and the exponent is restricted to the range −1 ≤ γ < 0. [106.0.10] Summarizing,
the Laplace transform µ(u) of a distribution satisfying (70) is of the form

µ(u) = hα(u; b, 0) = e−bu
α

(77)

with 0 < α ≤ 1 and b > 0. [106.0.11] Checking that hα(u; b, 0) does indeed satisfy eq. (70)
yields a−α = a−α1 + a−α2 as the relation between the constants. [106.0.12] For the proof
of the general case of eq. (66) see Refs. [30, 31].

[106.1.1] To invert the Laplace transform it is convenient to use the relation

M{m(x)} (s) =
M{L{m(x)} (u)} (1− s)

Γ(1− s)
(78)

between the Laplace transform and the Mellin transform

M{m(x)} (s) =

∫ ∞
0

xs−1m(t) dx (79)
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M
{
e−bx

α
}

(s) =
Γ(s/α)

αbs/α
(80)

valid for α > 0 and Re s > 0 it follows that

M{hα(x; b, 0)} (s) =
1

αb(1−s)/α
Γ((1− s)/α)

Γ(1− s)
. (81)

[107.0.2] The general relationM
{
x−1f(x−1)

}
(s) =M{f(x)} (1− s) then implies

M
{
x−1hα(x−1; b, 0)

}
(s) =

1

αbs/α
Γ(s/α)

Γ(s)
(82)

which leads to

x−1hα(x−1; b, 0) =
1

α
H10

11

(
b1/αx

∣∣∣∣∣ (0, 1)

(0, 1/α)

)
(83)

by identification with eq. (153) below. [107.0.3] Restoring a shift c 6= 0 yields the result
of eq. (69). �

[107.0.4] Note that hα(x) = hα(s; 1, 0) is the standardized form used in eq. (5). [107.0.5] It
remains to investigate the sequence of rescaling factors σn. [107.0.6] For these one finds

Corollary 2.2 [107.0.7] If the coarse graining limit exists and is nondegenerate then the
sequence σn of rescaling factors has the form

σn = n1/αΛ(n) (84)

where 0 < α ≤ 1 and Λ(n) is slowly varying, i.e. limn→∞ Λ(bn)/Λ(n) = 1 for all b > 0
(see Chapter IX, Section 2.3).

Proof. [33] [107.0.8] Let µ̂n(ω) = µ̂(ω)n. [107.0.9] Then for all ω and any fixed k

|µ̂n(ω/σn)| = e−b|ω|
α

(1 + o(1)) = |µ̂kn(ω/σkn)|. (85)

[107.0.10] On the other hand

|µ̂kn(ω/σkn)| = |µ̂n((ωσn/σkn)/σn)|k = e−b|ω|
α

(1 + o(1)) (86)

where the remainder tends uniformly to zero on every finite interval. [107.0.11] Suppose
that the sequence σn/σkn is unbounded so that there is a subsequence with σknj/σnj → 0.
[107.0.12] Setting ω = σknj/σnj in eq. (86) and using eq. (85) gives
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σn/σkn is bounded. [108.0.2] Now the limit n→∞ in eqs. (85) and (86) gives

e−b|ω|
α

= e−bk|ω|
α(σn/σkn)

α

(1 + o(1)). (87)

[108.0.3] This requires that

lim
n→∞

σkn
σn

= k1/α (88)

implying eq. (84) by virtue of the Characterization Theorem 2.2 in Chapter IX. [108.0.4]
(For more information on slow and regular variation see Chapter IX and references
therein). �

2.5. Macroscopic Time Evolutions

[108.1.1] The preceding results show that a coarse graining limit is characterized by the
quantities (α, b, c,Λ). [108.1.2] These quantities are determined by the coarsening weight
µ. [108.1.3] The following result, whose proof can be found in [33, p. 85], gives their
relation with the coarsening weight.

Theorem 2.5 (Universality Classes of Time Evolutions) [108.1.4] In order that a causal
coarse graining limit based on M(t;µ) gives rise to a macroscopic average with hα(x; b, c)
it is necessary and sufficient that µ̂(ω) behaves as

log µ̂(ω) = icω − b|ω|αΛ(ω) (89)

in a neighbourhood of ω = 0, and that Λ(ω) is slowly varying for ω → 0. [108.1.5] In case
0 < α ≤ 1 the rescaling factors can be chosen as

σ−1n = inf{ω > 0 : |ω|αΛ(ω) = b/n} (90)

while the case α > 1 reduces to the degenerate case α = 1.

[108.2.1] The preceding theorem characterizes the domain of attraction of a universality
class of time evolutions. [108.2.2] Summarizing the results gives a characterization of
macroscopic time evolutions arising from coarse graining limits.

Theorem 2.6 (Macroscopic Time Evolution) [108.2.3] Let f(s) be such that the limit
lima→0 af̂(aω) = f̂(ω) defines the Fourier transform of a function f(s). [108.2.4] If
M(t;µ) is a causal average whose coarse graining limit exists with α, b, c as
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lim
n,s→∞
s=σns

(M(t;µ)nf)(s) =

∞∫
c

f(s− y)hα

(y
t

) dy
t

=

∞∫
c

T yf(s)hα

(y
t

) dy
t

= M(t;hα)f(s− c) = Tα(t)f(s− c) (91)

defines a family of one parameter semigroups Tα(t) with parameter t = tαb indexed by α.
[109.0.1] Here T tf(s) = f(s − t) denotes the translation semigroup, and c = c/(tb)1/α is
a constant.

Proof. [109.0.2] Noting that supphα(x) ⊂ R+ and combining Theorems 2.3 and 2.4
gives

lim
n,s→∞
s=σns

(M(t;µ)nf)(s) =

∫ ∞
c

f(s−s′) 1

tb1/α
hα

(
s′ − c
tb1/α

)
ds′ = Tα(t)f(s−c) (92)

where 0 < α ≤ 1, b > 0 and c ∈ R are the constants from theorem 2.4 and the last
equality defines the operators Tα(t) with t = tαb and c = c/(tb)1/α. [109.0.3] Fourier
transformation then yields

F
{

(Tα(t)f)(s− c)
}

(ω) = e−icω−t(iω)
α

, (93)

and the semigroup property (7) follows from

F
{

(Tα(t1)Tα(t2)f)(s− c)
}

(ω) = e−icω−t1(iω)
α−t2(iω)α

= F
{

(Tα(t1 + t2)f)(s− c)
}

(ω) (94)

by Fourier inversion. [109.0.4] Condition (8) is checked similarly. �

[109.0.5] The family of semigroups Tα(t) indexed by α that can arise from coarse grain-
ing limits are called macroscopic time evolutions. [109.0.6] These semigroups are also
holomorphic, strongly continuous and equibounded (see Chapter III).

[109.1.1] From a physical point of view this result emphasizes the different role played by
s and t. [109.1.2] While s is the macroscopic time coordinate whose values are s ∈ R, the
duration t > 0 is positive. [109.1.3] If the dimension of a microscopic time duration t is
[s], then the dimension of the macroscopic time duration t is [sα].



110 2. FRACTIONAL TIME EVOLUTION

[page 110, §0]

2.6. Infinitesimal Generators

[110.0.1] The importance of the semigroups Tα(t) for theoretical physics as universal
attractors of coarse grained macroscopic time evolutions seems not to have been noticed
thus far. [110.0.2] This is the more surprising as their mathematical importance for
harmonic analysis and probability theory has long been recognized [31, 34, 35, 28].
[110.0.3] The infinitesimal generators are known to be fractional derivatives [31, 35, 36,
37]. [110.0.4] The infinitesimal generators are defined as

Aαf(s) = lim
t→0

Tα(t)f(s)− f(s)

t
. (95)

[110.0.5] For more details on semigroups and their infinitesimal generators see Chapter III.

[110.1.1] Formally one calculates Aα by applying direct and inverse Laplace transformation
with c = 0 in eq. (91) and using eq. (77)

Aαf(s) = lim
t→0

1

2πi

∫ η+i∞

η−i∞
esu

(
e−tu

α − 1

t

)
f(u) du

=
1

2πi

∫ η+i∞

η−i∞
esu lim

t→0

(
e−tu

α − 1

t

)
f(u) du

= − 1

2πi

∫ η+i∞

η−i∞
esuuαf(u) du. (96)

[110.1.2] The result can indeed be made rigorous and one has

Theorem 2.7 [110.1.3] The infinitesimal generator Aα of the macroscopic time evolutions
Tα(t) is related to the infinitesimal generator A = −d/dt of T t through

Aαf(s) = −(−A)αf(s) = −Dαf(s) = − 1

Γ(−α)

∫ ∞
0

f(s− y)− f(s)

yα+1
dy

= − 1

Γ(−α)

∫ ∞
0

y−α−1(T y − 111)f(s) dy. (97)

Proof. See Chapter III. �
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[111.1.1] The theorem shows that fractional derivatives of Marchaud type arise as the
infinitesimal generators of coarse grained time evolutions in physics. [111.1.2] The order
α of the derivative lies between zero and unity, and it is determined by the decay of the
averaging kernel. [111.1.3] The order α gives a quantitative measure for the decay of the
averaging kernel. [111.1.4] The case α 6= 1 indicates that memory effects and history
dependence may become important.

3. Applications

3.1. Fractional Invariance and Stationarity

[111.2.1] To simplify the notation Tα(t) will be denoted as Tα(t) in the following. [111.2.2]
A first application of fractional time evolutions Tα(t) concerns the important notion of
stationarity. [111.2.3] This amounts to setting the left and right hand sides in eq. (2) to
zero. [111.2.4] Surprisingly, the importance of the condition "dαf/dtα"= 0 for the infin-
itesimal generators of fractional dynamics has rarely been noticed. [111.2.5] Stationary
states f(s) may be defined more generally as states that are invariant under the time
evolution after a sufficient amount of time has elapsed during which all the transients
have had time to decay.

Definition 3.1 [111.2.6] An observable or state f(t) is called stationary or asymptotically
invariant under the time evolution Tα(t) if

Tα(t)f(s) = f(s) (98)

holds for s/t→∞. [111.2.7] It is called stationary in the strict sense, or strictly invariant
under Tα(t), if condition (98) holds for all t ≥ 0 and s ∈ R.

[111.3.1] The function f(s) = f0 where f0 is a constant is asymptotically and strictly
stationary under the fractional time evolutions Tα(t). [111.3.2] This follows readily by
insertion into the definition, and by noting that hα(x) is a probability density.

[111.4.1] In addition to the conventional constants there exists a second class of stationary
states given by

f(s) =

{
f0s

γ−1 for s > 0

0 for s ≤ 0
(99)
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[page 112, §0] where f0 and γ are constants. [112.0.1] To see this one evaluates

Tα(t)f(s) =

∫ ∞
0

f(s− x)
1

t
hα

(x
t

)
dx

= f0

∫ s

0

(s− x)γ−1
1

αt
H01

11

(
x

t

∣∣∣∣∣ (1− 1/α, 1/α)

(0, 1)

)
dx (100)

where relations (170) and (172) were used to rewrite the H-function in eq. (69). [112.0.2]
Using the integral (178), the reduction formulae (167) and (169), and property (171) one
finds

Tα(t)f(s) = f0s
γ−1Γ(γ)H01

11

((s
t

)α ∣∣∣∣∣ (1, 1)

(1− γ, α)

)
. (101)

[112.0.3] An application of the series expansion (181) gives

Tα(t)f(s) = f0s
γ−1Γ(γ)

∞∑
k=0

(−1)k(t/s)kα

k!Γ(γ − kα)
. (102)

[112.0.4] For s/t → ∞ only the k = 0 term in the series contributes and this shows that
Tα(t)f(s) = f(s) in the limit. [112.0.5] These considerations show that fractional time
evolutions have the usual constants as strict stationary states, but admit also algebraic
behaviour as a novel type of stationary states.

[112.1.1] To elucidate the significance of the new type of stationary states it is useful to
consider the infinitesimal form, Aαf = 0, of the stationarity condition. [112.1.2] The
nature of the limit s/t→∞ suggests that their appearance might be related to the initial
conditions. [112.1.3] To incorporate initial conditions into the infinitesimal generator it is
necessary to consider a Riemann-Liouville representation of the fractional time derivative.

[112.2.1] The Riemann-Liouville algorithm for fractional differentiation is based on integer
order derivatives of fractional integrals.

Definition 3.2 (Riemann-Liouville fractional integral) [112.2.2] The right-sided Riemann-
Liouville fractional integral of order α > 0, α ∈ R of a locally integrable function f is
defined as

(Iαa+f)(x) =
1

Γ(α)

∫ x

a

(x− y)α−1f(y) dy (103)
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[page 113, §0] for x > a, the left-sided Riemann-Liouville fractional integral is defined as

(Iαa−f)(x) =
1

Γ(α)

∫ a

x

(y − x)α−1f(y) dy (104)

for x < a.

[113.1.1] The following generalized definition, based on differentiating fractional integrals,
seems to be new.

Definition 3.3 (Fractional derivatives) [113.1.2] The (right-/left-sided) fractional derivative
of order 0 < α < 1 and type 0 ≤ β ≤ 1 with respect to x is defined by

Dα,βa± f(x) =

(
±Iβ(1−α)a±

d
dx

(I(1−β)(1−α)a± f)

)
(x) (105)

for functions for which the expression on the right hand side exists.

[113.1.3] The Riemann-Liouville fractional derivative Dαa± := Dα,0a± corresponds to a >
−∞ and type β = 0. [113.1.4] Fractional derivatives of type β = 1 are discussed in
Chapter I and were employed in [4]. [113.1.5] It seems however that fractional derivatives
of general type 0 < β < 1 have not been considered previously. [113.1.6] A relation
between fractional derivatives of the same order but different types is given in Chapter IX.
[113.1.7] For subsequent calculations it is useful to record the Laplace-Transformation

L
{
Dα,βa+ f(x)

}
(u) = uαL{f(x)} (u)− uβ(α−1)(D(1−β)(α−1),0

a+ f)(0+) (106)

where the inital value (D(1−β)(α−1),0
a+ f)(0+) is the Riemann-Liouville derivative for t →

0+. [113.1.8] Note that fractional derivatives of type 1 involve nonfractional initial values.

[113.2.1] It is now possible to discuss the infinitesimal form of fractional stationarity
where the generator Aα for initial conditions of type 0 ≤ β ≤ 1 is represented by Dα,β0+ .
[113.2.2] The fractional differential equation

Dα,β0+ f(t) = 0 (107)

for f with initial condition

I(1−β)(1−α)0+ f(0+) = f0 (108)
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[page 114, §0] defines fractional stationarity of order α and type β. [114.0.1] Of course, for
α = 1 this definition reduces to the conventional definition of stationarity. [114.0.2] Equa-
tion (107) is solved by

f(t) =
f0 t

(1−β)(α−1)

Γ((1− β)(α− 1) + 1)
. (109)

[114.0.3] This may be seen by inserting f(t) into the definition

Dα,β0+ f(x) =

(
Iβ(1−α)0+

d
dx

(I(1−β)(1−α)0+ f)

)
(x) (110)

and using the basic fractional integral

Iαa+(x− a)β =
Γ(β + 1)

Γ(α+ β + 1)
(x− a)α+β (111)

(derived in eq. (1.30) in Chapter I). [114.0.4] Note that the fractional integral

I(1−β)(1−α)0+ f(t) = f0 (112)

remains conserved and constant for all t while the function itself varies. [114.0.5] In
particular limt→0 f(t) = ∞ and limt→∞ f(t) = 0. [114.0.6] For β = 1 and for α = 1 one
recovers f(t) = f0 as usual.

[114.1.1] The new types of stationary states for which a fractional integral rather than the
function itself is constant were first discussed in [6, 9]. [114.1.2] It seems to me that the
lack of knowledge about fractional stationarity is partially responsible for the difficulty of
deciding which type of fractional derivative should be used when generalizing traditional
equations of motion.

[114.2.1] Another simple instance of a fractional differential equation is the equation

Dα,β0+ f(t) = C (113)

with C ∈ R a constant, and with initial condition

I(1−β)(1−α)0+ f(0+) = f0 (114)

as before. [114.2.2] Laplace transformation using eq. (106) gives

f(u) =
C

uα+1
+

f0
uα+β(1−α)

(115)

and thence

f(t) =
C tα

Γ(α+ 1)
+

f0 t
(1−β)(α−1)

Γ((1− β)(1− α) + 1)
. (116)
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f(t) =
C tα

Γ(α+ 1)
+ f0. (117)

3.2. Generalized Fractional Relaxation

[115.1.1] Consider the fractional Cauchy problem

Dα,β0+ f(t) = −C f(t) (118)

for f with initial condition

I(1−β)(1−α)0+ f(0+) = f0 (119)

where C is a (“fractional relaxation”) constant. [115.1.2] Laplace Transformation gives

f(u) =
uβ(α−1) f0
C + uα

. (120)

[115.1.3] To invert the Laplace transform rewrite this equation as

f(u) =
uα−γ

C + uα
= u−γ

1

Cu−α + 1
=

∞∑
k=0

(−C)ku−αk−γ (121)

with

γ = α+ β(1− α). (122)

[115.1.4] Inverting the series term by term using L
{
xα−1/Γ(α)

}
= u−α yields the result

f(t) = tγ−1
∞∑
k=0

(−Ctα)k

Γ(αk + γ)
. (123)

[115.1.5] The solution may be written as

f(t) = f0 t
(1−β)(α−1)Eα,α+β(1−α)(−Ctα) (124)

using the generalized Mittag-Leffler function defined by

Ea,b(x) =

∞∑
k=0

xk

Γ(ak + b)
(125)
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[page 116, §0] for all a > 0, b ∈ C. [116.0.1] This function is an entire function of order 1/a
[38]. [116.0.2] Moreover it is completely monotone if and only if 0 < a ≤ 1 and b ≥ a
[39].

[116.1.1] For C = 0 the result reduces to eq. (109) because Ea,b(0) = 1/Γ(b). [116.1.2] Of
special interest is again the case β = 1. [116.1.3] It has the well known solution

f(t) = f0 Eα(−Ctα) (126)

where Eα(x) = Eα,1(x) denotes the ordinary Mittag-Leffler function.

3.3. Generalized Fractional Diffusion

[116.2.1] Consider the fractional partial differential equation for f : Rd × R+ → R

Dα,β0+ f(rrr, t) = C ∆f(rrr, t) (127)

with Laplacian ∆ and fractional “diffusion” constant C. [116.2.2] The function f(rrr, t) is
assumed to obey the initial condition

I(1−β)(1−α)0+ f(rrr, 0+) = f0rrr = f0δ(rrr) (128)

where δ(rrr) is the Dirac measure at the origin. [116.2.3] Fourier Transformation, defined
as

F {f(rrr)} (qqq) =

∫
Rd
eiqqq·rrrf(rrr)drrr, (129)

and Laplace transformation of eq. (127) now yields

f(qqq, u) =
uβ(α−1) f0
Cqqq2 + uα

. (130)

[116.2.4] Using the result (124) for the inverse Laplace transform of (120) gives

f(qqq, t) = f0 t
(1−β)(α−1)Eα,α+β(1−α)(−Cqqq2tα). (131)

[116.2.5] Setting qqq = 0 shows that the solution of (127) cannot be a probability density
except for β = 1. [116.2.6] For β 6= 1 the spatial integral is time dependent, and f would
need to be divided by t(1−β)(α−1) to admit a probabilistic interpretation.

[116.3.1] To invert eq. (130) completely it seems advantageous to first invert the Fourier
transform and then the Laplace transform. [116.3.2] The Fourier transform may be in-
verted by noting the formula [40]

(2π)−d/2
∫
eiqqq·rrr

(
|rrr|
m

)1−(d/2)

K(d−2)/2 (m|rrr|) drrr =
1

qqq2 +m2
(132)
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f(rrr, u) = f0(2πC)−d/2
(

r√
C

)1−(d/2)

uβ(α−1)+α(d−2)/4K(d−2)/2

(
ruα/2√
C

)
(133)

with r = |rrr|. [117.0.1] To invert the Laplace transform one uses again the relation (78)
with the Mellin transform defined in eq. (79). [117.0.2] Setting A = r/

√
C, λ = α/2,

ν = (d− 2)/2 and µ = β(α− 1) + α(d− 2)/4 and using the general relation

M{xqg(bxp)} (s) =
1

p
b−(s+q)/pg

(
s+ q

p

)
(b, p > 0) (134)

leads to

M{f(r, u)} (s) =
f0
λ

(2πC)−d/2A1−(d/2)A−(s+µ)/λM{Kν(u)} ((s+ µ)/λ) .

(135)

[117.0.3] The Mellin transform of the Bessel function reads [32]

M{Kν(x)} (s) = 2s−2Γ

(
s+ ν

2

)
Γ

(
s− ν

2

)
. (136)

[117.0.4] Inserting this, using eq.(78), and restoring the original variables then yields

M{f(r, t)} (s) =
f0

α(r2π)d/2

(
r

2
√
C

)2(1−β)(1−(1/α))(
r

2
√
C

)2s/α

Γ
(
d
2 + (β − 1)(1− 1

α )− s
α

)
Γ
(
1 + (β − 1)(1− 1

α )− s
α

)
Γ(1− s)

(137)

for the Mellin transform of f . [117.0.5] Comparing this with the Mellin transform of the
H-function in eq. (175) allows to identify the H-function parameters as m = 0,n = 2,p =
2,q = 1, A1 = A2 = 1/α, a1 = 1 − (d/2) − (β − 1)(1 − (1/α)), a2 = (1 − β)(1 − (1/α)),
b1 = 0 and B1 = 1 if (αd/2) + (β − 1)(α− 1) > 0. [117.0.6] Then the result becomes

f(r, t) =
f0

α(r2π)d/2

(
r

2
√
C

)2(1−β)(1−(1/α))

H02
21

(2
√
C

r

)2/α

t

∣∣∣∣∣ (1− d
2 + (1− β)(1− 1

α ), 1
α ), ((1− β)(1− 1

α ), 1
α )

(0, 1)

 . (138)
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[page 118, §0] [118.0.1] This may be simplified using eqs.(170), (171) and (172) to become
finally

f(r, t) =
f0 t

(1−β)(α−1)

(r2π)d/2
H20

12

(
r2

4Ctα

∣∣∣∣∣ (1 + (1− β)(α− 1), α)

(d/2, 1), (1, 1)

)
. (139)

[118.0.2] The result reduces to the known result [15, 8] for β = 1. [118.0.3] In that case
f(rrr, t) is also a probability density. [118.0.4] For β 6= 1 the function f(rrr, t) does not have
a probabilistic interpretation because its normalization decays as t(1−β)(α−1).

3.4. Relation with Continuous Time Random Walk

[118.1.1] The fractional diffusion eq. (127) of type β = 1 has a probabilistic interpretation
as noted after eq. (131). [118.1.2] f(rrr, t) may be viewed as the probability density for
a random walker or diffusing object to be at position rrr at time t under the condition
that it started from the origin rrr = 000 at time t = 0. This probabilistic interpretation is
very helpful for understanding the meaning of the fractional time derivative appearing in
eq. (127). [118.1.3] Rewriting equation (127) in integral form it becomes

f(rrr, t) = δrrr000 +
C

Γ(α)

∫ t

0

(t− s)α−1∆f(rrr, t) ds (140)

where the initial condition has been incorporated. [118.1.4] This integral equation is very
reminiscent of the integral equation for continuous time random walks [41, 42].

[118.2.1] In a continuous time random walk one imagines a random walker that starts at
rrr = 000 at time t = 0 and proceeds by successive random jumps [43, 44, 45, 46, 47, 48].
[118.2.2] The probability density for a time interval of length t between two consecutive
jumps is denoted ψ(t) and the probability density of a displacement by a vector rrr in
a single jump is denoted p(rrr). [118.2.3] Then the integral equation of continuous time
random walk theory reads

f(rrr, t) = δrrr000Φ(t) +

∫ t

0

ψ(t− s)
∫
Rd
p(rrr − rrr′)f(rrr, t) drrr′ ds (141)

where Φ(t) is the probability that the walker survives at the origin for a time of length
t. [118.2.4] Here the walker is assumed to be prepared in its initial position from which it
develops according to ψ(t). [118.2.5] In general the first step needs special consideration
[49, 49, 45]. [118.2.6] The survival probablity Φ(t) is related to the waiting
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Φ(t) = 1−
∫ t

0

ψ(t′) dt′. (142)

[119.1.1] The formal similarity between eqs. (141) and (140) suggests that there exists a
relation between them. [119.1.2] To establish the relation note that eq. (130) for β = 1
gives the solution of eq. (127) in Fourier-Laplace space as

f(qqq, u) =
uα−1

Cqqq2 + uα
. (143)

[119.1.3] The Fourier-Laplace solution of eq.(141) is [44, 50, 51, 46]

f(qqq, u) =
1

u

1− ψ(u)

1− ψ(u)p(qqq)
. (144)

[119.1.4] Equating these two equations yields
1− p(qqq)
Cqqq2

=
1− ψ(u)

uαψ(u)
. (145)

[119.1.5] Because the left hand side does not depend on u and the right hand side is
independent of qqq they must both equal a common constant τα0 . [119.1.6] It follows that

p(qqq) = 1− Cτα0 qqq2 (146)

identifying the constant Cτα0 as the mean square displacement of a single jump. [119.1.7]
For the waiting time density one finds

ψ(u) =
1

1 + τα0 u
α
, (147)

which may be inverted in the same way as eq. (120) to give

ψ(t;α, τ0) =
1

τ0

(
t

τ0

)α−1
Eα,α

(
− t

α

τα0

)
(148)

where Ea,b(x) is again the Mittag-Leffler function defined in eq. (40).

[119.2.1] For α = 1 the waiting time density becomes exponential

ψ(t; 1, τ0) =
1

τ0
e−t/τ0 . (149)
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[page 120, §0] [120.0.1] For 0 < α < 1 characteristic differences arise from the asymptotic
behaviour for t→ 0 and t→∞. [120.0.2] The asymptotic behaviour of ψ(t) for t→ 0 is
obtained by noting that Eα,α(0) = 1, and hence

ψ(t) ∼ tα−1 (150)

for t→ 0. [120.0.3] For α < 1 the waiting time density is singular at the origin implying a
statistical abundance of short intervals between jumps compared to the exponential case
α = 1. [120.0.4] For large t→∞ recall the asymptotic series expansion [52]

Ea,b(z) = −
N∑
n=1

z−n

Γ(b− an)
+O(|z|N ) (151)

valid for | arg(−z)| < (1− (a/2))π and z → ∞. [120.0.5] It follows that Ea,a(−x) ∼ x−2

for x→∞ and hence

ψ(t) ∼ t−1−α (152)

for t → ∞. [120.0.6] This shows that fractional diffusion is equivalent to a continuous
time random walk whose waiting time density is a generalized Mittag-Leffler function.
[120.0.7] The waiting time density has a long time tail of the form usually assumed in
the general theory [53, 49, 54, 46] and exhibits a power law divergence at the origin.
[120.0.8] The exponent of both power laws is given by the order of the fractional derivative.

4. H-Functions

4.1. Definition

[120.1.1] The H-function of order (m,n, p, q) ∈ N4 and with parameters Ai ∈ R+(i =
1, . . . , p), Bi ∈ R+(i = 1, . . . , q), ai ∈ C(i = 1, . . . , p), and bi ∈ C(i = 1, . . . , q) is defined
for z ∈ C, z 6= 0 by the contour integral [55, 56, 57, 58, 59]

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
=

1

2πi

∫
L
η(s)z−s ds (153)

where the integrand is

η(s) =

m∏
i=1

Γ(bi +Bis)

n∏
i=1

Γ(1− ai −Ais)

p∏
i=n+1

Γ(ai +Ais)

q∏
i=m+1

Γ(1− bi −Bis)
. (154)
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[page 121, §0] [121.0.1] In (153) z−s = exp{−s log |z| − i arg z} and arg z is not necessarily
the principal value. [121.0.2] The integers m,n, p, q must satisfy

0 ≤ m ≤ q, 0 ≤ n ≤ p, (155)

and empty products are interpreted as being unity. [121.0.3] The parameters are restricted
by the condition

Pa ∩ Pb = ∅ (156)

where

Pa = {poles of Γ(1− ai −Ais)} =

{
1− ai + k

Ai
∈ C : i = 1, . . . , n; k ∈ N0

}
Pb = {poles of Γ(bi +Bis)} =

{
−bi − k
Bi

∈ C : i = 1, . . . ,m; k ∈ N0

}
(157)

are the poles of the numerator in (154). [121.0.4] The integral converges if one of the
following conditions holds [59]

L = L(c− i∞, c+ i∞;Pa,Pb); | arg z| < Cπ/2; C > 0 (158a)
L = L(c− i∞, c+ i∞;Pa,Pb); | arg z| = Cπ/2; C ≥ 0; cD < −ReF (158b)

L = L(−∞+ iγ1,−∞+ iγ2;Pa,Pb); D > 0; 0 < |z| <∞ (159a)

L = L(−∞+ iγ1,−∞+ iγ2;Pa,Pb); D = 0; 0 < |z| < E−1 (159b)

L = L(−∞+ iγ1,−∞+ iγ2;Pa,Pb); D = 0; |z| = E−1;C ≥ 0; ReF < 0 (159c)

L = L(∞+ iγ1,∞+ iγ2;Pa,Pb); D < 0; 0 < |z| <∞ (160a)

L = L(∞+ iγ1,∞+ iγ2;Pa,Pb); D = 0; |z| > E−1 (160b)

L = L(∞+ iγ1,∞+ iγ2;Pa,Pb); D = 0; |z| = E−1;C ≥ 0; ReF < 0 (160c)

where γ1 < γ2. [121.0.5] Here L(z1, z2;G1,G2) denotes a contour in the complex plane
starting at z1 and ending at z2 and separating the points in G1 from those
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[page 122, §0] in G2, and the notation

C =

n∑
i=1

Ai −
p∑

i=n+1

Ai +

m∑
i=1

Bi −
q∑

i=m+1

Bi (161)

D =

q∑
i=1

Bi −
p∑
i=1

Ai (162)

E =

p∏
i=1

AAii

q∏
i=1

B−Bii (163)

F =

q∑
i=1

bi −
p∑
i=1

aj + (p− q)/2 + 1 (164)

was employed. [122.0.1] The H-functions are analytic for z 6= 0 and multivalued (single
valued on the Riemann surface of log z).

4.2. Basic Properties

[122.1.1] From the definition of the H-functions follow some basic properties. [122.1.2] Let
Sn(n ≥ 1) denote the symmetric group of n elements, and let πn denote a permutation
in Sn. [122.1.3] Then the product structure of (154) implies that for all πn ∈ Sn, πm ∈
Sm, πp−n ∈ Sp−n and πq−m ∈ Sq−m

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
= Hm,n

p,q

(
z

∣∣∣∣∣ Pn, Pp−nPm, Pq−m

)
(165)

where the parameter permutations

Pn = (aπn(1), Aπn(1)), . . . , (aπn(n), Aπn(n))

Pp−n = (aπp−n(n+1), Aπp−n(n+1)), . . . , (aπp−n(p), Aπp−n(p))

Pm = (bπm(1), Bπm(1)), . . . , (bπm(m), Bπm(m)) (166)
Pq−m = (bπq−m(m+1), Bπq−m(m+1)), . . . , (bπq−m(q), Bπq−m(q))

have to be inserted on the right hand side. [122.1.4] If any of n,m, p−n or q−m vanishes
the corresponding permutation is absent.

[122.2.1] The order reduction formula

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), (a2, A2) . . . , (ap, Ap)

(b1, B1), (b2, B2) . . . , (bq−1, Bq−1)(a1, A1)

)

= Hm,n−1
p−1,q−1

(
z

∣∣∣∣∣ (a2, A2), . . . , (ap, Ap)

(b1, B1), . . . , (bq−1, Bq−1)

)
(167)
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[page 123, §0] holds for n ≥ 1 and q > m, and similarly

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), (a2, A2) . . . , (ap−1, Ap−1)(b1, B1)

(b1, B1), (b2, B2) . . . , (bq, Bq)

)

= Hm−1,n
p−1,q−1

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap−1, Ap−1)

(b2, B2), . . . , (bq, Bq)

)
(168)

for m ≥ 1 and p > n. [123.0.1] The formula

Hm,n
p,q

(
z

∣∣∣∣∣ (a, 0), (a2, A2) . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)

= Γ(1− a)Hm,n−1
p−1,q

(
z

∣∣∣∣∣ (a2, A2), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
(169)

holds for n ≥ 1 and Re (1 − a) > 0. [123.0.2] Analogous formulae are readily found if a
parameter pair (a, 0) or (b, 0) appears in one of the other groups.

[123.1.1] A change of variables in (153) shows

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)

= Hn,m
q,p

(
1

z

∣∣∣∣∣ (1− b1, B1), . . . , (1− bq, Bq)
(1− a1, A1), . . . , (1− ap, Ap)

)
(170)

which allows to transform an H-function with D > 0 and arg z to one with D < 0 and
arg(1/z). [123.1.2] For γ > 0

1

γ
Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)

= Hm,n
p,q

(
zγ

∣∣∣∣∣ (a1, γA1), . . . , (ap, γAp)

(b1, γB1), . . . , (bq, γBq)

)
(171)

while for γ ∈ R

zγHm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)

= Hm,n
p,q

(
z

∣∣∣∣∣ (a1 + γA1, A1), . . . , (ap + γAp, Ap)

(b1 + γB1, B1), . . . , (bq + γBq, Bq)

)
(172)
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[page 124, §0] holds.

[124.1.1] For m = 0 with conditions (159) the integrand is analytic and thus

H0,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
= 0. (173)

4.3. Integral Transformations

[124.2.1] The definition of an H-function in eq. (153) becomes an inverse Mellin transform
if L is chosen parallel to the imaginary axis inside the strip

max
1≤i≤m

Re
−bi
Bi

< s < min
1≤i≤m

Re
1− ai
Ai

(174)

by the Mellin inversion theorem [60]. [124.2.2] Therefore

M
{
Hm,n
p,q (z)

}
(s) = η(s) =

m∏
i=1

Γ(bi +Bis)

n∏
i=1

Γ(1− ai −Ais)

p∏
i=n+1

Γ(ai +Ais)

q∏
i=m+1

Γ(1− bi −Bis)
(175)

whenever the inequality

max
1≤i≤m

Re
−bi
Bi

< min
1≤i≤m

Re
1− ai
Ai

(176)

is fulfilled.

[124.3.1] The Laplace transform of an H-function is obtained from eq. (175) by using
eq. (78). [124.3.2] One finds

L
{
Hm,n
p,q (z)

}
(u) =

∫ ∞
0

e−uxHm,n
p,q

(
x

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
dx

= Hn+1,m
q,p+1

(
u

∣∣∣∣∣ (1− b1 −B1, B1), . . . , (1− bq −Bq, Bq)
(0, 1)(1− a1 −A1, A1), . . . , (1− ap −Ap, Ap)

)

=
1

u
Hm,n+1
p+1,q

(
1

u

∣∣∣∣∣ (0, 1)(a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
(177)

valid for Re s > 0, C > 0, | arg z| < 1
2Cπ and min1≤j≤m Re (bj/Bj) > −1.
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[125.1.1] The definite integral found in [59, 2.25.2.2.]∫ y

0

xβ−1(y − x)γ−1Hm,n
p,q

(
Cxδ(y − x)η

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
dx

= yβ+γ−1Hm,n+2
p+2,q+1

(
Cyδ+η

∣∣∣∣∣ (1− β, δ), (1− γ, η), (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq), (1− β − γ, δ + η)

)
(178)

contains as a special case the fractional Riemann-Liouville integral [58, (2.7.13)]

Iα0+H
m,n
p,q (y) =

1

Γ(α)

∫ y

0

(y − x)α−1Hm,n
p,q

(
x

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
dx

= yαHm,n+1
p+1,q+1

(
y

∣∣∣∣∣ (0, 1), (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq), (−α, 1)

)
(179)

valid if min1≤j≤m Re (bj/Bj) > 0. [125.1.2] The fractional Riemann-Liouville derivative
is obtained from this formula by analytic continuation to α < 0.

4.4. Series Expansions

[125.2.1] The H-functions may be represented as the series [56, 57, 58, 59]

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
=

m∑
i=1

∞∑
k=0

cik
(−1)k

k!Bi
z(bi+k)/Bi (180a)

where

cik =

m∏
j=1
j 6=i

Γ(bj − (bi + k)Bj/Bi)

n∏
j=1

Γ(1− aj + (bi + k)Aj/Bi)

q∏
j=m+1

Γ(1− bj + (bi + k)Bj/Bi)

p∏
j=n+1

Γ(aj − (bi + k)Aj/Bi)

(180b)

wheneverD ≥ 0, L is as in (158) or (159) and the poles in Pb are simple. [125.2.2] Similarly

Hm,n
p,q

(
z

∣∣∣∣∣ (a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

)
=

n∑
i=1

∞∑
k=0

cik
(−1)k

k!Ai
z−(1−ai+k)/Ai (181a)
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[page 126, §0] where

cik =

n∏
j=1
j 6=i

Γ(1− aj − (1− ai + k)Aj/Ai)

m∏
j=1

Γ(bj + (1− ai + k)Bj/Ai)

p∏
j=n+1

Γ(aj + (1− ai + k)Aj/Ai)

q∏
j=m+1

Γ(1− bj − (1− ai + k)Bj/Ai)

(181b)

whenever D ≤ 0, L is as in (158) or (160) and the poles in Pa are simple.

5. Appendix: Proof of Proposition 2.2

[126.1.1] The proof given below follows Ref. [30]. [126.1.2] Suppose limn→∞ µn(s) = µ(s)
and limn→∞ µn(ans+ bn) = ν(s) with µ(s) and ν(s) both nondegenerate. [126.1.3] Then
it must be shown that there exist a > 0 and b such that

µ(s) = ν(as+ b). (182)

[126.1.4] Pick a sequence of integers n1 < n2 < . . . < nk < . . . such that limk→∞ ank = a
and limk→∞ bnk = b exist with 0 ≤ a ≤ ∞ and −∞ ≤ b ≤ ∞. [126.1.5] Consider this
sequence of indices from now on as fixed. [126.1.6] Then, to simplify the notation, suppose
without loss of generality that limk→∞ ak = a and limk→∞ bk = b.

[126.2.1] First it will be shown that 0 < a <∞. [126.2.2] Suppose a =∞. [126.2.3] Let

u = sup{x : lim sup
n→∞

(anx+ bn) <∞}. (183)

[126.2.4] Then for v < x < u

lim sup
n→∞

(anv + bn) ≤ lim sup
n→∞

(v − x)an + lim sup
n→∞

(anx+ bn), (184)

and hence for every v < u it follows that ν(v) = 0 because (anv+bn)→ −∞ with n→∞.
[126.2.5] For v > u, on the other hand, lim sup(anv + bn) = ∞ and hence ν(v) = 1 for
v > u. [126.2.6] Thus the assumption a =∞ contradicts to ν(s) being nondegenerate.

[126.3.1] It follows that also b must be finite. [126.3.2] In fact if limn→∞(anx + bn) = ∞
then ν(x) = 1 while for limn→∞(anx+ bn) = −∞ follows ν(x) = 0.

[126.4.1] Suppose now that a = 0. [126.4.2] Then for every x and ε > 0

b− ε ≤ anx+ bn ≤ b+ ε (185)
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[page 127, §0] if n is chosen sufficiently large. [127.0.1] By monotonicity of µn it follows that

µn(b− ε) ≤ µn(anx+ bn) ≤ µn(b+ ε). (186)

[127.0.2] If ε is chosen so that µ(x) is continuous at the points b− ε and b+ ε, then

µ(b− ε) ≤ ν(x) ≤ µ(b+ ε). (187)

[127.0.3] Because x was arbitrary it follows that µ(b− ε) = 0 and µ(b+ ε) = 1. [127.0.4]
Hence µ(x) is degenerate, contrary to the conditions above.

[127.1.1] Finally, let x be such that µ(x) is continuous at the point ax+ b, and that ν(x)
is continuous at x. [127.1.2] Then

lim
n→∞

µn(anx+ bn) = ν(x). (188)

[127.1.3] On the other hand because limn→∞(anx + bn) = ax + b one has for sufficiently
large n that

ax+ b− ε ≤ anx+ bn ≤ ax+ b+ ε, (189)

where ε > 0 is chosen such that the distribution function µ is continuous at the points
ax+ b− ε and ax+ b+ ε. [127.1.4] Hence by monotonicity

µn(ax+ b− ε) ≤ µn(anx+ bn) ≤ µn(ax+ b+ ε) (190)

and for n→∞
µ(ax+b−ε) ≤ lim inf

n→∞
µn(anx+bn) ≤ lim sup

n→∞
µn(anx+bn) ≤ µ(ax+b+ε). (191)

[127.1.5] Because ax+ b is a point of continuity for µ(x) and ε is arbitrary it follows that

lim
n→∞

µn(anx+ bn) = µ(ax+ b) (192)

and hence ν(x) = µ(ax+ b) proving the assertion.
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