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Abstract. Results on the structural details of Kirkwood-Buﬀ integrals obtained from the optimization
of ionic force ﬁelds are presented. We have proposed and make use of an optimization scheme for ionic
force ﬁelds, which is based on the modiﬁcation of the cation-anion mixing rules, the calculation of the
thermodynamics properties of various monovalent salt solutions according to the Kirkwood-Buﬀ theory
of solutions and the comparison to relevant experimental ﬁndings. Here, we complete and extend our
calculations and analysis as we focus on the technical details of this optimization procedure and the case of
ﬂuorides, which have been proven diﬃcult to handle. Important insight is given on the dependence of the
radial distribution functions, the short-ranged potentials of mean force, and the Kirkwood-Buﬀ integrals
of the salt solutions on the diﬀerent scaling factors in the mixing rules. Speciﬁcally, the way the structural
details and inherent characteristics of the above properties are aﬀected by the quantitative and qualitative
diﬀerences in the mixing rules for a variety of common biologically relevant monovalent salts is mainly
addressed. We conclude on the eﬃciency of this scheme, again with a focus on the ﬂuorides. In the end, we
provide a variation of the ion-pair mixing rules scaling factors with salt concentration to identify regimes for
which diﬀerent mixing rules prefactors lead to well-optimized force ﬁelds. All results are obtained through
Molecular Dynamics simulations using previously optimized force ﬁelds for the monovalent ions.

1 Introduction
The quest for well-optimized classical ionic force ﬁelds is
a subject of intense research over the last years [1–3].
These can be combined with classical atomistic simulations to model ionic solutions [4], also in the context of
biomolecules [5, 6]. Classical ionic force ﬁelds may not be
as accurate as quantum-mechanical–based ones, they are
though computationally less demanding. In this respect,
classical simulations can span larger spatial and temporal
scales than quantum-mechanical ones. Commonly, classical pairwise additive non-polarizable ionic potentials keep
the parameter space small and are combined with explicit water models, without any additional assumptions
on the solvent-mediated forces involved in the system [7,8].
Within such a scheme, the atoms are characterized by partial Coulombic point charges, excluded-volume sizes, and
dispersion attractions. Speciﬁcally, for obtaining pairwise
ionic potentials, various optimization schemes have been
proposed over the years, some of which are based on singleion properties [9, 10]. Others take into account ion-pair
a
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properties [11], for which a typical approach is the calculation of the thermodynamic properties of the salt solutions [2, 12] and the comparison to relevant experimental
data. A good comparison results in well-optimized potentials for ions in solution. In the end, the question that
always arises is how transferable the derived ionic force
ﬁelds are.
A method that has been recently proven eﬃcient for
the optimization of pairwise additive ionic potentials is
the Kirkwood-Buﬀ theory of solutions (KBT) [13]. The
Kirkwood-Buﬀ integrals are directly related to the structural details of the ionic solutions and can be mapped to
relevant experimental observations. KBT has been often
used before to realize the solution thermodynamics of mixtures of various cosolutes and ions with water [14–18]. In
a two-component system, like monovalent salt solutions
in water, the derivation of properties such as the activity derivatives of the solutions is straightforward [2, 19].
Such an approach has recently been used together with
modiﬁed ion-pair mixing rules [19]. Within that approach
the cation-water mixing rules have not been modiﬁed as
in similar studies [2,20,21], since the bare water-ion interactions are not expected to change due to the presence of
other ions.
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We extend here our calculations and the analysis of the
ion force ﬁeld optimization scheme based on the KBT and
the cation-anion modiﬁed combination rules we have previously proposed [19]. In our previous work, we had separately modiﬁed either the cation-anion interaction term or
the cation-anion eﬀective radius for a series of monovalent
salt solutions. Here, we look deeper into more technical
details, such as the connection of the scaling prefactors
in the combination rules to the structural details of the
Kirkwood-Buﬀ integrals of the solutions or the potentials
of mean force for the ion-pairs. We look again brieﬂy at
various salt solutions, but focus more on two of the ﬂuorides, NaF and KF. We had previously shown that in
some cases, such as KF, the modiﬁcation of the cationanion eﬀective radius can be proven more eﬃcient for the
optimization of the corresponding ionic force ﬁelds. We
investigate whether the trends we observed are common
to other salts as well, using NaF as another probe. As
a ﬁnal remark on the transferability of the ionic force
ﬁelds for ﬂuorine, we look at the concentration dependence of the activity derivatives obtained through our
calculations and compare to the relevant experimental
data.
The paper is organized as follows: in sect. 2, we present
the methodology used in this study and the force ﬁeld
parameter space entering our simulations. In sect. 3 we
discuss the structural and interaction details of the ionic
solutions, and the corresponding Kirkwood-Buﬀ integrals,
as well as the eﬀect of the scaling prefactors in the combination rules speciﬁcally for two of the ﬂuorides. We summarize our conclusions in sect. 4.

2 Methods
2.1 Molecular Dynamics simulations
We perform atomistic Molecular Dynamics (MD) simulations, using GROMACS as the simulation package [22,23].
All calculations are done within the (N, P, T ) canonical ensemble, for which the particle number N is constant, as well as the pressure P = 1 bar and temperature T = 300 K. We have used a Berendsen barostat and
thermostat [24] and a cubic simulation box with an edge
length of L = 4 nm, which is periodically repeated in all
three dimensions. The initial ionic conﬁgurations are generated from the cubic box of equilibrated water molecules
by randomly replacing those molecules and inserting ions
until the desired concentration is reached. Our MD simulations include explicit ions and SPC/E water [25], within
which oxygen and hydrogen atoms are connected by rigid
intramolecular bonds and carry partial charges. The initial total number of water molecules was 2180. The threedimensional particle-mesh Ewald sum was used as a summation method for the electrostatics [26], employing a grid
spacing in Fourier space of 0.12 nm in all three directions.
The interpolation we have used is of the order of 4 together with a distance cutoﬀ of 0.9 nm for the real-space
interactions, and a cutoﬀ of 10−5 for the relative strength
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of the electrostatic interaction. The typical MD simulation time was in the range of 100–150 ns. We have looked
at the NaCl, NaBr, NaI, KCl, CsCl, and CsI salt solutions
and focused speciﬁcally on KF and NaF. A typical concentration used is 0.3 m (mol/kg) corresponding to about
0.3 M (mol/l). In this case, the water box includes 12 anions and 12 cations. For the variation with concentration
we vary the number of anions and cations. The initial cubic simulation boxes for each salt solution and varying
concentration were generated by randomly placing water
molecules with ions starting again from pure solvent boxes
of a length between 4 nm and 6 nm.

2.2 Ionic potentials and mixing rules
In the MD simulations, the ions are modeled as charged
and non-polarizable spheres. A 6-12 Lennard-Jones (LJ)
potential is used here to model the interactions between
the ions. The non-electrostatic interaction for atoms i and
j at a distance rij is modeled by a pairwise Lennard-Jones
(LJ) interaction of the form

VLJ (rij ) = 4εij

σij
rij

12


−

σij
rij

6 
.

(1)

For each pair of atoms or ions, there are two free parameters, the eﬀective radius σij and the interaction term εij .
For the SPC/E water used in our simulations, the LJ parameters are εO = 0.6500 (kJ/mol) and σO = 0.3169
(nm) and are assigned only to the oxygen molecule of
water, without any parameters related to the two hydrogen atoms. A charge of qO = −0.8476q/e and qH =
+0.4238q/e is assigned to the oxygen and hydrogen atom
of the water molecule, respectively [25]. Typically, for the
cross interactions (i = j) in the LJ potential, mixing rules
√
are used. The common mixing rules are εij = εii εjj , and
either σij = (σii + σjj )/2, deﬁning the Lorentz-Berthelot
√
(LB) mixing rules, or σij = σii σjj , forming the geometric mixing rules [27].
The Lorentz-Berthelot combination rules are used
here. We have eﬃciently used these in similar studies for
the calculation of thermodynamic properties of salt solutions [12, 19]. It was also previously shown that including
an additional scaling prefactor in the ionic mixing rules
can more adequately describe single-ion properties and
ion-pairing properties [2,19,20]. In this respect, we choose
a triplet of optimized properties {σ, ε, λk }, where k stands
for ε or σ. The scaling factors λε and λσ are introduced
√
for the LJ parameters according to ε+− =λε ε++ ε−− and
σ+− =λσ (σ++ + σ−− )/2, which describe deviations from
the usual Lorentz-Berthelot mixing rules. Only the ionpair mixing rules are modiﬁed. As the determination of
ion-water interaction parameters from single-ion properties was quite robust, we did not modify the ion-water
interaction parameters as was done in previous KBT modelling studies [2, 20, 21].
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Table 1. Parameters for the LJ potential for the ions studied in this work. The parameters for Na+ , Cl− , and Br− are taken
from refs. [28, 29]; the rest from ref. [12].
σiO (nm)
εiO (kJ/mol)

Na+
0.2876
0.5216

K+
0.293
1.26

Cs+
0.333
0.5

2.2.1 LJ parameter space for the ions
For all ions considered in this work, we have used the optimized LJ parameters and λk scaling prefactors from our
previous studies [12, 19]. The LJ parameters for the ions
lie on the free energy of solvation curve for single ions [10]
and reproduce the ionic radius with acceptable accuracy.
For sodium (Na+ ), chlorine (Cl− ), and bromine (Br− ) we
take the parameters given by Dang [28,29]. These give reasonable hydration free energies [9, 10] and are consistent
in determining thermodynamic properties [20,30]. For F− ,
which has been proven problematic [10,12,30], we use our
previously optimized force ﬁeld (labeled F5 in table 1), as
well as an additional force ﬁeld with a small LJ interaction energy (labeled F4 in table 1), for comparison [12]. All
Lennard-Jones ion-water parameters, εiO and σiO , used in
this work are summarized in table 1. Note, that the subscripts iO denote the parameters between ion and water
(the oxygen atom of the SPC/E water model). For consistency, the numbers in parentheses for ﬂuorine follow our
previously used notation [12].
The procedure we have followed here for the optimization of ionic force ﬁelds is the following [19]: for each salt,
we vary the scaling factor λk and obtain the structural
details, mapped through the radial distribution function
of the solution. We then calculate the Kirkwood-Buﬀ integrals (KBIs) for the solution, which lead us to the activity
derivatives, as will be outlined below. The optimized λk
for each salt solution is obtained by comparing the calculated activity derivatives to the respective experimental
measurements (the index k again denotes either ε or σ).
From our previous investigation, we have concluded to
the following λε values which lead to a good comparison
to the experimental data [19]: λε =1.5, 1.0, 1.0, 0.9, 1.0,
1.0, 1.0, 1.0 for NaF5, NaCl, NaBr, NaI, KF5, KCl, CsCl,
and CsI, respectively. F5 denotes the respective force ﬁeld
for ﬂuoride in table 1. For KF5, λε =1.0 is the optimum
value, but again does not provide a very good comparison
to the experimental observations. For KF5 then, we also
obtained a better comparison by modifying the σ+− parameter with λσ =1.55 leading to properties that approach
the experimental results. We next look at the eﬀect of the
diﬀerent λk values on the structural details of the radial
distribution functions (RDFs), the short-ranged potentials
of mean force, and the various contributions to the KBIs.
2.3 Structural analysis
2.3.1 Radial distribution functions
The electrolyte structural properties of the salt solutions
can be eﬀectively monitored through the RDFs (gij (r))

F4−
0.3665
0.1

F5−
0.38
0.041

Cl−
0.3785
0.5216

Br−
0.39
0.52

which are directly obtained through the MD simulations.
The RDF describes how the atomic density varies as
a function of the distance r from one particular atom.
Finite-size corrections need ﬁrst to be taken into account
for the RDFs, which should reach unity at long distances.
These eﬀects are demonstrated by an erroneous normalizasim
(r) [31]. In order to overtion of the simulated rdfs, gij
come this, a correcting factor is introduced, so that the
corrected RDF used in the calculations of the KBIs is
sim 
(r ; ρ). The prefactor f (ρ)
written as gij (r; ρ) = f (ρ)gij
depends on the solution concentration ρ and is of the order of 1 ± 1/Ns . According to our simulations, for most
salt solutions considered here, the “+” sign is observable
for the correction of the cation-anion g+− , while the “−”
sign for the rest.

2.3.2 Short-ranged potentials of mean force
As a probe of the local interactions in the salt solutions,
we also look at the short-ranged potentials of mean force,
following an approach previously used in electrolyte studies [30]. The potential of mean force wij (r; ρ) at density ρ results from the RDF through a Boltzmann inversion [32, 33] and can be decomposed into a short-ranged
sr
(r; ρ)) and a long-ranged contribution [34]. The long(wij
ranged part of the potential of mean force is a nonspeciﬁc Debye-Hückel potential and can be subtracted
from wij (r; ρ) leading in this way to the short-ranged part
of the pair potential
sr
DH
(r; ρ) = wij (r; ρ) − wij
(r; ρ).
wij

(2)

In the low density limit, the potential of mean force between two ions reduces to their eﬀective pair potential and
the decomposition can be written as the short-ranged part
of the pair potential, Vijsr (r), and the usual Coulombic part
βVijeﬀ (r) = βVijsr (r) + zi zj λB (0)/r,

(3)

where β = 1/kB T is the inverse thermal energy, zi , zj are
the valencies for the two ion types, respectively, and λB (ρ)
is the concentration-dependent Bjerrum length. Vijsr can be
derived through the ﬁnite concentration potential of mean
sr
(r; ρ). This procedure works well for
force, Vijsr (r)  wij
RDFs generated at a ﬁnite concentration of ρ  0.3 M, as
the one considered in this work. We should also note that,
though not exactly correct, the non-speciﬁc Debye-Hückel
potential is often used for the derivation of eﬀective potentials. Nonetheless, the Debye-Hückel decay corresponds to
the Debye-Hückel length only for highly dilute solutions.
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Fig. 1. Cation-anion RDFs for the KF5 solution at 0.3 m (0.3 M). The data are shown as a variation of the λε (upper panel)
and the λσ (lower panel) scaling factors, respectively.

For dilute or concentrated solutions, the screening parameter and, thus, this “Debye-Hückel” term depends on the
nature of the ions. Additional details on the derivation of
the short-ranged potentials of mean force can be found
elsewhere [12, 30].

2.3.3 Kirkwood-Buﬀ integrals and activities
The macroscopic thermodynamics of a solutions can be
linked to its microscopic structure through the KirkwoodBuﬀ theory of solutions [13], which is described by the
Kirkwood-Buﬀ integrals (KBIs). The KBIs are directly
obtained from the structural details (the RDF) of the solution. Let gij (r) be the RDF (or pair correlation function)
between species i and j at a distance r. The KBIs for these
two species can be deﬁned as
 ∞
Gij =
4πr2 [gij (r) − 1]dr.
(4)
0

Here, we handle the electrolyte solution as a binary system
of water (w) and cosolvent (c) [14,35]. In this respect, the
relevant KBIs related to the thermodynamic properties of
the solution are Gww , Gcc , and Gcw = Gwc .
As a probe of the solution thermodynamics, we calculate the activity derivatives (acc ) of the solution, which can
be mapped directly to the experimental electrolyte activity ac . This in turn is connected to the molar activity coefﬁcient yc , where ac = yc ρc . In this expression, ρc = Nc /V
is the cosolvent number density, Nc the number of cosolvents, and V the volume. At a constant temperature (T )

and pressure (P ), acc and ac can be derived through the
KBT, according to the equations
1
,
1 + ρc (Gcc − Gcw )

acc =

acc =

 ∂ ln a 
c

∂ ln ρc

P,T

=1+

(5a)

 ∂ ln y 
c

∂ ln ρc

P,T

.

(5b)

The cosolvent-water and cosolvent-cosolvent components
of the KBIs involved in the above equations are given by
Gcw = (Gw+ + Gw− ) and Gcc = 14 (2G+− + G++ + G−− ).
Additional details on the KBT for ionic solutions can be
found elsewhere [2, 14, 19, 35].

3 Results and discussion
3.1 RDFs, short-ranged potentials, and mixing rules
We begin the analysis with the cation-anion RDFs
(g+− (r)) for the KF and NaF solutions. We have used
two diﬀerent F− force ﬁelds, F4 and F5 shown in table 1
and compare overall the diﬀerent features of these force
ﬁelds for the two ﬂuorides, KF and NaF and the diﬀerent
scaling prefactors. We ﬁrst look at the cation-anion RDF
for the KF5 solution, for which the F5 force ﬁeld was used.
The results are depicted in ﬁg. 1 and show a clear tendency
with the scaling prefactor λk . Speciﬁcally, the smaller λε
the higher the ﬁrst contact peak, which becomes too high
for even smaller values of λε (data not shown) denoting
ion-pair crystallization. As λε increases above 1, the ﬁrst
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Fig. 2. Cation-anion RDFs for the NaF5 solution at 0.3 m (0.3 M). The data are shown as a variation of (a) the λε and the
(b) λσ scaling factors, respectively. As a comparison the RDFs for the NaF4 solutions are also shown in panel (c) as a variation
with λσ .

ion-pair contact peak decreases, becoming almost negligible for λε =2, while the second solvent-separated ion-pair
peak becomes higher (upper panel of the ﬁgure). A close
look at the lower panel of ﬁg. 1 reveals a similar decrease
in the ﬁrst contact peak when σ+− is varied. The peak is
simultaneously shifted towards larger ion-pair distances.
For λσ =3 this peak has almost diminished, while no second contact peak is evident, revealing a much diﬀerent
bonding environment when the ion-pair eﬀective radius
becomes large.

shallower, denoting less attraction as the prefactor is increased, and the whole potential curve becomes almost ﬂat
for λσ > 2. A very similar situation is inspected also for
NaF4 in panel (c), which is shown as a comparison. Here,
the diﬀerences between the NaF4 and NaF5 solutions are
qualitatively a bit larger than those observed in the respective RDFs. It will be later shown that these relatively
small diﬀerences lead to larger deviations in the respective
KBIs and activity derivatives.

The trends are similar for the NaF solution, the RDFs
of which are shown in ﬁg. 2. The crystallization for NaF
is more clear for scaling prefactors below 1. In this case,
though, the second contact peak does not seem to be affected as λε is increased (panel (a)). In panel (c), we also
show the RDFs for NaF4 for the F4 force ﬁeld as a variation of the λσ factor. In essence, the diﬀerence in the RDFs
compared to the NaF5 case (panel (b)) are nailed down
to a slight shift along the ion-pair distance: the RDFs for
NaF5 are shifted to about 0.01 nm to the left of those
for NaF5. Turning to the short-ranged potential of mean
force for NaF4 and NaF5 in ﬁg. 3, we identify a continuously shallower ﬁrst minimum as λε decreases, denoting
a smaller attraction, while the second minimum is kept
almost intact. In the variation with λσ in panel (b) of
the same ﬁgure, the ﬁrst potential well again becomes

3.2 Structural details of the Kirkwood-Buﬀ integrals
We now move on to the investigation of the various
contributions to the Kirkwood-Buﬀ integrals. First, we
look at the Gij values, with i, j, being + for the cation, −
for the anion, and w for the water part. The results for all
salts considered here are summarized in ﬁg. 4(a). In this
ﬁgure, the diﬀerent values of the KBIs with respect to λε
are provided. As a ﬁrst remark, G+− is always positive,
G++ and G−− negative, while Gw+ and Gw− very small
(typically of the order of 10−2 ) and either slightly negative
or slightly positive. It is also clearly visible in this ﬁgure
that, for λε <1, large deviations in the KBI values occur,
while for λε ≥1, the KBIs do not change signiﬁcantly. This
fact is again connected to the tendency for crystallization
of the ions for λε <1. In this respect, a recipe for obtaining
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Fig. 3. Cation-anion short-ranged potentials of mean force for the NaF solution at 0.3 m (0.3 M). The data are shown as a
variation of (a) λε and (b) λσ , respectively, for the F5 force ﬁeld. In (c) similar results are shown for the F4 force ﬁelds as a
function of λσ .

good λε scaling factors, thus, well-optimized force ﬁelds,
could be based on these technical features: large (over ≈
3-4) G+− values, positive G++ and G−− , and absolute
values of Gw+ , Gw− larger than 10−1 , cannot lead to welloptimized ionic force ﬁelds. This is meant in the sense that
the corresponding thermodynamic properties, such as the
activity derivatives, do not compare well to the relevant
experimental data, as will be shown in the following.
We also take a look at the Gcc and Gcw contributions
for the NaF and KF solutions and the two diﬀerent force
ﬁelds F4, F5. The results with respect to either λε or λσ
are given in ﬁg. 4(b). Here, Gcc needs to be positive and
of the order of 1 and Gcw of the order of 10−2 and either
positive or negative, in order to get a good comparison
between our MD simulations and experiments, as mentioned above. Again, deviations from a good comparison
occur mainly for λk <1, which again denotes crystallization and unphysical behavior. Note here that the phase
transition observed for these small λk values is actually
related to the electrostatic energy of the ions at contact.
This can be analytically evaluated as was shown by recent
MD simulations of ionic solutions [36, 37]. The variations
between the two F− force ﬁelds are not that signiﬁcant.
More or less the respective curves vary similarly. A significant diﬀerence, though, is seen in Gcc when comparing
the NaF5 and KF5 solutions under a variable σ+− . This
diﬀerence, inherent in the KBI contributions is very likely
the reason why using the λε leads to well-optimized force

ﬁelds for NaF, but not for KF, when the F5 force ﬁelds is
used [19]. We will return to this issue in the following.
An additional insight to the diﬀerences between the
two ﬂuorides and the two F− force ﬁelds is given through
the variation of the Gcc and Gcw KBIs with the cosolventcosolvent or cosolvent-water distance, respectively. The results are shown again for various λε and λσ values in ﬁg. 5.
The data for KF5 and NaF5 in panel (a) show some interesting features. First, the structure of the Gcc and Gcw
curves for λε and λσ diﬀer, denoting the diﬀerent bonding
and hydration environment in these cases. The deviations
among the curves for the same values of λε and λσ are
larger for the latter case. These deviations are more signiﬁcant for the Gcc case, revealing the importance of the
cosolvent-cosolvent interactions in the whole optimization
procedure. Overall large deviations in this picture are evident in the case of crystallization (e.g., for λσ < 1). This is
also obtained through the comparison of KF4 and KF5 in
ﬁg. 5(b). Curves for λσ < 1 correspond to crystallization
and unphysical (too attractive) cation-anion interaction,
thus very large absolute values of Gcc and Gcw . When λε
is varied, both Gcc and Gcw curves corresponding to the
F4 force ﬁeld are increased with respect to the F5 one.
This is directly related to the corresponding higher contact peaks in the RDFs for KF4 as compared to KF5 (data
not shown). On the other hand, when λσ is varied the differences between the KBI curves for KF4 and KF5 are less
signiﬁcant. This is again justiﬁed from a closer look to the
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Fig. 4. (a) The Kirkwood-Buﬀ integral values of the diﬀerent contributions for all the salts considered in this work at 0.3 m
(0.3 M) solution. Labels +, −, and w denote the cation, anion, and water contribution, respectively. (b) Kirkwood-Buﬀ integral
values of Gcc and Gcw for the KF5 and NaF5 solutions (at 0.3 M). The results are shown with respect to the scaling factors in
the mixing rules, λε and λσ , respectively. The results for the KF4 and NaF4 salts are also shown as a comparison.

respective RDFs, the respective curves of which are very
similar apart from a very slight shift (of the order of 0.02)
in the cation-anion distance (data also not shown).
3.3 Activity derivatives
We have previously shown that for KF scaling the ionpair LJ interaction does not lead to a good comparison

of the thermodynamic properties to the relevant experimental data, hence not a well-optimized force ﬁeld. This
was resolved by scaling the ion-pair LJ eﬀective radius
instead [19]. Here, we investigate whether indeed modifying the σ+− LJ parameter is a better optimization procedure also for other salts and take NaF as a probe. Following the derivation of the activity derivatives according
to eq. (5a), we present in ﬁg. 6 the activity derivatives for
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Fig. 5. (a) Kirkwood-Buﬀ integrals (Gcc and Gcw ) for (a) the KF5 and NaF5 solutions and (b) for the KF5 and KF4 solutions.
All results are shown for diﬀerent values of the scaling factors in the mixing rules, λε and λσ , respectively, at a concentration
of 0.3 m (0.3 M). The labels in the legend denote which F− force ﬁeld is used.

NaF. The error in the calculation of the activity derivatives is estimated through the block averaging method at
about ±0.03 and is also shown in the ﬁgure. The experimental activities shown as a function of molality are obtained from [38]. The results are shown for solutions at a
0.3 m concentration. In this ﬁgure, we compare both force
ﬁelds F4 and F5 and both ways of modifying the mixing rules (λε and λσ ). We ﬁrst look at NaF5, for which
values λσ < 1 lead to ion clustering and almost negligible activity derivatives. Interestingly, similar to the KF

case [19], increasing λσ increases the activity derivatives.
There is a deﬁnite crossover with the experimental line
around λσ = 1.2–1.3. The behavior of NaF4 is quite similar. The data for NaF5 as a function of λε and ﬁxed λσ = 1
are also shown for comparison. In this case, the calculated
acc values for λε ≥ 1 are close, but almost always below the experimental line. In this ﬁgure, it is clearly seen
that the scaling factor λσ for the cation-anion LJ diameter σ+− term can also be a very eﬃcient alternative to
the λε scaling factor, also in cases where the latter factor

Eur. Phys. J. E (2012) 35: 21

Page 9 of 12

2.5

activity derivative αcc

NaF5 [λσ=1, λεvaried]
NaF5 [λε=1, λσvaried]

2

NaF4 [λε=1, λσvaried]
exprm NaF

1.5
1
0.5
0

1

2
prefactor λε, λσ

3

4

Fig. 6. Activity derivatives acc for the NaF solutions as a function of the scaling factors λε and λσ . Note that only one of the
factors is varied, the other is ﬁxed at unity. The line shows the respective experimental value. The error bar is shown only for
one data point for clarity, but should be similar for all data points. The ionic concentration is 0.3 m (0.3 M).

does not fail. This allows the derivation of more than one
well-optimized ionic force ﬁelds, which can possibly be applied alternatively to diﬀerent systems. It is, thus, evident
that not only for the other salt solutions modeled in this
study, but also for the variety of ions that need a good
force ﬁeld, both optimization schemes, modifying ε+− or
σ+− , can be suﬃcient.
As a supplementary information of the above conclusion, we show in ﬁg. 7 the eﬃciency of the two optimization schemes (modiﬁed ε+− or σ+− ). Modifying ε+− for
all salt solutions considered in this work leads to the results shown in panel (a) of this ﬁgure, which correspond to
the optimized λε values given in sect. 2.2.1. The MD activity derivatives are compared to the experimental ones,
revealing a very good agreement, apart from the KF case.
In panel (b) of the same ﬁgure, we compare the two ﬂuoride force ﬁelds and the two optimization schemes for
the NaF and KF solutions. The data shown correspond to
various values of the scaling prefactors. The optimum prefactors are also depicted, namely λσ =1.55, 1.5, 1.0, and 1.0
for KF5, KF4, NaF5, and NaF4, respectively, and λε =1.0,
1.5 for KF4 and NaF5. It is clearly shown that the activity derivatives for both KF4 and KF5 are improved when
σ+− is modiﬁed instead of ε+− . For NaF varying ε+−
can also be quite eﬃcient and gives acc values close to
the experimental ones. Note, though, that the data shown
in ﬁg. 7(b) are only indicative of a trend. As there is a
crossover with the experimental lines for both NaF and KF
when modifying σ+− , calculation of the activity derivatives for λσ values exactly at the crossing points will shift
the respective data in ﬁg. 7(b) very close to the experi-

mental lines. Speciﬁcally, acc continuously increases with
increasing λσ , while the respective curves when varying λε
usually saturate just below the experimental line, as the
ion-pair is trapped in a local minimum of the interaction
potential [19]. This is also indicated by the diﬀerent λk
values shown for each salt in this ﬁgure. For most of the
cases, all the λε lead to activity derivatives lower than the
experimental lines, while increasing λσ should also lead to
acc values that can match the experimental data.
3.4 Transferability dependence on ionic concentration
Finally, we brieﬂy address the issue of transferability,
which is always a critical question when generating new
force ﬁelds. We have already shown, for example, that the
F4 and F5 LJ parameter sets can in principle be quite efﬁcient for both KF and NaF, provided that the optimum
values for either λε or λσ are used. In general, force ﬁeld
transferability can be addressed in terms of the variety of
systems the derived force ﬁeld can be applied to; systems
diﬀerent than the one for which the force ﬁeld has been
generated. The transferability can also be checked for different conditions than the ones used for the force ﬁeld optimization. Here, we choose this latter case and investigate
the concentration dependence of the activity derivatives.
We study this dependence for one of the salt solutions
modeled here as a representative case. The KF5 solution
has been chosen, which was a problematic case in this and
a previous study [19]. Note, that the activity derivative
describes, in principle, the change in the activity (chemical potential) of the salt with concentration. The results
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Fig. 7. (Color online) Activity derivatives acc for the salt solutions considered in this work. In (a) the data from the simulations
(MD) are shown in comparison to the respective experimental values (exp.). For the data points shown, the optimum λε prefactor
was used (see text in sect. 2.2.1), which is indicated by the labels. In (b) the results for the ﬂuorides (for both F4 and F5 force
ﬁelds) are depicted for various (including the optimum) λε and λσ prefactors (see text in sect. 3.3). The lines correspond to the
experimental data. The labels denote the scaling prefactors in each case. The color coding in (b) corresponds to the KF and
NaF cases, respectively. All data are given for a 0.3 m (0.3 M) concentration.
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non-negligible diﬀerences in the calculated acc . It seems
that λσ = 1.55 follows better the experimental variation
of acc with concentration. However, for small concentrations (below 0.5 m), λσ = 1.6 can also be considered as a
good choice for a good force ﬁeld. The respective data for
λσ = 1.6 start to deviate signiﬁcantly for higher concentrations. For these concentrations, the choice of λσ = 1.5
leads to acc values which approach better the experimental line. The aim, here, was not to investigate the concentration dependence in all its detail, but only make the
point that diﬀerent scaling prefactors in the ion-pair mixing rules can lead to better optimized ionic force ﬁelds
in diﬀerent regions of the ionic concentrations. Which exactly are these prefactors need to be addressed separately
for each salt solution. In this work, we only provide a
guideline how to modify the ion-pair combination rules to
generate good classical potentials for ions. The bottomline
is that one needs to be accurate enough in the predictions
and consistent with the ionic force ﬁeld choice before applying it to speciﬁc systems under certain conditions.

4 Summary and conclusions
for the concentration dependence of the activity derivatives are given in ﬁg. 8. We took three diﬀerent λσ values,
which correspond to acc values very close to the crossing
points with the experimental line (see ﬁg. 4 in [19]) and
consider relatively low concentrations, up to 2.5 m. From
ﬁg. 8 it is clear that small variations in the λσ lead to

In conclusion, we have used Molecular Dynamics simulations to model salt solutions in water. We make use of
our previously proposed optimization scheme for classical
ionic force ﬁelds, which involved modiﬁed mixing rules,
either for the cation-anion interaction of the cation-anion
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eﬀective radius. The Kirkwood-Buﬀ theory of solutions
are applied to link the structural details of the solution
to its thermodynamic properties and provide a comparison to experimental data. Here, we provide a structural
analysis of features such as the radial distribution functions, the short-ranged potentials of mean force, and the
Kirkwood-Buﬀ integrals. Speciﬁcally, our aim was to unravel the way these are aﬀected by the scaling factors of
the modiﬁed cation-anion mixing rules. Diﬀerent representative salt solutions, also of biophysical interest, are
investigated with a focus given on two of the ﬂuorides, KF
and NaF. The ﬂuorides have been proven more diﬃcult to
optimize, possibly due to the small excess polarizability of
F− [39].
Here, we have ﬁrst looked at the structural modiﬁcations of the radial distribution functions and the shortranged pair potentials of the salt solutions due to the modiﬁed mixing rules. We underlined the dependence of the
ﬁrst ion-pair and second solvent-separated ion-pair peaks
in the RDFs on the scaling prefactors of the ion-pair mixing rules. These also lead to a diﬀerent bonding environment for the ion-pair, as monitored through the shortranged potentials of mean force. A similar analysis was
made for the diﬀerent contributions to the KBIs and their
respective structural modiﬁcations with the ion-pair distance. In general, values of either λε or λσ below 1 lead
to an unphysical stronger attraction between the cation
and the anion, thus crystallization. This is clear from the
very high peaks in the RDFs, the deeper potentials wells
in the short-ranged potentials of mean force and the high
absolute values in the KBIs. The diﬀerent structure of the
corresponding curves indicate the diﬀerent bonding environments for the ion-pair for diﬀerent λk values.
For the ﬂuorides, we have used two previously optimized force ﬁelds for the F− [12]. The comparison of the
diﬀerent F− force ﬁelds and the diﬀerent mixing rules prefactors to the corresponding experimental data for the activity derivatives reveals the optimum LJ parameters that
apply to KF and NaF. It was shown that a diﬀerent LJ parameter set is better applicable to diﬀerent salt solutions.
It is also clear from our analysis that, indeed also for NaF,
use of the λσ scaling instead of λε can lead to a crossover
with the experimental data, thus a well-optimized force
ﬁeld. This was the case also for KF. In this way, we have
conﬁrmed that essentially both optimization techniques,
use of modiﬁed cation-anion LJ interaction (through λε )
or LJ eﬀective radius (through λσ ) has the potential to
derive well-optimized ionic force ﬁelds.
Speciﬁcally, though the optimization scheme based on
λε can be quite eﬃcient for many salts, taking λσ as a variable allows more room for improvement. This is viewed
with respect to the fact that the calculated acc variation
with λσ always crosses the experimental line, as mentioned
in this work. This inherently allows for an almost perfect match to the experimental results for a speciﬁc λσ .
Hence, obtaining a well-optimized ionic force ﬁeld seems
much more straightforward than when modifying ε+− . In
all cases, for which we have modiﬁed the σ+− mixing rule,
we have seen exactly the same behavior: a continuous in-
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crease of the activity derivatives with λσ and a crossover
with the experimental data. In essence, varying the eﬀective LJ ion-pair radius does not allow the ion-pair to be
trapped into a local minimum of the potential (as commonly occurs when ε+− is modiﬁed) and leads to monotonically increasing thermodynamic properties from values below to over the experimental ones. This holds for
both monovalent [19] and divalent [40] salts.
Finally, we have brieﬂy touched the issue of the transferability of the ionic force ﬁelds considered in this work
with concentration. We probe this for the KF case and
the modiﬁed cation-anion eﬀective LJ radius, for which
we have shown that diﬀerent λσ prefactors could be more
eﬀective at diﬀerent concentration regions. In this respect
and along the lines proposed here, care should be taken in
choosing the correct mixing rules and their scaling prefactors for speciﬁc systems under certain conditions. Taking into account the above analysis, this work provides
more insight into the subject of ionic force ﬁeld optimization with modiﬁed mixing rules and the inherent structural changes in the bonding environment of the ion-pair
within the solution. Note, as a general remark, that the
present optimized potentials and λk values are designed
to be used with the SPC/E water model, but other simple
point charge models could also provide similar results [2].
What remains to be checked though is how the proposed
ionic potentials will change if more complex water models
are used under diﬀerent conditions. It is expected that, in
such cases, only the modiﬁcation of the ion-pair mixing
rules with the correct scaling prefactor and the existing
ionic force ﬁelds should be suﬃcient for an eﬃcient modeling of the respective system. In this respect, there would
be no need to resort to new techniques for optimization of
additional force ﬁelds.
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