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1 Introduction

Figure 1: Blood-flow [1]
Mesoscopic hydrodynamics describe the hydrodynamic behavior of fluids on time and
length scales between the microscale, where single molecules are regarded, and the
macroscale, where the system can be regarded as a continuum, as shown in table 2.
One prominent example of a fluid that needs to be described on the mesoscale is the
blood flow (figure 1).
Simulations on the microscale are usually carried out using molecular dynamic simulations (MD), whereas on the macroscale, methods such as the finite difference method
(FDM), finite volume method (FVM), or the finite element method (FEM) are used to
solve the Navier-Stokes equations (figure 2).
MD/MC simulations are computationally too expensive for a large amount of fluid particles. On the other hand, the FDM/FVM/FDM methods on the continuum level cannot
(in a straightforward way) handle suspended colloids like red blood cells or polymers
and thermal fluctuations are not included. Therefore simulation techniques have been
developed, which can handle those intermediate scales appropriately. The most common mesoscopic hydrodynamic algorithms are Stokesian Dynamics, Dissipative Particle
Dynamics, Lattice Boltzmann and Multi Particle Collision Dynamics, all of which will
be described in this presentation.
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Figure 2: Simulation methods for different scales [3]

2 Stokesian Dynamics
Stokesian dynamics describe the motion of colloids suspended in viscous liquids. The
interaction of these colloids can be separated into hydrodynamic and non-hydrodynamic
forces. Examples for non-hydrodynamic forces are an external gravitational force, the
internal forces between the colloids due to Coulomb interactions, and the random forces
causing Brownian motion. The source of the hydrodynamic forces are the translation
and rotation of the colloids, which induce flow in the surrounding fluid, which in turn
affects all other colloids.
Mathematically one has to solve linear equations involving the so called mobility matrix.
Therefore, in analogy to molecular dynamics, one has to solve equations of motion.
Stokesian dynamics is only applicable for low Reynolds numbers Re 1 and high Schmidt
numbers Sc 2 . The Reynolds number describes the ratio of inertia to viscous forces.
These conditions are fulfilled for small colloids, as their motion is governed by the friction
with the fluid (for water as solvent, the colloids have to have a diameter in the µm
range). The Schmidt number describes the ratio of diffusive momentum transport
(via viscosity) and diffusive mass transport. Hydrodynamic interactions at high Schmidt
numbers (as for µm-sized colloids in water) act nearly instantaneously. So under this
conditions the motion of the colloid follows the motion of the fluid. Oppositely, flows in
rare gases typically exert low Schmidt numbers because mass and momentum transport
1
2

Re = ρva
η
η
Sc = ρD
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are united.
With Stokesian dynamics, one can predict macroscopic properties like the sedimentation
or aggregation rate (figure 3), diffusion coefficients and thermal conductivity.
The physics of Stokesian dynamics begins with the Navier-Stokes equation, which is
the analogue to Newtons equation, for fluids [10]
d~u(x, t)
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Here ρ is the fluid density, p the pressure and η the viscosity. The total derivative of the
fluid velocity field u decomposes into a local acceleration, and a convective acceleration
caused by a change of velocity over position. The force densities are given by the hydrodynamic force density fh , caused by the pressure gradient and the viscosity forces, and
the external force density f (e.g. gravity).
It turns out that for low Reynold numbers, the convective acceleration vanishes, and further, the local acceleration vanishes in viscous fluids with large characteristic time scales
3 . Therefore, the external and hydrodynamic forces are equal with opposite directions:
0 = fh + f

(3)

0 = −∇p + η∇2 u + f

(4)

Together with the condition of a divergence free fluid, which is true for incompressible
fluids, one arrives at the Stokes equations:

3

η∇2 u = ∇p − f

(5)

∇·u=0

(6)

In the dimensionless formulation of the Navier-Stokes equation, the convective acceleration is multiplied with the (small) Reynolds number and the local acceleration is multiplied with τm /τ where τm
is the momentum relaxation time and τ the typical experiment time scale with τm  τ [2].
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Figure 3: Aggregation and sedimentation effects [7]
For the following discussion, we assume an unbounded fluid which is at rest at infinity
and the particle size should be negligible compared to the particle separation distance.
Further, we use stick boundary conditions, which means that the fluid molecules at the
colloid boundary adopt the velocity of the colloid.
Due to the linearity of the Stokes equation, one can assume that the translation velocities
also depend linear on the external forces, which leads to equation [2] as shown in figure
4:
X
vi =
(7)
µij · Fj
j

Here vi is the translation velocity of the i-th colloid and Fj is the non-hydrodynamic
force, resulting from e.g. the external gravity force or the internal Coulomb forces, acting
on the j-th colloid. The 3 × 3 matrices µij are the elements of the so called mobility
tensor. For a more advanced insight one also has to take the rotations of the colloids
and the external torques into account.
Equation 7 can also be written in a more compact form as a simple matrix equation,
that involves all colloids:
v=M·F
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Figure 4: Suspended particles moving in a viscous fluid, subject to external forces Fi
and torques Ti . The translational and rotational motions (with velocities vi
and ω i ) are all mutually coupled via the surrounding flow field. [2]
Given the non-hydrodynamic (external and internal) forces, the only thing left to be
done is to compute the mobility matrix and to solve the equation of motion. Since the
Stokes equation η∇2 u = ∇p − f with ∇ · u = 0 is a linear differential equation, one
can use the corresponding Greens function and the superposition principle to obtain the
solution (similar to the solution of the Poisson-equation in electrostatics).
Considering a point-like particle in the fluid at position r1 , subject to an external force
F1 , the force density acting on the fluid is given by:
f(r) = F1 δ(r − r1 ) .

(10)

With the Greens function, which describes the fluid velocity disturbance caused by the
delta-like force, the flow field u(r) for such a force acting on a point particle is given by
4

u(r) = G(r − r1 ) · F1

(11)

and, with the usage of the superposition principle, for a continuous force distribution,
we get
Z
u(r) = G(r − r’) · f(r’)dr’ .
(12)
R3

The Greens function G(r), also called the Stokeslet, is given by
G(r) =

1 1
(1 + r̂r̂ | ) .
8πη r

(13)

This Stokeslet is long-ranged, its shape as seen in the reference frame of the particle
subject to the delta like force, is depicted in figure 5.
4

The flow field u(r) and thereby the Greens function is obtained by solving η∇2 u − ∇p = F1 δ(r − r1 )
1 ·(r−r1 )
[6].
using Fourier transformations. The pressure for this solution is given by p(r) = F
4π|r−r1 |3
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Figure 5: Stokeslet → Flow field induced by a delta like force.
Reference system ist the rest frame of the particle subject to the force F1 .
With the aid of this Green function we can compute the mobility matrix.
First we consider a single point like particle at rj , subject to the force Fj with the
respective fluid velocity field
u(r) = G(r − rj ) · Fj .

(14)

We then consider a second particle at ri , subject to no external force. Here the particle
velocity vi is identical to the flow field velocity u generated by the first particle
viCross = u(ri ) = G(ri − rj ) · Fj

i 6= j

(15)

as shown in figure 6 where the index Cross denotes mutual interactions with i 6= j.
Finally, we consider a force Fi acting on the second particle whilst leaving out the
influence of the first particle. By using the Stokes law Fi = −Fd = 6πηav (figure
6), that describes the drag force Fd on a single particle moving with constant velocity
through a fluid subject to an external force Fi , we obtain the self velocity
vSelf
=
i

Fi
6πηa

(16)

If we compare these two velocities with equation 7 vi = µij · Fj , we find the elements of
the mobility matrix
Cross mobility: µij = G(rij )
1
Self mobility: µii =
1
6πηa
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i 6= j

(17)

i=j.

(18)

Figure 6: Cross velocity and self velocity
Ultimately, we can formulate the algorithm to compute the time depended colloid
positions [11]
1. Compute forces on colloid:
Fi = Fext
i +

X

Fint
i (ri , rj )

j6=i

2. Compute colloid velocity:
vi =

X

µij (ri , rj ) · Fj

j

3. Update colloid positions:
ri (t + ∆t) = ri (t) + vi ∆t
Here Fext
and Fint
i
i (ri , rj ) denotes the non-hydrodynamic external and internal forces.
We conclude with the insight that Stokes Dynamic allows one to calculate the translational and rotational motions of colloids in a quite straight-forward manner. The scaling
of the algorithm is of order O((3N )2 ) and therefore becomes expensive quite quickly,
a problem that has been remedied by more advanced implementations referred to as
accelerated Stokesian dynamics with scaling O(N log(N )). The main drawback of the
method is that complex boundaries are difficult to incorporate and the performance is
only good with few colloids.

3 Dissipative Particle Dynamics
Dissipative Particle Dynamics (DPD) is an hydrodynamic algorithm introduced 1992 by
Hoogerbrugge and Koelman [13]. Here the solvent particles as well as the solute particles
are grouped into coarse grained droplets as shown in figure 7. The dynamics of these
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droplet particles will be treated in a manner similar to molecular dynamics, therefore
DPD can be regarded as a coarse grained MD simulation. Linear and angular momentum
are conserved in this method, which leads to the correct hydrodynamic behavior. Unlike
Stokesian dynamics, DPD produces small Schmidt numbers which means that the speed
of the diffusive mass transport is comparable to the speed of the diffusive momentum
transport (DPD is more a gas-like than a liquid-like).

Figure 7: Coarse grained solvent and solute particles
The motion of the particles/droplets are governed by three types of pair forces (see
figure 8 and 9):
• Conservative forces: Capture the effects of interactions between particles. They
are linear and purely repulsive.
• Dissipative forces: Capture friction between particles and therefore describe the
fluid viscosity.
• Random forces: Capture the eliminated degrees of freedom by coarse-graining
and lead to Brownian motion.

Figure 8: Forces between DPD particles [14]
With these forces the total force on a single DPD particle is given by
X

D
D
R
FDP
=
FC
i
ij + Fij + Fij

(19)

j6=i

and so the motion of the particles can be simulated analogously to a MD simulation
by solving Newton’s equation of motion (e.g. via the velocity-verlet algorithm). These
forces are given by:
C
FC
ij = αωij r̂ij

D
FD
ij = −γωij (r̂ij · vij )r̂ij
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R
FR
ij = σξij ωij r̂ij .

(20)

Here α, γ and σ are the force parameters that describe the force magnitude. ξij is
a Gaussian distributed random number with unit variance. The factor r̂ij · vij is the
relative velocity projected on the particle pair connection line. The weight functions
ωij describes the linear/quadratic behavior of the forces in dependence of the particle
distances and they all vanish for particle distances larger than a cutoff radius rc :
(
rij
q
C
R
D = (1 − rc ) rij < rc
= ωij
ωij
= ωij
(21)
0
rij > rc
In contrast to Lennard-Jones forces, all of these three forces are soft sphere forces.
This means that two droplets can interpenetrate each other, unlike particles subject to
Lennard-Jones interactions, in which the forces diverge for small particle distances. The
possibility to describe the system as composed of soft spheres allows one to choose larger
time steps, since the force error resulting from the discretization error is bounded. In
the case of Lennard-Jones systems, too large time steps may position two particles too
close to each other, which would lead to extremely high forces. In the soft sphere system,
even at a particle distance of zero, we only have finite forces.

Figure 9: Lennard-Jones forces in MD simulation and soft sphere forces in DPD simulation [14]
The conservative forces determine the thermodynamics of the system. For sufficiently
high densities, the equation of state reads [16]
p ≈ ρkB T + cαρ2

(22)

where p is the pressure, ρ is the particle density, and c is a constant which depends on
the density.
If we now regard the dissipative and random forces, we see that the dissipative forces
slow down the movement of the particles (due to friction/viscosity) and cool down the
system. The random forces accelerate the particles and heat up the system. With the
improved DPD algorithm from Espanol and Warren [15], the cooperation of the two
forces stabilize the temperature, since the energy gain by random forces and the energy
loss by viscous dissipation are balanced. Due to that, they form a thermostat in the
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NVT-ensemble with Boltzmann distributed velocities. This behavior is described by
the fluctuation-dissipation theorem and the connection between the dissipative and
random forces are given by the fluctuation-dissipation relation
σ2
= kB T .
2γ

(23)

Compared to other algorithms, DPD is rather slow because the number of particles in a
droplet might be quit small. But it is well suited for for the examination of complex fluid
like polymer solutions and binary solvents 5 . DPD can easily be tuned to represent good
and bad solvents 6 , which is why it is often used by chemists. Furthermore, boundaries
of complex shape are easy to handle. A large drawback of this method is the need to
tune the input parameters, so that one obtains the desired fluid parameters, such as
viscosity, density, temperature, and diffusion coefficients of immersed particles. It is not
always possible to tune all these parameters to the desired values, while keeping the
computational cost within acceptable limits.

4 Lattice Boltzmann
Lattice Boltzmann is a numerical method for the solution of the Navier-Stokes equations,
which is derived from the Boltzmann equation. To get the lattice Boltzmann equation,
one discretizes the Boltzmann equation with respect to time, space, and velocity and
subsequently describes the flow processes via lattice point interactions of the probability
density functions f .
To derive the lattice Boltzmann equation, we start with the Boltzmann kinetic equation, which describes the statistical distribution of particles in phase space. This distribution is represented by the probability density function f (x, v, t) where the value
f (x, v, t)dxdv is the amount of particles in the volume dxdv and therefore the total
particle number N , the macroscopic density ρ and the macroscopic velocity v are given
by
ZZ
Z
Z
1
N=
f (x, v, t)dxdv
ρ = f (x, v, t)dv
u=
f (x, v, t)vdv
(24)
ρ
The total time derivative of the density function f (x(t), v(t), t) is the evolution equation
for an non-equilibrium fluid. It is equal to the change of density during the time dt caused
by collisions between the particles and given by the Boltzmann kinetic equation
df
∂f
∂f
F ∂f
∂f
=
+v·
+
=
|Coll ≡ C ,
dt
∂t
∂x m ∂v
∂t

5
6

(25)

Solvent with two types of solvent molecules.
In a good solvent the interaction between the solvent and the solute dominates, whereas in a bad
solvent, the interaction between the solvent particles dominate.
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with an external force F. The collision term ∂f
∂t |Coll is given by a hard to solve integral
7
over particle pair collisions . Since it’s known from kinetic gas theory, that repeated
collisions will drive the distribution into an equilibrium, it is a reasonable ansatz to
describe the collision operator as a linear relaxation toward said equilibrium. This
procedure is called the BGK approximation and was developed by Bhatnagar, Gross,
and Krook [18].
∂f
f (x, v, t) − f eq (x, v, t)
|Coll = −
∂t
τ
where f eq is the Maxwell-Boltzmann equilibrium distribution
3/2



m
m(v − u)2
eq
f (x, v, t) = ρ(x, t)
exp −
2πkB T (x, t)
2kB T (x, t)

(26)

(27)

and τ is the relaxation time.
This equation is discretized in a way that the particles can only occupy discrete points
on a lattice in space. During a time step ∆t the particles can only flow to some chosen
neighboring lattice points. Due to this constraint, there can only be a finite number
of possible velocities vα , with α ∈ {1, .., Q}, where Q is equal to the number of choα
sen neighboring lattice points that can be reached. Thus, the relation vα = ∆x
∆t holds.
For each velocity, we have a respective density fα (x, t) ≡ f (x, vα , t) as shown in figure 10.

Figure 10: Discretizes velocities vα and associated density functions fα [20]
There are several lattice types, two of which are shown in figure 11. Here D2 and D3
denotes the dimension and Q9 and Q19 denotes the number of discrete velocities. For
incompressible fluids the velocity v = 0 in the center doesn’t have to be regarded. It is
not forbidden to choose more lattice points or even all, but this may not be advantageous,
7 ∂f
|
∂t Coll

R
= dv2 dv3 dv4 W (v, v2 ; v3 , v4 ) [f (x, v3 , t)f (x, v4 , t) − f (x, v, t)f (x, v2 , t)]
Here W (v, v2 ; v3 , v4 ) is the transition probability for two particles with velocities v and v2 colliding
and taking on the velocities v3 and v4 [21].
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since it unnecessarily increases the computational cost. Furthermore, to reproduce the
Navier-Stokes equations, only Q19 is needed.

Figure 11: Lattice types [17]
We choose a discretization of the Boltzmann kinetic equation as follows
fα (x, t + ∆t) − fα (x, t)
fα (x + vα dt, t) − fα (x, t)
+ vα ·
+ Fα = Cα .
∆t
∆xα

(28)

Fα represent the transfer of particles to other lattice points due to the external force F
in α-direction. After some transformations of this equation one arrives at the Lattice
Boltzmann equation
fα (x + vα ∆t, t + ∆t) − fα (x, t) + Fα ∆t = Cα ∆t ,

(29)

where the macroscopic fluid density and velocity at each lattice point are given by
ρ=

19
X
α=1

19

fα

1X
fα vα .
u=
ρ

(30)

α=1

Figure 12 depicts the influence of a external force on a lattice point in equilibrium, which
deforms the densities. Figure 12 also shows the influence of the collision term, which
brings the densities closer to equilibrium.

Figure 12: Influence of an external force and the collision term on the particle densities.
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The collision term Cα for each velocity is then given by
Cα = −

fα (x, t) − fαeq (x, t)
.
τ

(31)

The equilibrium distribution function fαeq approximates the Maxwell-Boltzmann distribution 27 via a second order power series ansatz with respect to u 8 . The respective
coefficients can be obtained, considering the given conservation constraints, and fαeq then
reads


vα · u 9 (vα · u)2 3 u · u
eq
fα = wα ρ 1 + 3 2 +
,
(32)
−
c
2
c4
2 c2
with c as the speed of sound, which is identical to the velocities |vα | between directly
neighboring lattice points. The weights wα are constants that depend on the absolute
values of the velocities 9 . Further, the macroscopic density and velocity have to be equal
to those given in equation 30:
ρ=

19
X

19

fαeq

u=

α=1

1 X eq
fα vα .
ρ

(33)

α=1

Figure 13 shows the equilibrium distribution function fαeq for a fluid at rest, as well as
one with macroscopic velocity u.

Figure 13: Equilibrium distribution function fαeq for a fluid at rest and with macroscopic
velocity u [20].
Regarding the collision time τ it turns out that it is a function of the viscosity and
density given by
η 1
τ =3 + .
ρ 2

(34)

So finally the Lattice-Boltzmann equation is given by
fα (x + vα ∆t, t + ∆t) = fα (x, t) − Fα ∆t −
8

fα (x, t) − fαeq (x, t)
∆t
τ

(35)

The equation for fαeq can be found via a second order Taylor expansion of the first term on the left
hand side of equation 29 and the usage of the Chapman-Enskog expansion. Via this expansion one
can also derive the Navier-Stokes equation [22].
9
For the D2Q9 lattice they are wα = 49 for the zero velocity, wα = 91 for the velocities in the N, W, S, E
1
for the diagonal velocities.
directions, and wα = 36
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In the algorithm this equation is split into a collision and a streaming term. With ∆t ≡ 1
this looks like
fα (x, t) − fαeq (x, t)
Collision: f˜α (x, t + ∆t) = fα (x, t) − Fα −
τ
Streaming: fα (x + vα ∆t, t + ∆t) = f˜α (x, t + ∆t)

(36)
(37)

where the tilde in f˜α means that it is just an intermediate step. After the collision step
the distribution is closer to the equilibrium (figure 14) and after the streaming step, the
particles have moved with velocity vα to their neighboring lattice points (figure 15).

Figure 14: Collision step [20]

Figure 15: Streaming step [20]
Regarding boundaries, one can distinguish between two extremes. The first is the noslip boundary condition, in which the velocity at the boundary vanishes. One simple
way to achieve this is to alter the streaming onto the wall so that populations will be
bounced back and stay on the lattice point from which they originated, as shown in
figure 16. The second is the free-slip boundary condition, in which the flow at the
boundary is without friction. Here the streaming onto the wall will be reflected to the
neighboring lattice points as shown in figure 17.
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Figure 16: No-slip boundary condition [20]

Figure 17: Free-slip boundary condition [20]
So Lattice-Boltzmann is an very efficient algorithm, especially for time depended problems. This efficiency can easily be improved via parallel computing. Furthermore, it can
simulate arbitrarily complex boundaries. A drawback is that the lattice size is fixed as
opposed to finite element methods. Also the discrete lattice can introduce artifacts into
e.g. particle coupling, which need to be remedied using higher order interpolation.

5 Multi Particle Collision Dynamics
Multi Particle Collision Dynamics (MPCD) was introduced 1999 by Malevanets and
Kapral [23]. Here we regard only the most used variant called stochastic rotation
dynamics (SRD). MPCD is a coarse grained method in that the fluid is modeled by
ideal gas like particles, which are grouped together in cells as shown in figure 18. The
theoretical foundation is again the Boltzmann equation, but in contrast to lattice Boltzmann, it is not discretized using a grid, instead the phase space density is modeled using
discrete particles and the continuum quantities are recovered by averaging over small
volumina.
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Figure 18: Coarse grained MPCD [24]
The parameters used in an MPCD simulation are:
a

Cell size

α

Rotation angle

T

Temperature

m Mass
n̄

Mean numbers of particles in cell

∆t Collision time
Again we can split the propagation into a collision and a streaming step. In the streaming
step, the particles move ballistically without interaction through the medium
Streaming step:

xi (t + ∆t) = xi (t) + vi ∆t

(38)

When external forces are involved, one has to update the velocities
Update velocities:

vi,new = vi,old +

F
∆t
m

(39)

In the collision step we have momentum transfer between the particles with conservation
of linear momentum and energy. Via those collisions, the system evolves toward a
Maxwell-Boltzmann distributed equilibrium.
Collision step:

vi (t + ∆t) = ucm (t) + Rα · (vi (t) − ucm (t))

(40)

Here ucm is the center of mass of the particles in a cell and Rα is a rotation matrix.
The algorithm (without external forces) is shown in detail in figure 19, where the green
boxes shows the streaming step and the red boxes show the collision step.

17

Figure 19: MPCD algorithm cycle[24]
1. At the beginning we have our inital particle distribution in the different cells and
their velocities.
2. The particles moves ballistically and without interaction through the medium.
3. A random shift of the collision grid is performed to restore Galilean invariance. To
understand this necessity, consider a system with small mean free path compared
to the grid size a (low temperatures), then in a stationary reference frame, particles
will repeatedly collide with the same neighbors, in contrary to a moving reference
system where the neighbors differ in each step.
4. Now the particles are assigned to the shifted cells.
5. Calculate the center of mass velocity ucm for each cell.
6. Subtract the center of mass velocity ucm from the particle velocities in each cell.
7. The collision between the particles in each cell is simulated in by rotating the
velocities from the previous step by the angle α around a random axis in space.
This α is chosen from a set Ω of angles for each cell. This Ω can for example be
Ω = {α, −α} or Ω = {α|0 ≤ α ≤ π}.
8. At the end, the center of mass velocity is added again and the cycle restarts.
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SRD conserves linear momentum, energy and mass but for conservation of angular momentum, advanced SRD algorithms have to be used (important for phase-separated
liquids with different viscosities).
The particles in the cells assume Maxwell-Boltzmann distributed velocities and any initial
velocity distribution will relax to this distribution [23]. Furthermore, thermal fluctuations are captured and suspended colloids therefore exert Brownian motion naturally.
When external forces act on the fluid, one has to use a thermostat to control the system’s
temperature (e.g. Anderson-MPCD).
Transport coefficients like the diffusion coefficient D and the viscosity η = η kin + η col
can be estimated with the given MPCD parameters 10 . Here η kin is the part of the
viscosity resulting from kinetic contribution (dominating in dilute gases) and η col is the
part resulting from collisions (dominating at higher densities). In the simplest case, the
equation of state is given by the ideal gas behavior.
Because MPCD and lattice Boltzmann have similar fundamentals, their performance
(O(N )) and areas of application are comparable. In contrast to lattice Boltzmann, thermal fluctuations in MPCD are intrinsically included. This is important for systems such
as microfluidics, where the fluid is confined in small volumes.

6 Summary
All these algorithms describe the hydrodynamic behavior of solvents and possibly contained solutes. The optimal choice from these algorithms depends on the individual
problem. Performance is the most important factor, ease of implementation and tuning
being other factors to consider.
When studying suspensions with only a few colloids and with simple boundaries, Stokesian dynamics is a good choice. DPD is quite slow but especially well suited for the
investigation of good/bad solvents and binary solvents. It is therefore used by chemists
rather than physicists. Lattice Boltzmann and MPCD are both ideally suited for non
equilibrium flows with complex boundaries, but for time independent problems, methods
like FEM or FVM are more appropriate.

10

With γ = n̄a3 as the average number of particles
in a cell and Ω = {α, −α} [25]

5γ−(γ−1+e−γ )(2−cos α−cos 2α)
kB T ∆tρ
kin
m
η
= 2m
(γ − 1 + e−γ )(1 − cos α)
η col = 18a∆t
(γ−1+e−γ )(2−cos α−cos 2α


T ∆tρ
3γ
D = kB2m
−1
(γ−1+e−γ )(1−cos α)
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