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Introduction

Due to its inherent ability for local refinement, the Finite Element Method (FEM) is useful for systems
which need a high local resolution but at the same time should be modeled on experimental length
scales. Electroosmotic flow (EOF) through a nanopore can be such an application. The length of
a nanopore could be on the order of µm with a Debye length on the order of nm. Describing EOF
is analytically possible in certain limits for the salt concentration and for some system geometries in
thermodynamic equilibrium, where the continuum electrokinetic equations are equivalent to PoissonBoltzmann theory. Examples are the Smoluchowski limit with a high salt concentration and a small
Debye length or the Hückel limit with a small salt concentration and therefore a large Debye length.
For medium salt concentrations, when the Debye length is on the order of the pore diameter, there
are no analytical solutions. The current and flow are surface governed in this regime. To get insights
through experiments is also not easy because of the tiny length scales involved. In the following
handout and the corresponding talk, the theory of EOF through a nanopore is reviewed, experimental
systems are described, and a Finite Element description is given. The advantages and disadvantages
of FEM are summarised to give an idea about the application domain of this method. Some results
obtained by FEM are shown.
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Electroosmotic flow and Electrophoresis

If an electric field E is applied across an uncharged nanopore immersed in an electrolyte, the ions (such
as potassium and chloride) conduct a current I. If S is a surface area in the pore, the current can be
written as a function of the ionic fluxes JK + and JCl− [2]
Z
I = NA e (JK + − JCl− ) · dS,
(1)
S

where NA is the Avogadro constant and e the elementary charge. JK + is orientated in the field direction
and JCl− against, which is why both contribute to the electric current. The flux of ions through the
pore is mostly caused by the migrative term, which depends on the sum of the ionic concentrations
cK + + cCl− . The water molecules are getting orientated slightly in this configuration due to their
permanent dipoles, but only the ions are moving.
With a charged nanopore, something else happens in addition. Beside the charged ions, also the
water molecules are moving through the pore, the whole electrolyte is moved and experiences a flow
through the pore with the flow rate Q and the velocity u. The flow rate can be written as
Z
Q=
u · dS.
(2)
S

This flow of the electrolyte through a charged pore, driven by an external field, is called Electroosmotic
flow. In Fig. 2 a simplified sketch of EOF is shown, which uses several assumptions and approximations.
In the following these are going to be explained.

2

Figure 2: Sketch of EOF and an electric double layer between two charged surfaces. E introduces an
external driving field. The potential φ in the double layer is sketched (obtained through Debye-Hückel
approximated Poisson-Boltzmann theory for the Gouy-Chapman diffusive layer) [3].

2.1

Mean Field Theory of Electroosmotic flow

Due to dissociation of surface groups, the surface of a glass nanopore is charged negatively in water.
Positively charged K + ions are attracted to the glass surface and negatively charged Cl− are repelled.
The concentration of K + at the surface is increased. Due to the increased concentration, diffusive forces
push the ions away from the surface, in equilibrium exactly cancelling the electric attraction. Through
this mechanism, a so-called diffuse layer is formed. The diffuse layer contains an equal and opposite
charge to the surface and screens the electric field emanating from the surface. The combination of
the surface charge layer and diffuse layer is called electric double layer. There are different theories
describing the electric double layer and its charge density distribution, which will be discussed in Sec.
2.2. In the following, a set of equations is to be set up to describe EOF. For this a mean field picture
is used. The mean field picture has its origin in the Liouville equation of the system. This equation
is highly dimensional because of the high number of ions in the solution and therefore impossible to
consider directly, but it describes the system exactly. The approach is to average all influences of
the other ions on one ion and to assume that all ions behave like the selected one. The electrical
potential of the system is then determined by a mean charge density which only dependends on the
ion distribution. All non-coulombic interactions between ions, and ions and solvent are neglected. The
validity of this approximation is to be discussed later. General speaking, the electrolyte is positively
charged near the surface with a charge density ρ (y) of the diffusive layer, depending on the distance y
from the surface, and neutral after a particular distance. By now, the free charge density in the mean
field picture is only known formally [4, 5]:
X
ρ (y) =
zi eci (y) ,
(3)
i

with valency zi = ±1, elementary charge e, and the concentrations ci (y) of K + and Cl− , respectively.
The potential in the diffuse layer can be calculated using the Poisson eq.:
∇ · ( (y) ∇φ(y)) = −ρ(y),
with  = 0 r (y). Substituting Eq. 3 in Eq. 4, the Poisson eq. reads
X
∇ · (∇φ) = −
zi eci .
i
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(4)

(5)

When introducing an electric field E (x), respective a potential ψ (x) across the pore, a Coulomb force
f (x, y) = ρ (y) E (x) acts as body force on the charge density of the double layer. The body force
causes a fluid flow via viscous momentum transfer. The potential of the electrolyte reads Φ (x, y) =
φ (y) + ψ (x). For the applied potential ∇2 ψ = 0 holds in the electrolyte because of the absence of
sources. For  = const, ψ only gives a boundary condition for the electrodes. Thus, Eq. 5 remains
valid for the whole electrolyte potential Φ with the assumption  = const. Solving the Poisson eq. for
φ with explicit given boundary conditions for the electrodes is equal solving the Poisson eq. for Φ with
implicit boundary conditions due to ψ.
A Newtonian fluid flow is described by the Navier - Stokes equation. For incompressible fluids, and
in the low Reynolds number regime (ions or colloids in fluids in which viscous forces dominates), the
Stokes eq. can be used
η∇2 u = ∇p − f ,
(6)
with the dynamic viscosity η, flow velocity u, external pressure p, and the external body force f . The
contribution of K + and Cl− ions to the fluid mass is negligible if the charged species contribute only
a few percent to the total mass of the solution, which is the case here. For incompressible fluids also
the following continuity eq. holds:
∇ · u = 0.
(7)
The external body force drives a flow in the direction of the external field. The Coulomb force
f (x, y) = ρ (y) E (x) can be substituted directly in Eq. 6 because in the stationary case, the Coulomb
force on the double layer is equal to the opposite orientated friction force in the solvent. Newtons 3rd
law (actio=reactio) says, that the local friction force on the solvent is equal to the friction force on the
double layer and therefore equal to the Coulomb force.
The potential, concentration, and velocity fields can be used to calculate the ionic fluxes Ji
Ji = −Di ∇ci − µi zi eci ∇Φ + ci u ,
{z
} |{z}
|
f
Jdif
i

(8)

Jadv
i

with the species mobilities µi and the diffusion coefficients Di . The flux consists of a diffuse contribution
f
Jdif
and an advective contribution Jadv
i . The diffuse flux itself consists of the Fickian term and the
i
migrative term. The Fickian term describes the diffusion of ions due to local concentrations variations;
they flow from regions with high concentration to regions with low concentrations with a diffusion
coefficient Di . The migrative term describes the influence of the field; ions with a charge zi e flow
from regions with high potential to regions with low potential with a mobility µi . The advective flux
describes the motion of the ions due to the underlying fluid velocity field. After the double layer is
formed, the system is in equilibrium in the y direction. Then, there is no net flux in y direction because
the diffuse and migrative term cancel. The flux due to the externally applied electric field takes place
in the x direction. In a system without sources or sinks of ionic species, the flux also fulfils a continuity
equation:
∂ci
= −∇ · Ji .
(9)
∂t
For a stationary solution, ci is stable in time, the time derivative can be set zero. To summarise: the
stationary mean field electrokinetic eq. for a species i are given as following:
0 = ∇ · (Di ∇ci + µi zi eci ∇Φ − ci u)
X
∇2 Φ = −
zi eci

(10)
(11)

i

η∇2 u = ∇p +

X

zi eci ∇Φ

(12)

i

(13)

∇ · u = 0.
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In general, this set of non-linear coupled partial differential equations can only be solved numerically, for
example using the FEM. Due to the mean field approximation neglecting all non-coulombic interactions
between ions, as well as ions and solvent in the electrolyte, the equations hold only for systems with
moderate salt concentrations of monovalent ions without permanent magnetic moments in aqueous
solution at room temperature [4, 6]. The Coulomb interactions between the ions are described by the
mean potential. If one picks an ion in the electrolyte, the ion only sees the mean potential (which
is formed by all other ions, especially by the flat, long distance part of the Coulomb potential), not
the Coulomb well of each ion in the electrolyte. When the density in the electrolyte gets high, ions
frequently reside inside each others Coulomb wells and the mean-field approximation breaks down.
The valency of ions and the permittivity of the solvent are important because of their influence on the
Coulomb potential of every ion. A high permittivity attenuates the Coulomb potential of each ion,
therefore the mean field theory is valid for higher concentrations in fluids with a high permittivity.
Water has a relative permittivity of around 80. A high valency amplifies the Coulomb Potential of
each ion and reduces the validity of the mean field potential to smaller concentrations. Assuming a
continuous charge density and a continuous surface charge means also neglecting the discrete nature
of ions and assuming point like particles, which can overlap. The parameters µi , Di , η, and  are
assumed spatially homogeneous. Especially the solvent’s permittivity could depend on the position,
since water is highly polar and could be oriented depending on the field, also the ions could change
the local permittivity [7]. As mentioned, the electrolyte must be incompressible and in low Reynolds
number regime.

2.2

Gouy-Chapman layer

To get a further understanding of the electric double layer, especially of the fields ci , ρ, φ, we will discuss
some theoretical models in the following [7]. These assumptions are not used for the FEM simulations
shown in the talk, but should give a better insight into the topic. The Gouy-Chapman double layer
describes the diffuse layer as a Boltzmann distributed, continuous charge density, consisting of pointlike particles.
To write down the charge density, one assumes that the concentrations ci for K + and Cl− are
Boltzmann distributed1 :


−zi eφ (y)
,
(14)
ci (y) = ci0 exp
kB T
with the bulk concentrations ci0 and temperature T . c = cK + + cCl− is called salt concentration in the
following. Assuming the same bulk concentrations cK + 0 = cCl− 0 and z = 1, Eq. 3 can be written as:


ze
ρ(y) = −2zecKCl sinh
φ (y) .
(15)
kB T
Substituting Eq. 15 in Eq. 4 leads to the Poisson-Boltzmann equation. In the Debye-Hückel approximation keφ
 1, the charge density is approximated as
BT
p(y) ≈ −2

z 2 e2 cKCl
φ(y).
kB T

(16)

At room temperature, the approximation is good for |φ| ≤ 25 mV. For  = const, the solution of the
Poisson-Boltzmann eq. with the conditions φ(surf ace) = φ0 , φ(y → ∞) = 0 in the Debye-Hückel
approximation can be written as


1
φ = φ0 exp −
y .
(17)
λD
1 For

U = zi eφ also only electrical work is assumed.
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In the Debye-Hückel approximation, the potential is decreasing
exponentially with the distance from
q
the surface with a characteristic length scale of λD = 2z2ke2BcTKCl , the so-called Debye length. Analytical expressions are known for the integrals Eq. 1 and 2 in the case of an infinite cylinder channel
and yield [2]
I = πa2 Dκ2 Ex
(18)
Q=−

πa2 I2 (κa)
E x σS ,
µκ I1 (κa)

(19)

√
where a is the cylinder radius, κ ∼ cKCl the inverse Debye length, σS the surface charge, Ex the
axial electric field, and In the nth-order modified Bessel function of the first kind (for the diffusion
constant: D ∼ DK + ∼ DCl− , respective for the mobility µ). As demonstrated earlier, the DebyeHückel approximation is only valid for low surface charges. The Poisson-Boltzmann theory itself is not
valid for higher surface charges, due to the approximation of point-like particles, large ion concentration
are predicted for high surface charges. Therefore, the Poisson-Boltzmann theory is valid in the frame
|φ| < 100 mV.

3

Finite Element Method

The Finite Element Method is used to solve the set of nonlinear, coupled partial differential equations
10 - 13. In the following a Newton iteration scheme is described to solve this set of differential equation
approximately [8]. First Eq. 10 - 13 are going to be reformulated in the weak formulation. To do
this, both sides of the equations are multiplied by a test function ω and integrated over a domain Ω.
The fields c, Φ, u have to satisfy the weak equation. To illustrate ths procedure, we will develop the
weak form for the Poisson equation Eq. 11. Multiplying both sides of Eq. 11 by a test function ω and
integrating over the whole domain Ω leads to:
Z
Z
ρ
(20)
ω∆ΦdV = −
ω dV.

Ω
Ω
Integration by parts gives the weak form of the Poisson equation:
Z
Z
Z
ρ
∇ω∇ΦdV =
ω dV +
ω∇ΦdA.

Ω
Ω
∂Ω

(21)

Now the unknown function for the potential Φ (r) and the charge density ρ (r) are expanded in a finite
number of choosen basis (ansatz) functions bk (r)
X
X
Φ (r) =
Φk bk (r) , ρ (r) =
ρk bk (r) .
(22)
k

k

This isn’t exact since the number of basis functions is finite but necessary to carry out the calculations
on a computer. Using the Galerkin approach, the test function ω is expanded into the same set of
basis functions. Galerkin then states that the weak form holds for every test function of the type:
X
ω=
ωi bi (r) .
(23)
i

Substituting all expansions Eq. 22, 23 into Eq. 21 leads to:
Z
Z
X
X
X
ρk /
bi (r)bk (r)dV +
Φk
∇bi (r)∇bk (r)dV =
Q(bi , bk ) .
k

|

Ω
P

Ω

k

{z

k

K̄ik Φk

}

|

k

{z

fi (ρ)
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}

|

{z

Qi

}

(24)

The last term on the right hand side belongs to the integration over ∂Ω in the weak form and is used
to introduce boundary conditions. For all components i, Eq. 24 gives a system of linear equations
K̄Φ = f (ρ) + Q.
When applying this procedure to the Eq. 10 - 13 the following system is obtained

  
    
K̄ 1 (Φ, u) 0
0
0
c
0
Q1

0
K̄ 2
0  Φ −  f 2 (c)  − Q2  = 0 .
0
0 K̄ 3
0
u
Q3
f 3 (Φ, c)
{z
}
|

(25)

(26)

F ([c,Φ,u])

This system is fully coupled and non-linear since K̄ and f can depend on the solution of the other
equations. K̄1 represents Eq. 10, K̄2 and f2 Eq. 11, and K̄3 and f3 correspond to Eq. 12 and Eq. 13.
The approximated solutions, namely all expansion coefficients, are represented in Φ, c, and u. Eq. 26
can be solved with the following Newton scheme:
  

 
cn
cn+1 − cn
cn
DF Φn  Φn+1 − Φn  = −F Φn  ,
(27)
un
un+1 − un
un
where DF is the total derivative of F. Now the solutions for Φ, c, and u in the electrolyte are from
interest. The whole domain is partitioned into small elements of fixed size. This could be intervals
in one dimension or triangles / quadrilaterals in two dimensions or tetrahedrons / cuboids in three
dimensions. In this mesh, the iteration scheme Eq. 27 is carried out, using the previous step’s solutions
for Φ, c, and u. Using homogeneous fields as initial guess, Eq. 27 converges most often. How fast or
whether the iteration scheme converges at all depends on the guessed initial solution, the boundary
conditions, and the mesh. In practice, if the simulations do not converge already, one carries out a series
of simulations, slowly ramping up the boundary potentials and uses each simulation’s result as initial
guess for the next. How accurate the results are, depends on the size of the mesh elements but also on
the chosen basis functions. Typically piecewise polynomial ansatz functions are used, since they are
cheap to evaluate on a computer and exact integration algorithms are readily available. Defining each
piecewise polynomial to be zero on all but one mesh element makes the resulting discretised equation
system sparse. By increasing the degree of the polynomials, higher accuracy can be achieved. If high
accuracy only at a particular positions is of interest, it is possible to refine the mesh locally. This gives
accuracy in positions of interest but saves computational time. The high flexibility, accuracy, and
efficiency make FEM based techniques a great alternative for modelling systems with wildly varying
length scales. However, there are some weaknesses, which we will discuss later.
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FEM Simulations of the Nanopore

In the following some results obtained by FEM simulations of [2] are shown. The considered system
is shown in Fig. 3. To get an impression how FEM simulations are done in practical, the simulation
procedure is explained. The triangular mesh has a nine level boundary layer at CDEF to resolve
the electric double layer. The first boundary directly at the surface has a thickness of about ∼ λ10D .
Refinements are made inside the pore and near the corners C, D, E, and F. First, a one dimensional
simulation is done along BCFG with the boundary conditions Φ = 0 V at B, Φ = V0 at G, a surface
charge σS at C and F, and a concentration ci = c0 at B and G. The simulation gives a one dimensional
solution Φ1D , ci,1D , and the pressure p1D along BCFG. In the subsequent two dimensional simulation, these results are used as Dirichlet boundary conditions along BCFG. Additionally, the boundary
conditions Φ = 0 V along AB, Φ = V0 along HG, σS on CDEF, and ci = c0 on AB and HG are
7

defined. Different simulations with fixed c0 = 100 mM, and variable V0 , σS , and α are carried out,
resulting in solutions for Φ, ci , u, and p. To carry out the flux and flow integral Eq. 1 and 2, the
surface area S is set to span the cross section of the pore, halfway through it. All results are rotationally symmetric fields around the axis AH. When increasing the driving voltage, the expectation
is a linearly increasing current and flow through the pore under certain circumstances. Simulations
have shown that this is not the case. For high, positive voltage, the current can be smaller than
expected and the flow larger. For high, negative voltages, the opposite can be the case; higher current
and lower flow. This effect is called rectification. The so-called rectification ratios are introduced
I (−1V) Q (−1V)
,
.
I (1V)
Q (1V)

(28)

For different taper angles α of the pore and
surface charge densities, FEM simulations give
the results shown in Fig. 4. As depicted,
the rectification depends, among other things,
on the taper angle and the surface charge density. For a high taper angle, a strong rectification is possible. A high rectification ratio means, that the nanopore behaves like a
microfluidic diode. In terms of the flow, for
large applied voltages, the flow is increased
for positive voltages and blocked for large negative voltages (the opposite for the current).
This effect can be explained due to concentration polarization (CP). If the salt concentration results in a Debye length of the orFigure 3: Simulated geometry of a nanopore [2].
der of the pore tip, the pore becomes permselective towards the K + cations.
Cl− anions are repelled from the surface.
In this
regime, the transport through the pore is surface governed. The ionic current leads to CP.
In Fig. 5, FEM simulations of the salt concentration with variable surface charge and driving voltage
for a cylinder with a vanishing taper angle and a cone with a taper angle of 0.03 rad are shown.
Considering the cylindrical pore (Fig. 5 (a)), symmetrical CP is achieved for a non-vanishing surface
charge. For a driving voltage of −1V downstream of the pore, a K + flux flows downwards through
the pore. The concentration gradient inside the pore is small because of the homogeneous migrative
flux. Upstream of the pore and outside of the permselective region in the upper bulk, a concentration
gradient exists due to the concentration difference between the pore and bulk. This gradient decreases
approaching the pore because there, the concentration increases and the difference between the bulk
concentration decreases. The gradient leads to a Fickian flux towards the pore, which gets weaker
approaching the pore. Because of the decreasing Fickian flux, only a few K + ions in the upper bulk
are transported to the pore tip. The migrative K + flux also transports K + ions away from the
tip. Therefore, the K + concentration at the upper pore region is lower than in the bulk. Outside
of the permselective pore, electroneutrality requires the same densities for K + and Cl− , therefore
enrichment and depletion of K + is mirrored in enrichment and depletion of Cl− . The upper pore
region is depleted. Downstream of the pore, in the lower bulk, a Fickian flux points away from the
pore, which is decreasing away from the pore. Because of the migrative K + flux pointing downwards
and only a weak Fickian K + flux pointing away from the pore, the region downstream gets enriched
with K + and due to electroneutrality the total salt concentration increases. In the pore center, the
stationary migrative flux results in a total salt concentration, which is nearly equal to the bulk salt
concentration. Depletion and enrichment aren’t reaching far into the cylindrical pore. Switching the
driving voltage results in a position switch of depletion and enrichment region.
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For a conical pore (Fig. 5 (b)), this is
not the case. The CP becomes asymmetric
due to the increased electric field magnitude
at the smaller entrance. A positive voltage
drives the pore into salt depletion (Fig. 5
(b) blue line and Fig. 5 (c)) and a negative
voltage (Fig. 5 (b) red line and Fig. 5 (d))
enriches the pore. A depleted pore leads to a
low conducting state and a low current. Due
to the low conductivity (high resistance), a
high electric field lies across the pore, which
drives a large EOF. Analogously, a salt enriched pore conducts a large current, corresponding to a small flow. In the surface
governed regime, with higher surface charge
density, CP gets stronger because the pore
gets more permselective towards K + . This Figure 4: Simulated Rectification Ratios of current and
leads to a stronger rectification in the case flow for different taper angles as a function of the surface
charge density [2].
of an asymmetric pore.

Figure 5: Concentration polarization in a nanopore. (a,b): FEM simulations of the salt concentrations as a function of the axial position (middle axis through the pore) for different surface charge
concentrations, geometries (cylinder and cone with taper angle of 0.03 rad), and voltages. Vertical,
doted lines indicate the extend of the pore, the left side is the lower side of the pore with ±1 V.
(c,d): Spatial variation of the salt concentration cK + + cCl- for the conical pore and a surface charge
C
of −0.03 m²
[2].
9

5

Weaknesses of the FEM

There are some general difficulties, that the FEM suffers from. Time dependent problems including
moving boundaries are exceedingly expensive due to the need for continuous remeshing. The precision
of a simulation is strongly correlated with the underlying mesh. In a one or two dimensional case,
constructing a mesh is fairly easy because a number of algorithms for this task are available. When it
comes to three dimensional simulations with complex geometries, the mesh has to be created manually.
In the engineering sector the meshing is often outsourced to countries like India. Especially in mixed
geometries, the mesh has to fit the geometry. This causes problems especially at the border of two
different geometries, such as a cylinder inside a cuboid. Experience and a knowledge of the simulated
system is needed to set the right mesh refinements. Beside this, there are some conceptional problems
which depend on the equation discretisation. In the case of Eq. 10 - 13 the discretisation with the
standard body force leads to spurious fluxes and flows [4]. These are nonphysical fluxes and flows which
can affect the simulation results. Due to the discretisation, near and exact cancellations of fluxes and
flows are not possible. For instance, in a system in thermodynamic equilibrium with vanishing fluxes
and flows, the FEM simulation results of the velocity field should be zero in every point. This leads to
a condition for the degree of the ansatz functions for the concentration [c] and the potential [Φ]. Zero
ionic flux and a zero velocity field Eq. 8 will most likely only be exactly fulfilled with
[c] − 1 = [c] + [Φ] − 1.

(29)

[Φ] − 2 = [c].

(30)

Analogously for Eq. 11:

These two conditions can only be fulfilled simultaneously with [c] = −2 and [Φ] = 0. A negative
polynomial degree is not possible and a constant
potential can’t fulfil the weak form. Therefore
fluxes and flows (similar issues for pressure gradient and external force in Stokes’ equations) will
only vanish approximately in the FEM simulation. Unfortunately, even small errors of this kind
lead to significant artificial fluxes and flow due
to numerical instabilities. There are two ways to
deal with that kind of problem. Increasing the
mesh resolution is possible because polynomials
of different degree can better cancel each other on
smaller elements. Unfortunately, the necessary
refinement is higher than the needed refinement
to resolve the physical phenomena. This method
means an increasing computational effort. Fig.
6 shows a meshed nanopore with a local refined
coarse mesh, fine enough to resolve the electric
double layer on the left and a fine mesh which
has the necessary refinement to suppress spuri- Figure 6: Meshed nanopore with a coarse mesh
ous effects. The resulting equation system has (left) and a fine mesh (right) [4].
26.895 degrees of freedoms for the coarse mesh
and 367.431 degrees of freedoms for the finer mesh.
Another method is to add terms to the electrokinetic equations to improve numerical consistency.
To suppress spurious flow, the driving force can be modified [4]. A new modified driving force reads:
X
f =−
(kB T ∇ci + zi eci ∇Φ) .
(31)
i
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This driving force vanishes in equilibrium (as can be seen by setting Eq. 8 to zero, with vanishing
velocity field). Off equilibrium, the same artefacts exist, but are harder to quantify. The introduced
concentration gradient is absorbed into the pressure gradient of Eq. 12. In Fig. 7 results from several
FEM simulations of EOF through a nanopore are shown: two with the coarse mesh of Fig. 6 and
two with the fine mesh of Fig. 6. The coarse and fine simulations are carried out with the standard
coupling force and the modified force described above. As can be seen, the improved coupling with
the coarse mesh leads to the same results as traditional coupling with the fine mesh. Modifying the
driving force is an approach to limit spurious flows without increasing the computational effort due to
a significant finer mesh. The unmodified coupling on a coarse mash leads to incorrect results.

Figure 7: FEM simulation of EOF through a nanopore with variable driving voltages. Different
approaches are used for mesh and coupling of the body force. Limiting spurious flows is possible with
a finer mesh or an improved coupling. A coarse mesh with traditional coupling yields incorrect results
due to spurious flow [4].
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Conclusion

The Finite Element Method is a great approach for simulating systems on experimental length scales
with locally refined resolution. This was shown in the case of electro-osmotic flow through a nanopore,
which is difficult to investigate experimentally and by other standard simulations methods which (most
often) are limited to either high resolution or a large simulation domain. In one or two dimensional,
stationary situations, FEM shows its advantages and gives accurate results even for complex geometries, with a comparably small computational effort. However, FEM is not a “black box” which gives
consistent results in any case. When setting up the mesh, a reasonable knowledge about the solution
is necessary. Due to the possibility for numerical instabilities in some cases, the results have to be
critically examined.
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