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Three numericalmethodswhich can be applied to strongly correlated electron systems out of equilibrium
are presented. First, we discuss the time-dependentHartree-Fockmean field theory and its application to
excitonic insulators driven by an external field. Next, we introduce the time-dependent Lanczos method
and show how it can be applied to a driven extended Hubbard model. Finally, dynamical mean field
theory and a possible generalization applicable to nonequilibrium systems is presented.

1 Time-dependent Mean Field Theory

1.1 Time-independent Mean Field Theory

Hartree-Fock mean field theory is a technique which allows us
to treat interacting many-body systems at a finite temperature
[1–3]. Suppose we are given a many-body Hamiltonian of the
form

H = ∑
k

ϵa
k a†

k ak + ∑
q

ϵb
qb†

q bq︸ ︷︷ ︸
H0

+ ∑
k,k′
q,q′

Vkqk′q′ a
†
k ak′b

†
q bq′

︸ ︷︷ ︸
Hint

. (1)

While the non-interacting part H0 is already diagonalized, the
interaction term Hint is very hard to solve because it contains
four ladder operators. The basic idea of mean field theory is to
rewrite a product of operators in terms of their thermal mean
values and neglect all terms which are quadratic in the fluctua-
tions δA and δB:

AB = (⟨A⟩+ A − ⟨A⟩︸ ︷︷ ︸
≡δA

) · (⟨B⟩+ B − ⟨B⟩︸ ︷︷ ︸
≡δB

)

≈ ⟨A⟩⟨B⟩+ δA⟨B⟩+ δB⟨A⟩ = A⟨B⟩+ B⟨A⟩ − ⟨A⟩⟨B⟩.
(2)

This mean field approximation allows us to effectively decouple
the operators A and B. Applying this to (1) results in the mean-
field Hamiltonian

HMF = H0 + ∑
k,k′
q,q′

Vkqk′q′
(
⟨a†

k ak′ ⟩b†
q bq′ + a†

k ak′ ⟨b†
q bq′ ⟩

)

− ∑
k,k′
q,q′

Vkqk′q′ ⟨a†
k ak′ ⟩⟨b†

q bq′ ⟩
(3)

which describes an effective non-interacting system that we can
easily solve. Note that the appearance of the averages ⟨a†

k ak′ ⟩
and ⟨b†

q bq′ ⟩ in themean fieldHamiltonianmay seemparadoxical
at first sight, because they are defined terms of the mean-field
Hamiltonian itself:

⟨a†
k ak′ ⟩ ≡ tr

(
a†

k ak′ρMF

)
= tr

(
a†

k ak′ ·
e−βHMF

Z

)
(4)

⟨b†
q bq′ ⟩ = tr

(
b†

q bq′ρMF

)
= tr

(
b†

q bq′ ·
e−βHMF

Z

)
(5)

In fact, (4) and (5) define so-called self-consistency conditions
(SCC): once we have diagonalized the mean field Hamiltonian,
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we have to determine the averages using these relations. In gen-
eral, this has to be done iteratively, defining a self-consistency
loop:

initial guess ⟨...⟩ HMF

insert

diagonalize, SCC

Self-consistency conditions are a defining property ofmean field
theory, for this reason it is sometimes called self-consistent field
theory.

Until now, we only took into account mean values which did
not mix operators of type a and b, this is known as the “Hartree
approximation”. However, in general this approach is not valid
because the mean field Hamiltonian can lose symmetries this
way.1 Rather, we have to take into account all possible combi-
nations of the operators as a consequence of Wick’s theorem
[1, 2], this is known as the “Hartree-Fock approximation”. For
fermionic operators, the Hartree-Fock decoupling works in the
following way:

a†
k ak′b

†
q bq′ →⟨a†

k ak′ ⟩b†
q bq′ + a†

k ak′ ⟨b†
q bq′ ⟩ − ⟨a†

k bq′ ⟩b†
q ak′

− a†
k bq′ ⟨b†

q ak′ ⟩+ ⟨a†
k bq′ ⟩⟨b†

q ak′ ⟩ − ⟨a†
k ak′ ⟩⟨b†

q bq′ ⟩.
(6)

The additional terms are known as Fock- or exchange-terms. As
a generalization of (4) and (5) we get a self-consistency condi-
tion for every mean value appearing in (6). Although we re-
stricted ourselves to a Hamiltonian of the form (1), mean field
theory is also applicable to Hamiltonians of a different form, e.g.
with an electron-phonon interaction.

Mean field theory is in general easy to set up and can be
applied to a wide range of systems, for this reason it is often
the first approach when studying an interacting system. An-
other advantage is that it is based on the variational princi-
ple, this means that the mean field energies can never be lower
than the true ground state energy. In many cases, mean field
theory gives qualitatively correct results. Furthermore, it can
describe spontaneous symmetry breaking which is important
when studying phase transitions. However, there are also cases

1Consider for example the case where V describes an electron-electron interac-
tion. There is no apparent reason why mean values like ⟨a†

k bq′ ⟩ should not
appear in the mean field Hamiltonian. There are cases where we want to de-
scribe spontaneous symmetry breaking for which the Hartree approximation
leads to correct results, for example the Stoner model.
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where mean field theories fail completely and predict even qual-
itatively wrong results. Another disadvantage is the fact that we
cannot really control the accuracy, i.e. calculate contributions of
the next order like in perturbation theory.

1.2 Time-dependent Mean Field Theory

Mean-field theory can also be applied to driven systems with
an explicitly time-dependent Hamiltonian, this generalization is
straightforward [4]. To obtain a mean field description of a sys-
tem described by a time-dependent Hamiltonian H(t), we apply
the Hartree-Fock decoupling (6) at all times t2:

a†
k(t)ak′ (t)b

†
q (t)bq′ (t)

→ ⟨a†
k(t)ak′ (t)⟩b†

q(t)bq′ (t) + a†
k(t)ak′ (t)⟨b†

q (t)bq′ (t)⟩

− ⟨a†
k(t)bq′ (t)⟩b†

q (t)ak′ (t)− a†
k(t)bq′ (t)⟨b†

q(t)ak′ (t)⟩

+ ⟨a†
k(t)bq′ (t)⟩⟨b†

q (t)ak′ (t)⟩ − ⟨a†
k(t)ak′ (t)⟩⟨b†

q (t)bq′ (t)⟩.

This results in a time-dependent mean field Hamiltonian
HMF(t). Using the Ehrenfest theorem,we can then find the equa-
tions of motion for the mean values ⟨A⟩:

d
dt

⟨A⟩ = −i⟨[A, HMF (t)]⟩. (7)

In order to determine the initial conditions for these time-
dependent mean-values, we have to solve the self-consistency
conditions for t = 0. Once we have determined the equations
of motion and initial conditions, we can solve them to obtain
the time-dependent mean values (e.g. using the Runge-Kutta
method). By inserting the time-dependent mean values into the
mean field Hamiltonian and diagonalizing it at every time step,
we can calculate the instantaneous energy levels. The following
box summarizes the method.

Algorithm for time-dependent mean field theory

1 Apply the Hartree-Fock approximation to the time-
dependent Hamiltonian H(t) in order to obtain the
time-dependent mean-field Hamiltonian HMF(t).

2 Determine the mean values ⟨...⟩ at t = 0 self-consis-
tently to obtain the initial conditions.

3 Solve the equations ofmotion for themean values (in
general numerically).

4 Calculate the instantaneous energies by inserting
the time-dependent mean values into the mean-field
Hamiltonian and diagonalizing it at every time-step.

1.3 Example: Application to Excitonic Insulators

To illustrate the method of time-dependent mean-field theory,
we discuss its application to the pump-probe spectroscopy of
excitonic insulators as described by Tanabe et al. [5].
An excitonic insulator [6, 7] is an exotic state of matter that

can form in a semiconductor or a semimetal. For a semiconduc-
tor with a band gap that is smaller than the binding energy of
excitons (bound electron hole pairs), the formation of excitons
lowers the total energy. As the temperature is lowered, these ex-
citons condense into a coherent ground state (“excitonic conden-
sate”) in a BEC transition. For a semimetal, the phase transition
2We work in the Heisenberg picture where the operators carry the time-
dependence

■ Figure 1 Schematic representation of the transition to the
excitonic insulator state from a semiconductor (left) and a
semimetal (right). Figure taken from [8].

to the excitonic condensate is BCS-like, i.e. the exciton formation
and condensation happen at once. In both cases, the band struc-
ture is flattened. Figure 1 shows a schematic representation of
the transition.

The model for an excitonic insulator used in [5] is a one-
dimensional spinless two-orbital model which is coupled to an
Einstein model for phonons with frequency ω0:

H(t) =−∑
i,α

(
JαeieaA(t)c†

i+1,αci,α + h.c.
)
+ ∑

i,α
∆αc†

i,αci,α︸ ︷︷ ︸
He

+ U ∑
i

c†
i,0ci,0c†

i,1ci,1︸ ︷︷ ︸
He,e

+ ω0 ∑
i

b†
i bi︸ ︷︷ ︸

Hph

+∑
i

(
b†

i + bi

) (
c†

i,1ci,0 + h.c.
)

︸ ︷︷ ︸
He,ph

(8)

α = 0, 1 is the band index, Jα the hopping amplitude and ∆α the
corresponding orbital energy. U is the local interorbital repul-
sion. Figure 2 (a) shows a schematic representation of the lattice
model, Figure 2 (b) and (c) show the calculated quasiparticle
band structures calculated within (equilibrium) Hartree-Fock
mean field theory for the semiconducting and semimetallic case.
eieaA(t) is a so-called Peierls phase3 which describes the interac-
tion with a laser pulse, the time-dependent (but spatially homo-
geneous) vector potential is given by

A(t) = A0θ(t) exp

(
−
(
t − tp

)2

2σ2p

)
sin (Ωt) . (9)

In the following, the parameters tp = 100.0, σp = 30.0 are kept
fixed, while A0 and Ω are varied. All calculations are performed
at zero temperature.

To apply time-dependent mean field theory to this system, we
have to identify the relevant mean values, these are the uniform
excitonic order parameter

ϕ (t) ≡ ⟨c†
i,0(t)ci,1(t)⟩, (10)

the uniform phonon displacement

X(t) ≡ ⟨b†
i (t) + bi(t)⟩ (11)

and the uniform electron densities

nα(t) ≡ ⟨c†
i,α(t)ci,α(t)⟩. (12)

3A derivation of the Peierls phase can be found in [9].
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■ Figure 2 (a): Cartoon of the spinless two-orbital model. (b)
and (c): (Quasiparticle-) Band structure for the model in the
semiconducting and semimetallic regime. Dashed lines corre-
spond to the noninteracting model. Figure taken from [5].

The electron-electron interaction is decoupled using theHartree-
Fockmethod. For the electron-phonon interaction, the following
decoupling scheme is used:

(
b†

i (t) + bi(t)
) (

c†
i,1(t)ci,0(t) + h.c.

)
→ X(t)

(
c†

i,1(t)ci,0(t) + h.c.
)
+ 2

(
b†

i (t) + bi(t)
)

Re ϕ(t).
(13)

The equations of motion are integrated using the fourth-order
Runge-Kutta method.
Figure 3 shows the time evolution of the absolute value of ϕ(t)

for the semiconducting (band gap Egap = 1.15) casewith a fixed
pulse amplitude of A0 = 0.05 and different pulse frequencies
Ω. For small frequencies (Ω ≪ Egap), the pump pulse has no
influence on the excitonic order. As Ω becomes comparable to
the band gap, the excitonic order is decreased by the pulse and
oscillates with the phonon frequency ω0. For even larger fre-
quencies, the excitonic order is enhanced compared to the equi-
librium value while the oscillations persist. To show how the ex-
citonic order changes with the pulse amplitude and frequency,
Figure 4 shows the real part of the time-averaged excitonic order
parameter4

ϕ ≡ 1
t2 − t1

∫ t2

t1

ϕ(t)dt (14)

as a function of amplitude and frequency. Subfigure (a) clearly
shows the suppression and enhancement of the excitonic order
for different frequencies. Subfigure (b) shows that for a pulse
frequency of Ω = Egap and a sufficiently high pulse intensity
the excitonic order vanishes completely.
For the semimetal, the excitonic order always decreases due

to the pump pulse.

4The authors of the paper do not specify the times t1 and t2.

■ Figure 3 (a) and (b): Time evolution of the absolute value of
the excitonic order parameter ϕ(t) for the semiconducting case
with a pulse amplitude of A0 = 0.05 and different pulse frequen-
cies. Figure taken from [5].

■ Figure 4 Real part of the time-averaged excitonic order param-
eter for the semiconducting case as a function of (a): the pulse
frequency. (b): the pulse amplitude. Figure taken from [5].
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2 Time-dependent Lanczos Method

2.1 Lanczos Algorithm

The Lanczos algorithm [2, 10, 11] is an algorithm in numerical
linear algebra which allows us to tridiagonalize a N × N dimen-
sional Hermitian matrix in a M dimensional subspace. In order
to show the physical significance of the technique, we will use
the terminology of quantummechanics throughout this section.
Tomotivate the Lanczos algorithm, note that the ground state

energy E0 of a givenHamiltonian H bounds theRitz energy func-
tional from below5:

E0 ≤ E [|ψ⟩] = ⟨ψ| H |ψ⟩
⟨ψ|ψ⟩ . (15)

Now suppose that we are given some normalized state |ϕ0⟩
which is not an eigenstate of H. If we want to find a state with
lower energy, we have to move in the opposite direction of the
functional derivative

δE [|ψ⟩]
δ ⟨ψ|

∣∣∣∣
|ψ⟩=|ϕ0⟩

= H |ϕ0⟩ − E [|ϕ0⟩] |ϕ0⟩ ≡ |ϕ̃1⟩ , (16)

and thus minimize E [|ϕ0⟩+ α |ϕ̃1⟩], α ∈ R. This is equivalent to
minimizing E [|ψ⟩] in the subspace

span {|ϕ0⟩ , |ϕ̃1⟩} = span {|ϕ0⟩ , H |ϕ0⟩} ≡ K2 (H, |ϕ0⟩) (17)

which is the order 2 Krylov space6 generated by H and |ϕ0⟩. This
procedure is known as the method of steepest descent. The idea
of the Lanczos algorithm is to apply the method of steepest de-
scent a total of N times, but only minimize once, namely at the
end (this will lead to a faster convergence). In order to do this,
we construct an orthonormal basis {|ϕn⟩} of the Krylov space
(“Lanczos basis”). We start again with |ϕ0⟩ and construct the
normalized vector |ϕ1⟩ according to (16):

b1 |ϕ1⟩ = |ϕ̃1⟩ = H |ϕ0⟩ − a0 |ϕ0⟩ . (18)

It is easy to check that |ϕ0⟩ and |ϕ1⟩ are orthogonal (we define
an ≡ ⟨ϕn| H |ϕn⟩ and b2

n = ⟨ϕ̃n|ϕ̃n⟩). The next two basis vectors
can be constructed in the same way by applying H and orthogo-
nalizing the resulting vector with respect to all previous vectors:

b2 |ϕ2⟩ = |ϕ̃2⟩ = H |ϕ1⟩ −
1

∑
i=0

|ϕi⟩ ⟨ϕi| H |ϕ1⟩

=H |ϕ1⟩ − a1 |ϕ1⟩ − b1 |ϕ0⟩
(19)

b3 |ϕ3⟩ = |ϕ̃3⟩ = H |ϕ2⟩ −
2

∑
i=0

|ϕi⟩ ⟨ϕi| H |ϕ2⟩

=H |ϕ2⟩ − a2 |ϕ2⟩ − b2 |ϕ1⟩ − |ϕ0⟩ ⟨ϕ0| H |ϕ2⟩
=H |ϕ2⟩ − a2 |ϕ2⟩ − b2 |ϕ1⟩
− |ϕ0⟩ (a0 ⟨ϕ0|ϕ2⟩+ b1 ⟨ϕ1|ϕ2⟩)︸ ︷︷ ︸

=0

=H |ϕ2⟩ − a2 |ϕ2⟩ − b2 |ϕ1⟩

(20)

5This result can be easily shown by expanding |ψ⟩ in terms of the eigenfunctions
|i⟩ of the Hamiltonian H:

⟨ψ| H |ψ⟩
⟨ψ|ψ⟩ =

∑i,j c∗i cj ⟨i| H |j⟩
∑i,j c∗i cj ⟨i|j⟩

=
∑i |ci |2 Ei

∑i |ci |2
≥ E0

6The order N Krylov space generated by a matrix/operator H and a vector |ψ⟩ is
defined as

KN (H, |ψ⟩) ≡ span
{
|ψ⟩ , H |ψ⟩ , H2 |ψ⟩ , ..., HN−1 |ψ⟩

}
.

■ Figure 5 Error of the lowest eigenvalue of a 10-site Hubbard
model at half-filling for the Lanczos method (full circles) and
the method of steepest descent (open circles) as a function of
the number of iteration steps. Figure taken from [2].

Note that the equation for |ϕ3⟩ does not contain |ϕ0⟩. The basis
vector of the order n + 1 can be shown to be

bn+1 |ϕn+1⟩ = |ϕ̃n+1⟩ = H |ϕn⟩ −
n

∑
i=0

|ϕi⟩ ⟨ϕi| H |ϕn⟩

= H |ϕn⟩ − an |ϕn⟩ − bn |ϕn−1⟩ .

(21)

Rearranging this equation, we can calculate the matrix elements
of the Hamiltonian in the Lanczos basis:

⟨ϕm| H |ϕn⟩ = bnδm,n−1 + anδm,n + bn+1δm,n+1. (22)

It is easy to see that the Hamiltonian is thus tridiagonal in the
Lanczos basis:

H|Kn(H,|ψ⟩) =



a0 b1 0 0 . . . 0 0
b1 a0 b2 0 . . . 0 0
0 b2 a2 b3 . . . 0 0
0 0 b3 a3 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . an−2 bn−1
0 0 0 0 . . . bn−1 an−1


(23)

Tominimize the energy functional on the Krylov space, we have
to diagonalize H|Kn(H,|ψ⟩).7 This can be done efficiently for a
tridiagonal matrix using standard algorithms.

In general, the Lanczos method gives good approximations
of the highest and lowest eigenvalues.8 It can be shown that for
⟨0|ϕ0⟩ ̸= 0 the convergence of the lowest eigenvalue is expo-
nential in the number of steps. Furthermore, the convergence is
faster then for the method of steepest descent. Figure 5 shows
the convergence of the different methods for a 10-site Hubbard
model. The “bottleneck” of the method is the matrix-vector
multiplication which has to be performed in every step. How-
ever, this operation can be performed efficiently for sparse ma-
triceswhichmakes the algorithm ideally suited for tight-binding
Hamiltonians with short-range interactions.

A problem of the Lanczos method appears when |ϕm⟩ gets
near an eigenstate of the Hamiltonian, because the coefficient
bm+1 will be almost zero. This leads to the amplification of
numerical errors when normalizing |ϕm+1⟩ and can result in a
loss of orthogonality of the Lanczos basis. Another thing that
7Due to the variational principle, the eigenvalues of H|Kn (H,|ψ⟩) can never be
smaller than the ground state energy.

8Note that we never specified in which direction of the functional derivative we
move, so for a Hamiltonian with a highest eigenvalue we should also get good
approximations of the highest eigenvalues.
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can happen is that a basis vector |ϕm⟩ vanishes completely, this
means that we have found an invariant subspace of the Hamil-
tonian (this is however highly unlikely).

2.2 Time-dependent Lanczos Method

The Lanczos method can also be applied to quantum systems
with an explicitly time-dependent Hamiltonian [11–13]. Sup-
pose that we want to solve the time-dependent Schrödinger
equation:

i∂t |ψ(t)⟩ = H(t) |ψ(t)⟩ . (24)

Because in general we have [H(t), H(t′)] ̸= 0, the formal solu-
tion for the time evolution operator is a time ordered exponen-
tial. If we do not want to deal with time ordering, we can still
calculate an approximate time evolution for a small time incre-
ment δt in the following way:

|ψ (t + δt)⟩ ≈ e−iH(t)δt |ψ (t)⟩ . (25)

This approximation assumes that we can treat the Hamiltonian
as time-independent over the time increment δt. Hence in order
for this approximation to be valid δt has to bemuch smaller than
the time scale on which the Hamiltonian H(t) changes. Note
that this approximate time evolution is still unitary.
To calculate an approximation of exp(−iH(t)δt) we can

use the Lanczos method, this is done by simply applying
the Lanczos tridiagonalization to H(t), starting with the state
|ψ (t)⟩. Then, the eigenvalues εn and eigenvectors |φn⟩ of
H(t)|KN+1(H(t),|ψ(t)⟩) are calculated and used to calculate an ap-
proximation of exp(−iH(t)δt):

e−iH(t)δt ≈
N

∑
n=0

e−iεnδt |φn⟩ ⟨φn| (26)

In practice, N ≤ 100 is often enough.
Onemight askwhywe used |ψ (t)⟩ as our starting point when

constructing the Lanczos basis {|ϕn⟩}, this can be seen by a Tay-
lor expansion of exp(−iH(t)δt):

e−iH(t)δt |ψ (t)⟩

≈
N

∑
n=0

(−iδt)n

n!
H(t)n |ψ (t)⟩ ∈ KN+1 (H(t), |ψ(t)⟩)

(27)

This particular choice of the Lanczos basis results in the smallest
error for a given N. The box below summarizes the method.

Algorithm for the time-dependent Lanczos method

1 Apply the Lanczos tridiagonalization to H(t) starting
with |ψ (t)⟩.

2 Calculate the eigenvalues εn and eigenvectors |φn⟩ of
H(t)|KN+1(H(t),|ψ(t)⟩)

3 Use the spectral representation to calculate an ap-
proximation of exp(−iH(t)δt):

e−iH(t)δt ≈
N

∑
n=0

e−iεnδt |φn⟩ ⟨φn|

4 Calculate |ψ (t + δt)⟩ and repeat the algorithm for
|ψ (t + δt)⟩ and H(t + δt).

2.3 Example: Application to the Extended Hubbard
Model

As an example, we consider the photoexcited extendedHubbard
model at half-filling as discussed by Lu et al. [14]. The Hamilto-
nian for this model is given by

H(t) =− th ∑
i,σ

(
eieaA(t)c†

i,σci+1,σ + h.c.
)

+ U ∑
i

(
ni,↑ −

1
2

)(
ni,↓ −

1
2

)
+ V ∑

i

(
ni,↑ + ni,↓ − 1

) (
ni+1,↑ + ni+1,↓ − 1

) (28)

where th is the hopping amplitude, U the on-site repulsion and
V the nearest neighbour interaction. eieaA(t) is a Peierls phase
which describes the coupling to the pump pulse which drives
the system out of equilibrium.

In equilibrium and at zero temperature, the system exhibits
a first order quantum phase transition between a spin density
wave (SDW, a periodic modulation of the electron spin density)
and a charge density wave (CDW, a periodic modulation of the
electron charge density) for large U. The transition from SDW
to CDWoccurs with increasing V for V ≈ U/2. In the following,
U = 10 will be kept fixed and V will be varied. The pump pulse
is given by

A(t) = A0 exp

(
− (t − t0)

2

2t2
d

)
cos

(
ωpump (t − t0)

)
(29)

where t0 and td are kept fixed and the pump frequency is
matched to the first optical absorption peak of the system. All
simulations are performed for a one-dimensional lattice with pe-
riodic boundary conditions and L = 14 lattice sites. To solve
the time-dependent Schrödinger equation, the time-dependent
Lanczos method with a basis size of N + 1 = 100 is employed,
the initial condition is given by the ground state of the time-
independent system.

The relevant quantity to study the phase of the system is the
charge-charge correlation function

C(j; t) ≡ (−1)j

L

L−1

∑
i=0

⟨ψ(t)| ni+j − 1)(ni − 1) |ψ(t)⟩ . (30)

Figure 6 shows the time-evolution of the C(j; t) for different val-
ues of the nearest neighbour interaction V: Far away from the
phase boundary (V = 1.0, 3.0), the pump pulse leads only to a
small increase of the correlations and only for small distances.
Near the phase boundary in the SDW phase (V = 4.5), the
pump pulse leads to a significant and persistent increase of the
charge order. For the opposite case, i.e. near the phase bound-
ary in the CDW phase (V = 5.5), the pump pulse leads to a
significant and persistent decrease of the charge order.

3 Nonequilibrium Dynamical Mean-Field Theory

3.1 Dynamical Mean Field Theory

Dynamical mean field theory (DMFT) is a method which al-
lows us to approximately treat strongly correlated latticemodels
like theHubbardmodelwhilemaintaining the correct electronic
structure of the atoms in the lattice [15, 16]. Let us start from the
Hubbard model

H = − ∑
i,j,σ

tij

(
d†

i,σdj,σ + h.c.
)
+ εd ∑

i,σ
ni,σ + U ∑

i
ni,↑ni,↓. (31)
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■ Figure 6 Time evolution of the charge-charge correlation func-
tion for an onsite repulsion of U = 10 and different strengths of
the nearest neighbour interaction V. Figure taken from [14].

■ Figure 7 Schematic representation of the basic idea of DMFT:
A single atom of a strongly correlated material is described as
an atom exchanging particles with a self-consistent, effective
medium. Figure taken from [16].

Without interactions (U = 0) this model can be solved analyti-
cally. The noninteracting Matsubara9 Green’s function is10

G0 (iω, k) =
1

iω − εd − εk
, (32)

where εk is the dispersion relation which can be obtained via
Fourier transform. We want to calculate the local, interacting
Green’s function for this model which is related to G0 via the
Dyson equation (Σ is the self-energy):

G−1 (iω, i, i) = G−1
0 (iω, i, i)− Σlattice (iω, i, i) . (33)

This quantity is interesting, because its imaginary part, the spec-
tral function, is accessible experimentally (via IPES/ARPES).
The idea of DMFT is to pick a single atom (site) of this model
and describe it as an atom exchanging electrons with a self-
consistent medium (also called bath or reservoir) of electrons
(see Figure 7). Such a system can be described by the Ander-
son impurity model (short: AIM) [17] which describes the bath
of electrons as a free electron gas and includes a hybridization
term accounting for hopping between the embedded atom and
9In the Matsubara approach we define an imaginary time which allows us to cal-
culate Green’s functions at a finite temperature. Analytic continuation of the
Fourier representation G (iω) gives us the retarded Green’s function.

10We always denote non-interacting Green’s functions with a subscript 0.

the reservoir:
HAIM = εd

(
n↑ + n↓

)
+ Un↑n↓︸ ︷︷ ︸

Hat

+∑
k,σ

Ekc†
k,σck,σ︸ ︷︷ ︸

Hbath

+ ∑
k,σ

(
Vk,σc†

k,σdk,σ + h.c.
)

︸ ︷︷ ︸
Hhybridization

.
(34)

The non-interacting (U = 0), local Matsubara Green’s func-
tion11 for the AIM can be shown to be

G0 (iω, d, d) =
1

iω − εd − ∆ (iω)
(35)

with the so-called hybridization function

∆ (iω) = ∑
k,σ

∣∣Vk,σ
∣∣2

iw − Ek
. (36)

Because we want to describe the Hubbard model in terms of an
AIM, we demand the local interacting Green’s function for these
two systems to be equal:

G (iω, i, i) !
= G (iω, d, d) . (37)

The interactingGreen’s function can be expressed in terms of the
self-energy Σ (Dyson equation):

Σimp (iω) ≡ G−1
0 (iω, d, d)− G−1 (iω, d, d) (38)

Until now, everything was exact, we just expressed the local
Green’s function for the Hubbard model in terms of the AIM.
Now comes the mean-field approximation: we approximate the
lattice self-energy to be independent of position and equal to the
self-energy of the AIM:

Σlattice (iω, i, j) ≈ Σimp (iω) δij. (39)
The physical interpretation of this approximation is that we ne-
glect all spatial fluctuations in the Hubbard model. Note how-
ever, that the self-energy is still frequency-dependent (i.e. time-
dependent), this means that local quantum fluctuations are still
taken into account and is the reason for the name “dynamical”
mean field theory.

There is still one key ingredient missing: a self-consistency
equationwhich determines the self-consistentmedium. By com-
bining (37) with the mean field approximation (39) we arrive at
the self-consistency condition

G (iω, i, i) = ∑
k

G (iω, k) = ∑
k

1
G−1

0 (iω, k)− Σimp (iω)
. (40)

With this condition, we can now formulate the algorithm for
DMFT:

Algorithm for dynamical mean field theory

1 Make an arbitrary initial guess for G0.

2 Solve the AIM corresponding to G0 in order to obtain
G, calculate Σimp using the Dyson equation (38).

3 Calculate G using the self-consistency condition (40).

4 Calculate an updated G0,new using the Dyson equa-
tion G0,new = G−1 + Σimp and repeat the proce-
dure starting with step 2 until the solution converges
(G0,step i + 1 = G0,step i).

11In the following, we denote Green’s functions of the AIM by calligraphic letters
G and Green’s functions of the Hubbard model by normal letters G.
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In the following diagram, the algorithm is represented graph-
ically, stressing the self-consistent nature of the method. It is
easy to see that G0 (or equivalently the hybridization function
∆ (iω)) plays the role of the mean field in DMFT.

initial guess for G0

solve AIM

calculate G using SCC

calculate new G0

The hard part about this algorithm is the solution of the AIM,
because it is still a quantum many-body problem. There are a
number ofmethods to solve it, for example exact diagonalization
(→ Lanczos method) or quantum Monte Carlo methods (not
discussed here). Because we cannot model an infinite number
of bath sites, the infinite bath has to be approximated by a finite
number of bath sites.
It is instructive to briefly discuss the limits in which DMFT is

exact:

• Atomic limit t = 0 (i.e no hopping): there is no hybridiza-
tion and thus both the lattice model and the AIM describe
isolated atoms.

• Non-interacting limit U = 0: the lattice self-energy van-
ishes and is thus purely local, i.e. DMFT solves non-
interacting tight-binding models exactly in this limit.

• Limit of infinite spatial dimensions (d → ∞, with t ∝
d−1/2): it can be shown that the lattice self-energy becomes
purely local in this limit [18].

The main advantage of DMFT is that it treats the electronic
structure of the single atom exactly. By combining DMFT with
electronic structure calculations (for example density functional
theory (DFT)) it is thus possible to treat even real materials
(“DMFT+DFT”). DMFT is fairly accurate when spatial correla-
tions on the lattice are short-range, i.e. not in the vicinity of a
critical point. To get accurate results in the case of an increasing
correlation length, DMFT can be extended to an impurity prob-
lem with multiple sites, this is known as “Cluster-DMFT”.

3.2 Nonequilibrium Dynamical Mean-Field Theory

The previous section introduced dynamical mean field theory in
thermal equilibrium. In this section we discuss an approach to
apply DMFT to nonequilibrium systems which was introduced
byArrigoni et al. [19] and allows us to calculate nonequilibrium
steady states (NESS) of strongly correlated systems.
As discussed above, the AIM in DMFT can be solved by ap-

proximating the infinite bath by a finite number of sites and ex-
actly diagonalizing the resulting effective Hamiltonian. There is
however a problemwhen we try to apply this to a systemwhich
is out of equilibrium: for a finite number of bath sides, the spec-
tral function is not continuous on the real line. In equilibrium
this poses no problem because we can use Matsubara Green’s

functions, however these do not exist for nonequilibrium sys-
tems. The basic idea introduced in [19] consists of introduc-
ing Markovian baths (coupled to explicitly modeled bath sites)
which allow us to describe an infinite system. Such a system is
an open quantum system and the non-unitary time-evolution is
described by a Lindblad master equation12:

∂tρ = −i [H, ρ] + ∑
n,m

Γn,m

(
FnρF†

m − 1
2

{
F†

n Fm, ρ
})

(41)

where Γn,m are Lindblad matrices. In addition to the bath hop-
ping amplitudes and energies, the Lindblad matrices are now
further parameters of the self-consistent bath.

As in the equilibrium case, the solution of the problem is ob-
tained self-consistently: Starting with an arbitrary initial guess
of the bath parameters, we diagonalize the Lindblad superoper-
ator13 and calculate the full Green’s function G of the impurity14:

G(ω) =
1

G−1
0 (ω)− Σimp(ω)

. (42)

The impurity self-energy can then be calculated using theDyson
equation15

Σimp(ω) = G−1
0 (ω)− G(ω)−1. (43)

Next, the full Green’s function of the lattice is calculated using
the self-consistency condition

G (ω, i, i) = ∑
k

1
G−1

0 (ω, k)− Σimp (ω)
, (44)

the hybridization function

∆(ω) = g−1
0 (ω)− G−1 (ω, i, i)− Σimp(ω) (45)

is also calculated, g−1
0 (ω) is the non-iteracting Green’s function

of the impurity without hopping. In the next step, the cost func-
tion

∫
dω (Im [∆eff(ω)− ∆(ω)])2 is minimized with respect to

the bath parameters (∆eff(ω) is the bath hybridization function
which can be calculated analytically). These new bath parame-
ters now define a new impurity model which has to be solved
again, this procedure is repeated until the bath parameters con-
verge to a fixed point. The following box summarizes the algo-
rithm.

Algorithm for nonequilibrium DMFT

1 Make an arbitrary initial guess for the bath parame-
ters.

2 Solve the Lindblad master equation to obtain G, cal-
culate Σimp using the Dyson equation (43).

3 Calculate G using the self-consistency condition (44)
and ∆(ω) using (45).

4 Minimize the cost function and update the bath pa-
rameters. Repeat from step 2 until the bath parame-
ters converge.

12An introduction to the Lindblad master equation can be found in [20].
13An open quantum system can bemapped to a “super-fermion space” with twice

as many degrees of freedom. The super-Hamiltonian can then be diagonalized
using standard algorithms.

14In the paper [19], the authors make use of the so-called Keldysh Green’s func-
tion. Since this is a detail which is unimportant for the general idea, in the
following we will just use the terminology Green’s function and omit mathe-
matical details concerning the Keldysh Green’s function.

15The non-interacting Green’s function G0(ω) of the effective system including the
Markovian baths can be calculated analytically.
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■ Figure 8 Schematic representation of the strongly correlated
interface between two metallic leads. Figure taken from [19].

3.3 Example: Application to a Heterojunction with a
Strongly Correlated Interface

As an example, Arrigoni et al. [19] discuss the application of this
approach to a heterojunctionwith a strongly correlated interface,
as shown in Figure 8. The heterojunction consists of two metal-
lic leads which are described by non-interacting tight-binding
models with nearest-neighbour hopping t, on-site energies εi
and chemical potentials µi. The difference of the chemical po-
tentials corresponds to a bias voltage Φ = µl − µr. Between the
metallic leads there is a strongly correlated interface which is
modeled as a two-dimensional Hubbard model with on-site re-
pulsion U, hopping t inside the layer and hopping v to and from
the metallic leads.

Figure 9 shows the steady state current density j across the
interface as a function of the bias voltage Φ and the interaction
strength U. The results were obtained using the nonequilibrium
DMFT approach explained in the previous section. In this case,
there are twoMarkovian baths coupled to the impurity problem.

4 Conclusion and Outlook

We discussed three numerical approaches towards strongly cor-
related electronic systems out of equilibrium. Time-dependent
Hartree-Fock mean field theory is a relatively simple approach
which allows us to calculate the time-evolution of mean values
in a mean field approximation. As an example, we discussed a
simple model for an excitonic insulator driven by a pump pulse.
Next, the time-dependent Lanczos method which allows us to
calculate the time-evolution under a time-dependent Hamilto-
nian was introduced. The usefulness of the method was illus-
trated by discussing its application to a driven extended Hub-
bard model. Finally, dynamical mean field theory, which is
a highly sophisticated mean field theory that was developed
specifically for strongly correlated system was introduced. We
discussed a DMFT approach towards strongly correlated sys-
tems in a NESS which makes use of additional Markovian
baths and showcased its application to a heterojunction with a
strongly correlated interface.

Many methods which play an important role in the physics of
strongly correlated systems were not discussed. Among others,
these include the different varieties of density functional theory
(DFT) and their application to DMFT, quantum Monte Carlo
methods (QMC) which can also be applied to impurity models
and the numerical renormalization group method (NRG).

■ Figure 9 Current density (normalized by the coupling v2)
across the interface as a function of (a): the bias voltage Φ for
v2 = 0.1. (b): the interaction strength U for Φ = 2.0. Figure
taken from [19].
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