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1 Introduction
Self-propelled particles living in a low Reynolds number regime [1] (bacteria, artificial
microswimmers, etc.) usually live in an environment where boundaries are present.
Examples include but are not limited to: E. coli in the digestive tract [2], the pro-
posed targeted drug delivery by artificial swimmers in highly complex geometries [3, 4]
(such as the blood stream) or even just the technicality of having to put bacteria on
microscope cover slips. As the presence of boundaries greatly alters the behaviour of
microwswimmers [5], mainly through the long-range hydrodynamic interactions, find-
ing out the details of how a swimmer reacts due to those interactions is a interesting
and worthwhile research question, where insights are of paramount importance in many
applications in medicine, biology and physics.

Experimental Observations Experimental research into the behaviour of bacteria near
boundaries goes back to the 1960s when Rothschild investigated the aggregation of sper-
matozoa at glass surfaces [6]. One of the results of this research is shown in fig. 1a,
which shows that spermatozoa aggregate near the boundaries. Other experiments have
shown that E. coli surprisingly swim in circular trajectories near no-slip and free-slip
(such as at fluid-gas interfaces) boundaries as is shown in fig. 1b or that some bacteria
can get trapped near no slip walls [7]. The goal of simulations and theoretical work is to
recreate and explain this sort of behaviour with minimal assumptions and simple models
in order to understand the fundamental aspects of the physics involved. This handout
will mainly focus on describing the methods used to model hydrodynamic interactions
of model microswimmers.
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(a) Distribution of spermatozoa between two
cover slips [6].

(b) Circular trajectories of E. coli near a no slip
wall [8].

2 Modelling Microswimmers near Boundaries
2.1 Mutlipole Expansion
As we have seen in previous talks the physics of low Reynolds number flow can be
described by the Stokes equation

0 = −∇p+ η∇2v + ρf . (1)

We have also seen that the linearity of this equation enables us to ”build solutions” using
linear combinations of fundamental solutions of this equation — the so called Stokeslet
and its derivatives — to model the flow field of different microswimmers [9]. Fig. 2 shows
how the flow field of a microswimmer can be approximated using different fundamental
solutions to the Stokes equation. Depending on where one truncates the multipole
expansion and how one weights each coefficient different typical configurations can be
retrieved: probably the most common model is to just include the first term, the force
dipole. This first term is well suited for investigating the far field interactions as it is the
most dominant term in the expansion. The inclusion of more terms, e.g. all the terms
in fig. 2 leads to better models for investigating near-field interactions, which become
important for distances of less than the body diameter. One well-known model is the
so-called squirmer [10, 11], which usually includes force dipole, source dipole and source
quadrupole (not shown in fig. 2) terms — and potentially higher modes, depending on
where one truncates the expansion — and which has already been discussed extensively
in the context of this Hauptseminar.
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Figure 2: Schematic representation of a exemplary multipole expansion describing the
flow field of a model microswimmer. The illustrations symbolize the physical
interpretation of each summand (adapted from ref. [5]).

2.2 Microswimmers near Obstacles
Having refreshed our memory of how we model microswimmers in bulk, we now turn to
modelling microswimmers with boundaries taken into account.

Image Flow Just as the concept of a multipole expansion can be developed in analogy to
techniques in electrostatics, we can develop a method to satisfy the boundary conditions
given by obstacles in the fluid. In electrostatics the method of image charges was used to
satisfy boundary conditions. In hydrodynamics the analogous method is called method
of image flow [12]. A appropriate image system for a given boundary problem can be
obtained by first calculating the image of the Stokeslet (if one can be found for the
boundary geometry) Then all further terms of a multipole expansion used in a given
microswimmer model can then be determined by derivation. For simple geometries
those solutions exist, such as for a infinite plate [12], or a sphere [13, 14]. Solutions for
free-slip boundaries exist as well [8]. We will focus on the simple case of infinite planes
in this talk.

Using this method allows us to analytically calculate the flow field (u(r)) of a mi-
croswimmer in the presence of a no slip boundary. One typically also wants to calculate
the trajectory of the given active particle. To achieve this task, we can use Faxén’s Law,
which calculates the velocity v and the angular velocity ω of (ellipsoidal) bodies for low
Reynolds number flow due to a externally applied flow field u(r)

v = u (r0) +O
(
∇2 u|r0

)
ω = 1

2∇× u (r0) + Γe× (E (r0) e) +O
(
∇2 (∇× u)|r0

)
,

(2)

where Γ = (1−e2)/(1+e2) (e := a/b is the ratio of half axes) and E(x) =
(
∇u + [∇u]T

)
/2

is the strain tensor. Integrating these equations lets one obtain the trajectory of the mi-
croswimmer.
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Figure 3: Schematic illustration showing all relevant variables used throughout this
handout. A ellipsoidal microswimmer (with half axes a, b) is swimming with
an angle θ with respect to the horizon at height h.

Using other methods Because the finite volume of the body is not accounted for in the
approach described above, methods like the lattice Boltzmann method or other solvers
for the Stokes equation are usually used. The results discussed in this handout are
either obtained using the method of image charges as described in sec. 2 or the lattice
Boltzmann method.

3 Multipole Analysis
In the following we now want to focus on each of the terms in the multipole expansion
of fig. 2 and describe how a swimmer would react to the presence of a no slip wall in
the vicinity. Because of the linearity of the Stokes equation the behaviour of a given
multipole expansion can be obtained by adding each contribution. All the results in this
term by term analysis are taken from ref. [5].

3.1 Force Dipole
The first term of the multipole expansion is the force dipole term. Using the method
described above, we can analytically get the effect of the presence of an infinite wall:

vz = − 3α
8h2

(
1− 3 sin2 θ

)
(3)

θ̇ = − 3α
8h3

(
1 + Γ

2

)
θ +O

(
θ2

)
, (4)

where vz is the velocity towards the wall and θ̇ is the rate of change of the angle of the
particle. For α < 0 (pusher) θ̇ causes the swimmer to align the swimmer parallel to the
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wall. If a pusher has aligned such that it is parallel to the wall, the negative vz causes
it to get attracted to the wall. Pullers (α > 0) on the other hand align perpendicular
to the wall, where in this case vz also is negative, thus the swimmer swims towards the
wall ”head first”.

3.2 Source Dipole
As described in fig. 2 the source dipole is included to model the finite size of the active
particle. In the presence of a wall it leads to a velocity towards the wall as well as a
change in angle according to:

vz = −β sin θ
h3 (5)

θ̇ = 3β
8h4

(
1 + 3Γ

2

)
. (6)

Here vz causes (assuming β > 0) the swimmer to get repelled if it is orientated towards
the surface and to be attracted towards the surface if it is pointed away. The rotational
rate θ̇ acts to point the swimmer away from the surface.

3.3 Force Quadrupole
The force quadrupole enters the expansion if one wants to model the size asymmetry
between the propulsive part of a microswimmer (such as its flagella) and its body. It
is proportional to r−3 also plays a role in the presence of a wall and its effects can be
described by:

vz = γ
sin(θ)
4h3

(
7− 9 sin2 θ

)
(7)

θ̇ = −3γ
8h4

(
1 + 11Γ

4

)
. (8)

For microswimmers with large bodies and short flagella (where γ < 0) one expects an
attraction, if the swimmer is oriented parallel to the wall and vice versa for short bodies
and large flagella.

In the previous part we have seen that the inclusion of different multipole moments in a
model leads to a complex interplay depending on the strengths of each of the coefficients
α, β, γ.

3.4 Rotlet Dipole
Last up in the multipole expansion shown in fig. 2 is the rotlet dipole term. If we look
at a active particle swimming parallel to the wall (θ = 0) we see that the rotation of the
body is given by:

ωz = − 3δ
32h4 (1− Γ). (9)
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The rotlet dipole contrary to the other terms does not cause the body to swim towards
the wall (uz = 0), instead it causes circular trajectories with radii given by:

Rδ = 32h4

3|δ|(1− Γ) , (10)

which is the hydrodynamic explanation of the behaviour seen in E. coli (see fig. 1b).
The radii described by eq. 10 match experimental data well [8].

4 Applications and Results
In the above section we have seen that we can determine the effects of each of the terms
of a multipole expansion separately and get a solution for a given model by adding
up the needed terms. In this section we focus on experimental results, which can be
explained using this method as well as theoretical work which explores the dynamics of
active particle systems in greater detail.

4.1 Attraction of Microswimmers at Planes
As one can see in fig. 1a, the density of microswimmers increases in the vicinity of
planar obstacles. Using the method described in sec. 3 we can investigate the underlying
process analytically. Ref. [15] shows how one can use the reorientation dynamics of
a force dipole model (see eq. 4), stochastic effects and the requirement of cell density
conservation to get to a analytical description of the density. For two planes seperated
by H the distribution in between the plates (y-direction) is given by:

n(h)
n0

= exp
[
L⊥

( 1
h

+ 1
H − h

)]
, with L⊥ = 3γ

64πηD , (11)

where D is the diffusion due to Brownian motion. This equation also matches the
experimental results quite well [15].

4.2 Squirmer Behavior near Boundaries
While the description using point like singularities (as described in sec. 3) is convenient
for theoretical analysis of microwswimmers, it neglects the interactions of an actual
solid body in the fluid. To show an example of a method used to include this additional
detail in simulations we take a look at the work described in ref. [16], where the lattice
Boltzmann method is used to simulate the squirmer model near a no slip wall. To prevent
the squirmer from getting stuck in the wall, the authors implemented a repulsive force
with a cutoff range δc. Figure. 4 shows how the squirmer height varies when it approaches
the planar wall depending on the cutoff distance.

The results show that for small cutoff distances oscillatory trajectories can be seen,
which get smaller for increased δc. The oscillations are the result of the interplay of each
of the multipole expansion terms included in this squirmer and are more pronounced for
pushers than for pullers.
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Figure 4: Distance h from a no slip wall in lattice Boltzmann simulations of the squirmer
model [16].

4.3 State Diagrams
So far we have focused mainly on single trajectories or statistical descriptions of mi-
croswimmer systems. If one is interested in a more abstract treatment of microswimmer-
boundary interactions one could look at the state-space of the system. The tuples (θ, h)
(as defined in fig. 3) represent points in the state-space of a plane-swimmer system.
Such a treatment of a squirmer-wall system is presented in ref. [17], which employs a
extended squirmer model, truncating the Legendre polynomial expansion after the third
polynomial term (the most common squirmer model is truncated after the second term).
The flow field on the surface of the squirmer at spherical coordinate angle θ∗ is given by
the equation:

uFlow, surface (θ∗) = 3
2 (V1(cos(θ∗)) + β2V2(cos(θ∗)) + β3V3(cos(θ∗))) , (12)

where Vn is the n-th Legendre polynomial and β2, β3 are the squirmer parameters (β2
corresponds to the commonly used parameter, see e.g. [9]). The authors also allow for
ellipsoidal body shapes, where the ratio of half axes is subsequently labeled A.

The dynamics of the system are then described by

ḣ = Fh(h, θ) and θ̇ = Fφ(h, θ), (13)

where Fh and Fφ are determined from numerically solving Stokes equation by using the
method of image flow (similar to sec. 3). To determine when a swimmer is ”captured”
(or scattered), we can solve the equations θ̇ = 0 and ḣ = 0 in turn giving us the fixed
point problem Fh = Fθ = 0 according to eq. 13, which can be solved using the Newton-
Raphson method for finding roots. Solving these equations for different values of β2
and β3 we get a fixed point plot shown in fig. 5a. The results show us that using the
method of image flow enables one to get a abstract picture of the state space of swimmer
boundary interactions. Compared to methods focusing on single trajctories of swimmers,
which we have discussed in the above sections, this abstract analysis shows how whole
regions of state space can be categorized.
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(a) Plots showing the fixed points of a squirmer-
wall state space. The upper row presents
the steady-state angle θ (color specifies the
value of the fixed points in radians). The
second row represents the fixed point height
h. The last row gives the largest real part
of the linear stability eigenvalue associated
with the fixed point [17].

(b) Plot showing the state space trajectory for
A = 2, β2 = 6, β3 = −2. The trajectory
converges to a limit cycle, meaning that it
converges to one particular point although
never quite reaching it [17].

5 Non-Hydrodynamic Effects
During the course of the talk/handout we have only focussed on the hydrodynamic inter-
actions between swimmer and boundary. Only considering the hydrodynamic interaction
often gives good agreement to experiments. But we have to take into consideration a
lot of other interactions if we want the complete picture. Examples of interactions in-
clude, but are not limited to adhesion of bacteria to surfaces, electrostatic polarity of
a swimmer, chemical interactions (e.g. for electrophoretic swimmers) the rheology or
of a biofilm comprised of many microswimmers and many other effects [18]. Biological
behaviour also plays a role, e.g. some bacteria change their morphology once they start
colonizing a surface to form a biofilm.

As microswimmers get closer to a given obstacle, the specific surface properties of
the body play an important role. For example the flagella of a E. coli could come into
contact with the boundary or the cilia of Chlamydomonas collide with a obstacle causing
it to change its orientation [19]. This detail of real-world microswimmers is certainly
missing in a purely hydrodynamic description of swimmer-boundary interactions and
would have to be included in a complete description.

6 Summary
The presence of boundaries alters the behaviour of microswimmers greatly. In particular
we have seen that a planar obstacle causes a microswimmer to change its orientation and
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its distance relative to the surface of the obstacle. The linearity of the Stokes equations
allowed us to formulate the effect of a boundary using the method of image flow for each
of the terms of a multipole expansion separately and build up the solution of a given
model by linear combination of those terms. The change in orientation and the velocity
of a swimmer can be determined using the so called Faxén’s law, which can be applied
to spherical and ellipsoidal bodies.

This far-field approach can predict if and how, given a specific initial configuration,
a active particle gets attracted to a planar surface. The approach helped to explain
behaviour observed in experiments of motile E. coli, where bacteria were seen aggregating
near walls and swimming in circles.

Using a model better suited to investigate the behaviour in the near-field (the lattice
Boltzmann method), one could see that squirmers swim towards planes in a oscillatory
trajectory, where the period and amplitude was sensitive to the cutoff used in a repulsive
force keeping the body from intersecting with the plane. This shows that one has to
be careful in selecting the cutoff of repulsive forces in lattice Boltzmann simulations of
microswimmers as it has a big effect on the overall trajectory. In other words if one uses
a repulsive force, it becomes a physical that needs to be determined precisely.

In an analysis of the state space behaviour of a extended squirmer model, one could see
that for certain parameters, fixed points corresponding stable trajectories exist. Using
this method of analysis with fixed points it could also be shown that limit cycles of state
parameters can emerge near unstable fixed points.

The influence of non-hydrodynamic interactions was also briefly discussed. It became
obvious that a description of a swimmer-obstacle system can not be considered complete
without including other types of interaction such as steric, chemical, behavioural or
geometric interactions. If one is interested in a analysis of swimmers in a far-field
approximation (even as distances get as low as the body length of the microswimmer) a
pure hydrodynamic treatment is still a good approximation and gives surprisingly good
agreement with experiments.
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